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Abstract

We show that there exists a locally compact Cantor minimal system whose topological
spectrum has a given Hausdorff dimension.

1 Introduction

The purpose of this paper is to introduce the topological spectrum for LCCM systems and
to discuss the relation to the dimension groups. In the measurable setting, the group of L°°-
eigenvalues of a nonsingular ergodic transformation were studied by several authors ([A], [AN],
[TKS], [ ]), and it was known that the group may be uncountable and can have arbitrary
Hausdorff dimension. We would like to consider its topological analogue in this paper.

Our object of study is an LCCM or CM system. Let us introduce them. A homeomorphism
¢ from a topological space X to itself is called minimal, if every ¢-orbit is dense in X. This is
obviously equivalent to nonexistence of nontrivial closed invariant sets. When X is the Cantor
set and ¢ € Homeo(X) is minimal, we say that (X, ¢) is a Cantor minimal system, or CM
system for short. A non-closed open subset of the Cantor set is called a locally compact Cantor
set. When ¢ is a minimal homeomorphism on the locally compact Cantor set X, the pair (X, ¢)
is called a locally compact Cantor minimal system, or LCCM system for short. CM and LCCM
systems were studied in many papers (] ], [D], [M]), and it was proved that their dimension
groups are the complete invariant for topological orbit equivalence. We view these topological
dynamical systems as an analogue of ergodic systems of type II; or Il,,.

At first we give a definition of eigenvalues and eigenfunctions. Of course the eigenfunctions
have to be continuous, and we will see that this restriction implies the richness of continuous
characters. In Section 2, after introducing the Polish topology on the topological spectrum group,
we will consider the topology of the dual group and duality. In Section 3, we will construct an
LCCM system whose topological spectrum has a given Hausdorff dimension and which is strong
orbit equivalent to a given LCCM system. The method of construction is similar to that of
measurable cases, given in [A].

2 Topological spectrum

We begin with the definition of topological spectrum.

Definition 1. Let (X, ¢) be a CM or LCCM system. If a continuous function f : X — R/Z
and A € R/Z satisfy fo = f+ X, we call f an eigenfunction and A an eigenvalue of (X, ¢). We
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denote the set of eigenfunctions by E(¢p) and the set of eigenvalues by e(¢). Fach of these sets
clearly forms an abelian group. We call e(¢) the topological spectrum of (X, ).

We denote by P the canonical homomorphism from E(¢) to e(¢). Equip E(¢) with the
topology of uniform convergence on compact subsets on X and e(¢) with the quotient topology.
For A € R/Z we write the distance from zero by |\|.

Lemma 2. Let (X,¢) be a CM or LCCM system and let U C X be a compact open set with
UN¢(U) # 0. Then, d(f,g) = max{|f(x) —g(z)|;x € U} gives a complete metric on E(¢), and
E(¢) is a Polish group.

Proof. For every compact set K C X, there exists N such that K C U\n\é N ¢"(U). Therefore
d(-,-) gives a metric. Separability and completeness follow from those properties of C(U). [

The following lemma is obvious.
Lemma 3. For a CM or LCCM system (X, ¢), we have the following.
(i) The canonical inclusion e(¢) — R/7Z is continuous.

(ii) For every x € X there exists a continuous homomorphism Py : e(¢p) — E(¢) such that
PP, =id and Py(\)(xz) =0 for all X € e(¢). Especially, E(¢) = e(¢p) x R/Z as topological
groups.

(iii) The topological spectrum e(¢) is a Polish group.

Since e(¢) is Polish, a Borel set of e(¢) is Borel in R/Z (see [S, Theorem 4.5.4]). In the
same fashion as in the measurable case [AN], we can show that a Polish topology on e(¢) under
which the injection map e(¢) — R/Z is continuous is unique. In fact, if N; and Ny are Polish
topologies under which the injection map e(¢) — R/Z is continuous, then the Borel structure
generated by N; agrees with the Borel structure inherited from R/Z, which in turn is the Borel
structure generated by Ns. Hence [S, Proposition 3.5.8] tells us that the identity map from
(e(¢), N1) to (e(¢), N2) is continuous and two topologies agree. Note that, however, (ii) of the
above lemma is rather different from the measurable case [AN, Theorem 2.5]. Fix ¢y € X and
P,, : e(¢p) — E(¢). For every z € X,

e(¢) 3 A Ppy(N)(z) e R/Z

gives a (continuous) character of e(¢). We denote it by 7, and the set of all characters of e(¢)
by €(¢). In contrast to the measurable case, the splitting homomorphism Py, ensures the rich
structure of £(¢), unless e(¢) is trivial.

