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Abstract

Let X be the Cantor set and ¢ be a minimal homeomorphism on X xT. We show that the
crossed product C*-algebra C*(X x T, ¢) is a simple AT-algebra provided that the associated
cocycle takes its values in rotations on T. Given two minimal systems (X x T,¢) and
(Y x T, ) such that ¢ and v arise from cocycles with values in isometric homeomorphisms
on T, we show that two systems are approximately K-conjugate when they have the same
K-theoretical information.

1 Introduction

It has been known that the study of minimal topological dynamical systems is related to the
study of the associated simple crossed product C*-algebras. Indeed, J. Tomiyama [T0] proved
that, if (X, «) and (Y, 3) are two topological transitive dynamical systems, then they are flip con-
jugate if and only if there is an isomorphism between the crossed product C*-algebras which maps
C(X) onto C(Y). With the development of the classification of simple amenable C*-algebras, it
becomes possible to have some K-theoretical description of some interesting equivalence relation
among minimal dynamical systems. In fact, Giordano, Putnam and Skau in | ], in the case
that X and Y are Cantor sets, among other things, showed that strong orbit equivalence can
be determined by K-theory of the dynamical systems. In | ], we showed that, for Cantor
minimal systems, the strong orbit equivalence is equivalent to the approximate K-conjugate.
Both results used the fact that the crossed product C*-algebras arising from Cantor minimal
systems are simple AT-algebras with real rank zero. It seems that the notion of approximate
K-conjugacy is not only closely related to the above mentioned result of Tomiyama but also
closely related to that of Giordano, Putnam and Skau. Moreover, it seems possible that, for more
general spaces, at least in connection with C*-algebra theory, versions of approximate conju-
gacy may be more interesting relations than that of conjugacy or even strong orbit equivalence.
It seems also possible that, for example, approximate K-conjugacy may be determined by the
K-theoretical data of the dynamical systems in much more general situation. As a preliminary
attempt, in | |, we studied the minimal dynamical systems (Y, h), where Y = X x T. Since
the Cantor set is totally disconnected and T is connected, h can be written as h = o X , where
o is a minimal homeomorphism on X and ¢, is a homeomorphism on T for each x € X. We
showed in [ | that K-theoretical data of the minimal systems determines the approximate
K-conjugacy in the case that h is rigid and ¢, is a rotation for each z € X.

In this paper, we first consider the case that h = o x R¢ (¢ € C(X,T)) which may not be
rigid. We show that the crossed products have tracial rank no more than one. Consequently,
they are simple AT-algebras. One of problems related to the proof is to answer the following
question: Let u; and us be two unitaries in a unital simple separable C*-algebra A with tracial
rank no more than one. When are they approximately unitarily equivalent? In the case that A
has tracial rank zero, it is known that u; and us are approximately unitarily equivalent if and
only if [u1] = [ug] in K1 (A) and 7o f(u1) = 7o f(uz) for all continuous functions f € C(S*) and



all tracial states 7 € A. Let CU(A) be the closure of the commutator subgroup of U(A). If uy
and ug are approximately unitarily equivalent, then w; = uy in U(A)/CU(A). In the case that
TR(A) =0, Uy(A)/CU(A) = {0}. However, when T'R(A) = 1, this is no longer the case. We
prove that in this case, u; and uy are approximately unitarily equivalent if and only if [u;] = [us]
in K1(A), 7o f(u1) = 7o f(ug) for all continuous functions f € C(S') and all tracial states
7€ A, and uy = ug in U(A)/CU(A).

The rest of this paper studies the problem when two minimal systems (X x T, X ¢) and
(Y x T, x 4) are approximately K-conjugate. Roughly speaking, these two systems are ap-
proximately K-conjugate, if there are two sequences of homeomorphisms ¢, : X xT — Y x T
and v, : Y X T — X x T such that

lim ||foo,0ao00,! — fopB|=0and lim Hgoynoﬂoygl —goal|=0
n—oo n—oo

forall f € C(Y xT) and g € C(X x T), and {0}, and {y,}, give consistent information

on K-theory. We will give a K-theoretical description of approximate K-conjugacy in the case

that ¢, and 9, are isometries on T. We will apply some results and methods in the theory of

classification of simple amenable C*-algebras.

It was shown in | ] that (X x T, x ¢) is rigid if and only if the corresponding crossed
product has real rank zero. As an application of a result of N. C. Phillips, we present a proof
that the crossed product in this case actually has tracial rank zero, whenever ¢, is an isometry
on T for every x € X. Thus, simple crossed products coming from these minimal rigid systems
are covered by the classification theorem of [L.1] (see also [1.2]). This paves the way to have a
K-theoretical description of approximate K-conjugacy for those minimal dynamical systems.
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2 Preliminaries

Definition 2.1. Let A be a unital C*-algebra. Denote by U(A) the unitary group of A. The
closure of the commutator group in U(A) will be denoted by CU(A).

Definition 2.2. Let A and B be unital C*-algebras and let h : A — B be a unital homomor-
phism. We will denote by h¥ : U(A)/CU(A) — U(B)/CU(B) the homomorphism induced by
h.

Definition 2.3. Let A be a stably finite C*-algebra. Denote by T(A) the tracial state space.
We will denote by Aff(T'(A)) the space of all (real) affine continuous functions on T'(A).
We will denote by hy : Aff(T'(A)) — Aff(T(B)) the affine homomorphism induced by h.

Definition 2.4. Let Y be a compact metric space and let u € B = M;(C(Y)) be a unitary. We
define ‘
Dp(u) = min{||a|| : @ € Bs.q4. such that det(e' - u) = 1}.

If B=® M,;(C(Y)) and u € U(B), we define
DB(U) = maX{DMT(i)(C(y)) (u) 01 < ] < m}

Let B as above. If u € CU(B), then it is clear that Dp(u) = 0.

The following notation is taken from [F(].



Definition 2.5. Let X and Y be two compact metric spaces and let ¢ : C(X) — M, (C(Y))
be a homomorphism. For each y € Y, define ¢, (f) : C(X) — M, by ¢,(f) = ¢(f)(y) for
f € C(X). There are rank one projections ey, ea,...,e; and x1,2s,...,2; € X (I <r) such that
oy (f) = Zé:l f(zi)e;. Note that x; may be repeated. Put SP ¢, = {z1,x2,...,2;}. Again, we
count multiplicity of each point in the spectrum.

For any n > 0 and 6 > 0, a unital homomorphism ¢ : C(X) — M,(C(Y)) is said to have
the property sdp(n, d) if for any n-ball

O(x,n) = {2’ € X : dist(2',2) <n} C X

and any point y € Y,

#(SP oy, NO(z,m)) > 0 - #(SP py),
counting multiplicity.
If B = M,;(C([0,1])), let m; : B — M,;(C([0,1])), i = 1,2, ...,m. We say a homomor-
phism ¢ : C(X) — B has the property sdp(n,d), if m; o ¢ has the property sdp(n,d) for each
1=1,2,...,m.

Definition 2.6. Let A and B be two C*-algebras. Let G C A be a subset of A and let § > 0.
A map ¢ : A — B is said to be G-d-multiplicative if

[p(ab) — p(a)p(b)[| <6
for all a,b € G.

Definition 2.7. Let A be a unital C*-algebra and let u € Up(A). Suppose that u; : [0,1] —
Up(A) is a continuous path of unitaries with ug = u and u; = 1. Then

m—1

L({ue}) = sup{ ) gy, — g || : 0=tg <ty <+ <ty =1},
=0
Define cel(u) = inf{L({u¢}) : ux € C([0,1],Up(A)), up = u,u1 = 1}.

Throughout this paper, X and Y will be the Cantor set. For @ € Homeo(X) we denote the
set of a-invariant probability measures on X by M,,.

Let o : X — X be a homeomorphism and let ¢ : X — Homeo(T) be a continuous map. By
a x ¢ we mean the homeomorphism on X x T defined by (x,t) — (a(z), pz(t)). It is easily seen
that every homeomorphism on X x T is of this form (see | , Lemma 2.1]). The continuous
map ¢ is called a cocycle. Moreover, if a X ¢ is minimal, then « is also minimal, that is, (X, «)
is a Cantor minimal system. Define a continuous map o(y) : X — Zy by

(0)(2) 0 <, is orientation preserving
0 )=
4 1 otherwise.

We say a X ¢ is orientation preserving when o(y) vanishes in the Zo-values cohomology group
C(X,Zo)/{f = foa™": fe O(X,Za)}.

Note that this group is canonically identified with K°(X, a) ® Zs.