Lemma 4. The spectrum e(¢) of a CM or LCCM system (X, @) is a proper subset of R/Z.
Moreover, e(¢) is a weak Dirichlet set of R/Z.

Proof. Take a probability measure p on e(¢). For xy € X, there exists {an}, C Z \ {0} such
that =, = ¢%*(xg) — . By the Lebesgue convergence theorem, we have

lim |627Tian)\ o 1|2 d,U, — lim ‘GQMTI" ) 2Ty ()\)|2 du =0,
"0 Je(9) 0 Je(9)
that is, e(¢) is a weak Dirichlet set. O



If (X, ¢) has a finite invariant measure, it is not hard to see that e(¢) is at most countable
and endowed with the discrete topology. Hence we will mainly focus our attention on the case
that (X, ¢) is an LCCM system without finite invariant measures.

A Bratteli-Vershik model is the most convenient tool for the study of LCCM systems. We
would like to review the notion of almost simple properly ordered Bratteli diagrams.

Definition 5. We say that B = (V, E) is a Bratteli diagram when V. = 724V, and E =
U2, Ex are disjoint unions of finite sets of vertices and edges with source maps s : En, — Vi1
and range maps r : By, — V, both of which are surjective. We always assume that Vi consists
of one point vy. For a Bratteli diagram B = (V, E),

X ={(en)n ; en € Ep,1(en) = s(ent1) for all n € N}
is called the infinite path space of B. The space X is endowed with the natural product topology.
The following definition can be found in [D] and [M].
Definition 6. Let B = (V, E) be a Bratteli diagram.

(i) We say that B = (V, E) is simple when for every v € V,, there exists m > n such that all
vertices of Vi, are connected to v.

(i) Let us assume that there is an infinite path (e,)n, € Xp such that r=1(r(e,)) = {en} for
alln € N. The diagram B is said to be almost simple when for every v € V;, \ {r(e,)} and
v’ €V, there ewists m > n such that all vertices of V, that are connected to v are also
connected to v'. We denote the infinite path (ey)n by cop.

(iii) When the finite set r—1(v) has a linear order for each v € V, we call B an ordered Bratteli
diagram. We define the set of maximal infinite paths and minimal infinite paths by

XE = {(en)n € Xp ; eq is mazimum in v~ (r(en))}

and
Xg”n = {(en>n € XB y En s MInimum in ril(r(en))}'

(iv) A simple ordered Bratteli diagram B = (V, E) is said to be properly ordered when each of
X5 and Xg?m consists of one point.

(v) An almost simple ordered Bratteli diagram B = (V, E) is said to be properly ordered when
X mar — Xm'm —_ {OO }
B B By-

If B = (V, E) is a properly ordered almost simple Bratteli diagram, we can define the Bratteli-
Vershik map ¢p on Xp (see [D]). The following is the model theorem of LCCM systems.

Theorem 7 ([D, Theorem 3.3]). (i) When B = (V, E) is a properly ordered almost simple
Bratteli diagram, (Xp \ {ocop}, ¢B) is an LCCM system.

(ii) When (X, ¢) is an LCCM system, there exists an almost simple properly ordered Bratteli
diagram B = (V, E) such that (X, ¢) is isomorphic to (Xp \ {ooB}, ¢B).

Let B = (V, E) be a properly ordered almost simple Bratteli diagram and cop = (ey),. For
convenience we assume that 7(s~1(Vj, \ {r(e,)})) equals Vi1 \ {r(ens1)} for all n € N (see [\,



Remark 2.5]). We denote the ideal part of B = (V, E) by B = (V, E), that is, B is a subdiagram
of B with B B B B
Vo ={w} Vu=Va\{r(en)}, V=W

n

and B
E,=E,\ s (s(en)), E = UE

Then B = (V,E) is a simple Bratteli diagram. For v € V,, and A € R/Z we let Var(v, \) be
the supremum of |mA|, where m runs over all integers such that there exists x € Xp that goes
through v and whose initial n edges agree with those of ¢'f(x). Then we have the following.

Proposition 8. In the above setting,

e(pp) ={A € R/Z ; Var(v,\) < 31 for some v € ‘N/}
={AeR/Z ; Var(v,\) — 0 as v — oo}.

Proof. Take A € e(¢p). We will show that there exists a vertex v such that Var(v,\) < 371
For xg = (e1,e9,...) € Xp \ {oop}, let U, be a set of infinite paths whose initial n edges agree
with those of 9. Then U, is a clopen neighborhood of zg and (), U, = {zo}. Because an
eigenfunction f corresponding to ) is continuous, there exists n such that |f(z) — f(y)| < 37!
for all z,y € Uy. Then the vertex r(e;,) does the job.

Next, suppose Var(wg, A) < 371 holds for some A € R/Z and wg € V,,. We would like to
show lim Var(v, \) = 0. By telescoping B = (V, E), we may assume that all vertices v, v’ lying
in successive levels are connected. The proof is by contradiction. Suppose Var(v, A) > & holds
for infinitely many v € V. Take k € N with ke > 3~1. At first, we can find n; > n and w; € Vj,,
such that Var(w;, A) > . Hence there exist an infinite path x; and m; € Z such that x; and
¢ (x1) have the same initial n; edges and |mjA| > . We may assume that x; goes through
wo and mi\ € (£,37!] in R/Z. Since 21 and ¢™!(z1) have the same tail, we can find ny > n;
and wy € f/m such that Var(ws, A) is greater than € and the k-th edges of z1 and ¢ (x1) agree
for every k > no. Therefore there exist an infinite path xo and meo € 7Z, such that xo and
@"2(x2) have the same initial no edges and |ma\| > e. In a similar fashion to the first step, we
may assume that xo and x; have the same initial no — 1 edges and mo) € (5,3_1] in R/Z. By
repeating this argument, we get xx and mi,ma,...,mr € Z. Then we have

|(m1 +mag + -+ +m;)A| < Var(wpg, \) < 37!

and m;\ € (¢,37Y for all i = 1,2,..., k, which shows a contradiction.
At last, suppose lim Var(v,\) = 0. Fix an infinite path o € Xp \ {cop}. We define a
function f: Xp \ {ocop} — R/Z by

f(z) = lim a,\

when ¢ (x9) goes to z. If ¢'(w0) and @’ (xo) have the same initial n edges (e1,es,...,e,) and
r(en) = v € V,, then |(i — j)A| < Var(v,\). Hence the function f is well-defined. By the same
reason we have the continuity of f, and so f is in E(¢) and A € e(9). O

We can say the following regarding the topology of e(¢).
Lemma 9. Let B = (V, E) be a properly ordered almost simple Bratteli diagram as above.

(i) Suppose {\p}nen C e(¢) and X\ € e(@). If A\, goes to X in e(¢), then Var(v,\,) converges
to zero uniformly onn as v — 0.



(i1) Suppose {\n}nen C e(p) and Ay, goes to X in R/Z. If Var(v, A,) converges to zero uniformly
onmn as v — 00, then \ is an eigenvalue of ¢ and N, — X\ in e(¢).

(iii) The spectrum e(¢) is o-compact in R/Z.

Proof. We have A, — 0 in e(¢) if and only if A, — 0 in R/Z and sup, .y Var(v,\n) — 0 as
n — oo. Thus (i) and (ii) are clear.
We prove (iii). It suffices to show that

{AeR/Z ; Var(v,\) < 37}
is compact for every v € V. But it is obvious. O

Note that e(¢) itself is not o-compact unless it is countable.

Example 10. We define an almost simple Bratteli diagram B = (V, E) by the following figure.

U] U2 U3 U4 U5
L ]
V0 a a2 as a4
o000 0O
Ul U2 U3 U4 Us
) ®
The oblique thick lines show that there exist a, edges from v,, to u,41 for each n € N, where
an, is a natural number greater than one. We introduce a linear order on each r~!(u,) for n > 2
so that the source vertex of the maximum edge and the minimum edge is v,—1 and the two edges
from u,,_1 appear consecutively. Then B = (V, E) is properly ordered.

Let b, be the number of paths from vy to u,. Thus {b,}, satisfies b,+1 = 2b,, + a,,. Then,
from Proposition 8, we have

e(pp) ={AER/Z; Y |bn)| < oo},

neN

This kind of groups is called an Hj-group ([ ]). The Polish topology of e(¢p) is given by
the norm A — |[A\| + 3 |bp |-

We would like to discuss the topology of €(¢) and duality. We have two candidates for the
topology on £(¢). One is the topology of pointwise convergence and the other is of uniform
convergence on compact sets of e(¢). We denote £(¢) equipped with the former weak topology
by &(¢)w, and denote £(¢) equipped with the latter strong topology by €(¢)s. They are obviously
topological groups.