The projection from X x T to its first coordinate gives a factor map from (X x T, a X ¢) to
(X, ). We say that a x ¢ is rigid when this factor map induces an isomorphism between the
spaces of invariant probability measures (see Definition 3.1 and Corollary 3.11 of | D).



We denote the set of isometric homeomorphisms on T by Isom(T). The group Isom(T)
consists of the reflection and rotations. For ¢t € T we write the translation s — s+t on T by R;.
When £ : X — T is a continuous map, X 3 z +— Rg(,) is a cocycle. We denote this by Rg.

Let a X ¢ be a minimal homeomorphism on X x T and let A = C*(X x T,a x ¢). Then A
is a unital simple C*-algebra. We will use j, : C(X x T) — A for the embedding whenever it is
convenient.

Let u € A be the implementing unitary. For z € X, let A, be the C*-subalgebra generated
by C(X x T) and uCo((X \ {z}) x T). By | , Proposition 3.3|, A; is known to be a unital
simple AT algebra and the tracial state space T'(A;) coincides with T'(A). Besides, A, has real
rank zero if and only if @ x ¢ is rigid. We also remark that A, N C*(X, «) is a unital simple AF
algebra (see [Pu]).

3 Approximate unitary equivalence of unitaries

The following is quoted from | ].

Lemma 3.1 (] , Theorem 2.11]). Let F' C C(T) be a finite subset and € > 0. There exists
n1 > 0 with the property described as follows.

For any 61 > 0, there exist a positive integer K and a number ne > 0 such that for any
do > 0, there exist a finite subset H C C(T)s.q. and a positive integer N satisfying the following
condition.

if ;1 + C(T) — B, where B = &L M,(;)(C([0,1])) are two unital homomorphisms such
that

(1)
(2) |To@(f) —Top(f)| < d2/4 for all f € H and all T € T(B);
)

3
(4) D(p(2)9(2)*) < 1/8K,

then there exists a unitary w € B such that

lo(f) —uwp(ful <e

@ has the property sdp(n1/32,01) and sdp(n2/32,d2);

r(j) >N, j=1,2...,m

for all f € F.

Remark 3.2. Note that K;(B) = {0}. So the condition (5) in Theorem 2.11 of | ] that
©s1 = 41 is not needed. In Theorem 2.11 of | |, in this case, B = M, (C([0,1])) is a single
summand and (3) should be replaced by » > N. It is obvious that it works for finitely many

summands as long as r(j) > N forall j =1,2,...,m
We actually use a very special case of Theorem 2.11 of | |. A shorter proof could be
given here. In fact a version of this could be found in [N'T]. We quote Theorem 2.11 of | ]

for the convenience.

Let A be a unital C*-algebra and let ¢ : C(T) — A be a unital completely positive map.
For a subset F C C(T) \ {0} and amap T'= N x K : F — N x R, we say that ¢ is T-F-full,
if the following holds: for every a € F there exist z1,x,...,Zn(q) € A such that

N(a)
Z w'?gp(a)$z =
i=1

and ||z;|| < K(a) forall i =1,2,...,N(a). We say a unitary u € A is T-F-full, if the homomor-
phism C(T) > f — f(u) € A is T-F-full.



Lemma 3.3. Let A be a unital simple C*-algebra and let w € A be a unitary. Letn > 0. Suppose
that {C1,(2, ..., Gn} s an n/128-dense subset of T, and that g; € C(T) satisfies 0 < g; < 1,
gi(t) =1 if t € O(G,n/512) and g;(t) = 0 if t € T\ O((,n/256). Suppose also that there are
x;; € A such that

()
I afgi(w)mi; —1all < 1/4, i=1,2,...,m.
j=1

Then, for any € > 0, there are a finite subset G C A and v > 0 satisfying the following:
ifL:A— B= EBszlMT(k)(C([O, 1])) is a unital G-y-multiplicative completely positive linear
map then there exists ¢ : C(T) — B such that

lo(z) = L(u)|| <&
and ¢ has sdp(n/64,0) property, where § =1/ max{m(i) : 1 < i < m}.