Lemma 11. For a CM or LCCM system (X, ¢), the natural map X > x — 1, € e(¢)s is
continuous. Hence X 3 x v+ T, € £(¢)y 1S also continuous.

Proof. Let K C e(¢) be a compact set. Since Py, (K) is a compact subset of E(¢), it is
equicontinuous on compact sets of X. Thus we have the conclusion. O



For A € e(¢), we denote the homomorphism e(¢) 3 7 — 7(A\) € R/Z by A. Thus, A is
an element of the dual group of &(¢),, which is clearly a subgroup of the dual group of (¢)s.
We write these dual groups by £(¢),, and £(¢)s. The character group £(¢) clearly contains Z
generated by the canonical inclusion map e(¢) — R/Z unless e(¢) is finite. One can show that
Z is dense in €(¢)y, and so e(¢) is isomorphic to &(¢), via the map X — A as an abelian group.

Lemma 12. In the above setting, A +— A gives an isomorphism of topological groups e(¢) and
E(@P)w, where £(¢)y is equipped with the topology of uniform convergence on compact sets of

e(9)s-

Proof. Suppose A\, — 0 in e(¢). Let K be a compact subset of £(¢)s. We would like to prove
that sup, ¢ 7(\n) goes to zero. Assume the assertion were false. Then we would have § > 0 and
Tn € K with |7,(An)| > . Because K is compact, we can find 7 € K whose every neighborhood
contains infinitely many 7,,. There exists a natural number M such that |7(A\,,)| < §/4 for all
m > M. Since {\y, }m>aU{0} is compact, there exists a neighborhood U of 7 such that |7/ ()]
is less than /2 for all 7/ € U. This is a contradiction.

Conversely, suppose that ;\n goes to zero in &(¢),,. Let K be a compact subset of X. Then,

Sup Py (An) (@) = sup Ay (72) — 0,
zeK zeK

because {7, ; * € K} is compact in €(¢)s. O

It is unclear whether or not the canonical subgroup Z is dense in £(¢)s. If it is dense, one
can see that £(¢),, equals £(¢)s and the duality theorem holds.

In the above lemma, we equipped £(¢),, with the topology of uniform convergence on compact
sets of £(¢)s. It is easy to see that this topology does not coincide with the topology of pointwise
convergence in general. But we know the following.

Lemma 13. Let {fn}nen C E(¢) be a sequence of eigenfunctions. Suppose there exists an
eigenfunction f € E(¢) such that f,(x) converges to f(z) for all x € X. Then, f, converges to

Proof. 1t suffices to show that f, converges to f uniformly on compact sets of X. We may
suppose f = 0. Let A, € e(¢) be the eigenvalue corresponding to f,. It is clear that A, goes to
zero in R/Z.

Assume the assertion were false. Then we would have ¢ > 0 and {z,}neny € X such that
| fn(zy)| is greater than 6 and x,, goes to g € X. At first, we can find a compact open subset
Vi such that |f1(y)| > §/2 for all y € V4. Put g1 = f1. The minimality implies ¢*(z) € V7 for
some k € Z. By taking sufficiently large m, we may assume |kA,| < 6/2 and ¢*(z,,) € V1. Since
| fin (¥ (2))| > 6 — §/2 = §/2, there exists a clopen subset Vo C Vi such that | f,,(y)| > §/2 for
all y € V. Put g2 = fi,. By repeating this procedure, we will find a subsequence {g,}, and a
decreasing sequence of clopen sets V,, such that |g,(y)| > 0/2 for all y € V,,, which implies that
gn(z) does not converge to zero for x € (V. This is a contradiction. O

3 Hausdorff dimension

We will prove Theorem 15 in this section. Let D = (W, F') be a simple Bratteli diagram. We
may assume that each vertex of W; connects to the top vertex by a single edge and that all
vertices w,w’ lying in successive levels are connected by at least two edges. We will construct
an almost simple Bratteli diagram B = (V, E) containing D as its ideal part. Put

g = max{#r ' (w) ; w € Wi},



By telescoping we may assume o < ¢n. Let b, be the integer satisfying 20> < ¢, < 2b»+1,
Take w, € W, with ¢,_1 = r_l(wn). For every n > 2 and w € W,,, we define a linear order
on 7~ (w) so that the source vertex of the maximum edge is w,_; and the source vertex of the
minimum edge is also w,_;. Then D = (W, F) is properly ordered.

We would like to construct an almost simple Bratteli diagram B = (V, E) by adding vertices
and edges to D = (W, F). Let Vo = {vwo} and let V,, be the disjoint union of a copy of W,
and {v,} for every n € N. Connect v,_1 to v, by a single edge for n € N. These edges form
the infinite path cop. Take a sequence {ay,}nen of natural numbers satisfying a; = 0 and
Gnt1 > ap + by +n. We define E,, by adding to F,, some edges going from v,_1 to W, so that
the number of paths from the top vertex to w in B = (V, E) is p, = 2% for all w € W,,.

Take n > 2 and w € W,,. Let (f1, f2,..., fm) be the ordered list of edges of r—1(w) N F, in
D = (W, F). We define a linear order on each r~!(w) C E,, so that the ordered list of edges in
B=(V,E) is

(e1,€2, s epn 1y f15 f2s vy [y €15 €, €)),

where the e;’s and e;’s have the source vertex v,_1 and 29"~1 4+ m2%-1 4+ | = 2% Then,
B = (V,E) is clearly a properly ordered almost simple Bratteli diagram. Let (X, ¢) be the
associated LCCM system.

Lemma 14. In the above setting, we have

[e.e]

e(9) ={AER/Z ; > (gn— 1)|pnA| < oo}

n=1

Proof. Suppose A\ € e(¢). By Proposition 8, there exists a natural number N such that
Var(wy,A) < 371 Let (f1, f2,...) be the unique minimum path in Xp. We can identify
xo = (f1, f2,...) with a point in X = X5 \ {cop}. Put

LT={neN; n>N+1and p,\€[0,27)) in R/Z}
and
L™ ={neN; n>N+1and p,\ € [-271,0) in R/Z}.

Let ng < mng < --- < ng and n; € LT. Tt is easy to see that ¢/Px (x() has the same initial N edges
with xg for j = 1,2,...,q,, — 1. Hence we have (gn, — 1)|pn, A| < Var(wy, A) < 371, Moreover,
the initial ny edges of ¢{@~VPuk (1) agree with those of xg. Therefore B\ =Py Py (x0)
also has the same initial N edges with xo for j =1,2,...,¢,, , — 1, and so we get

(an - 1)’pnk)\‘ + (an—l - 1)‘pnk—1/\| < 371
since ng,ni_1 € L. By repeating this argument,

k

Z(qni - 1)‘pni>\| < 37!

i=1
is obtained. Hence
_ _ 2
D (an = DlpuAl+ Y (e~ Dlpad| <37 437" = 2,
nel+t neL—

which means that ), (g, — 1)|ppA| is finite.
Let us prove the other inclusion. We may suppose that Y% (g, —1)|pnA| < 671 We would
like to prove Var(wy, A) < 371, To do that, it suffices to show that |mA| < 6! whenever x¢ and



¢ (z0) have the same initial N edges. There exists a natural number M greater than N such that
the nth edges of xg and ¢™(z) coincide for every n > M. We can find kp;—1 with 0 < kprq <
qrr—1 so that the M-th edges of ¢ (zq) and ¢*M-1PM-1(z4) coincide. Next, we can find kas_o
with 0 < kp_o < qar_2 so that the (M — 1)-st edges of ¢ (z) and @Fm—2PM—2tkm—1Prm—1 ()
coincide. By repeating this procedure, we get

m = kNpN + EN41PN+1 + -+ Ev—1pv—1
for some 0 < k; < g;. Therefore |mA| < 671 O
Since 20 < @, < 200t

e(9) ={AeR/Z; Y 2|2\ < oo},

n=1

where {ay}, and {by,}, satisfy an+1 > a, + b, +n and b, > 2". Put
o o0
K = U [an,an + by, L= U [an, an + by + 1.
n=1 n=1

Then, from [[I{5], we can conclude that the Hausdorff dimension of e(¢) equals

1 — limsup l#(K N[0,n]) =1 — limsup %#(L N[0, n]).

n—oo TN n—o00

Hence we obtain the following theorem.

Theorem 15. Let (D,D%) be a simple dimension group and o € [0,1] a real number. Then
there exists an LCCM system (X, ¢) such that the Hausdorff dimension of e(¢) is equal to «
and K°(X, ¢) is isomorphic to (D, DT, DT).

Proof. If a # 1, let a,, be the largest integer that is not greater than

-1 .
E?:l bz‘—i-’t_'_n

l1-a
If @« =1, let a,, be a sequence increasing rapidly. ]
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