Proof. Since C(T) is semiprojective, for the finite subset F = {g; : i = 1,2, ...,m}U{z} and € > 0,
there exist a finite subset G; C C(T) and v > 0 such that, for any unital G;-y-multiplicative
completely positive linear map L : C(T) — B, (where B is any C*-algebra ) there exists a unital
homomorphism ¢ : C(T) — B for which

le(f) = L(HII < &/2

for all f € F. Therefore, with a sufficiently large finite subset G containing x; ;’s, g;(u)’s and G;
and sufficiently small v, one has

m(i)
1> L(wi ) e(gi) L(xig) — 1p] < 1/2.
j=1

For each x € T, there is ¢; such that O(z,n/64) D O((;,n/128). It is then easy to check that ¢
has the property sdp(n/32,9), where 6 = 1/ max{m(i) : i =1,2,...,m}. O

Lemma 3.4. Let A be a unital stably finite simple C*-algebra and let F1,Fo C Ay be finite
subsets. Let 1/2 > ~v1 > 0. Suppose that there exists a map m : Fy — Fa such that

|7(a) — 7(7(a))] </8

for all T € T(A). Then there exist 6 > 0 and a finite subset G C A satisfying the following:
if L : A — B, where B is a unital C*-algebra with stable rank one, is a unital G-9-
multiplicative completely positive linear map, then

7 (L(a)) = 7'(L(m(a)))] < 7
for each a € Fy and all 7" € T(B).

Proof. 1t follows from [C'P] that, for each a € Fy, there are z1(a), z2(a), ..., Tyq)(a) € A such

that
n(a) n(a)

1D (w(a)) @(a) —all < /4 and || Y ap(a)(zx(a)” —m(a)] < /4.
k=1

k=1
Thus, with sufficiently large G and sufficiently small § > 0, one has

n(a)
1> Lzx(a)"Lizi(a) — L(a)]| < 71/2

k=1



and

n(a)
1D Liar(a) Liz(a))* = Lx(a))]| < 71/2.
k=1
It follows that
[7(L(a)) = 7(L(7(a))| <m
for each a € F; and all 7 € T'(B). O

Lemma 3.5. Let A be a unital simple C*-algebra and let u,v € A be two unitaries. Suppose
that
dist(w,v) < d in U(A)/CU(A).

Then, there exist 61 > 0, 02 > 0 and a finite subset G C A satisfying the following:
If L A— B=®&]_1M;(C(0,1])) (for any integer n and r(j) > 0) is a unital G-02-
multiplicative completely positive linear map then

D(ujv1) < 2d,
where uy,v1 are any unitaries in B for which
lur — L(uw)|| < 61 and |jvi — L(v)|| < d;.
Proof. There are unitaries a1, as, ..., am, b1,bs,...,by, € A such that
|lu v — || < d,

where ¢ = H;n:1 ajbjazb;. Choose 61 = d/4. For sufficiently large G and sufficiently small 52 > 0,
one has
|IL(w)*L(v) — L(c)|| < d+d/4

/ / I

and there are unitaries a,db, ..., al,, b, b,, ... b, € B such that

| L(c) Ha )7 < d/4.

If ||lup — L(u)|| < 61 and ||jv1 — L(v)|| < d1, then
luivr — || < 2d,
where ¢’ =[]/, ajbj(a})~ Y(®) " Clearly in B, D(¢') = 0. Tt follows that
D(ujv1) < 2d.
O

Lemma 3.6. For anye >0,1>2m and T : C(T)4+ \ {0} — N x Ry, there exist a finite subset
G C C(T)+ \ {0} and an integer L > 0 satisfying the following:

Let A be a unital simple C*-algebra and let u,v € A be unitaries such that [u] = [v] in
U(A)/Up(A) and cel(u*v) < 1. For any homomorphism ¢ : C(T) — A which is T-G-full, there
is a unitary w € Mp1(A) such that

|w* diag(u, ug, . .., up)w — diag(v, uo, . .., up)|| < e.

where uy = ¢(z).



Proof. Note that K;(T) =Z, i = 0,1, and they are generated by Loy and 2 (the identity map
on T).

Suppose that the lemma fails. Then there would be an ey > 0,1y > 27 and T : C(T)\ {0} —
N x Ry such that the assertion does not hold. Let {Oy},en be an open base of T and let
gn € C(T)4 be a function satisfying {t : g,(t) > 0} = O,,. Put G, = {g1,92,...,9n}. Then
we would have two sequences of unitaries {u,}, {v,} in a sequence of unital simple C*-algebras
Ay, for which [uy] = [v,] in U(A,,)/Us(A,) and cel(ulvy,) < ly, and a T-G,,-full homomorphism
¢pn : C(T) — A, such that

inf{||w* diag(un, (o, - - -, Co)w — diag(vp, Co, - .-, C0)| : w € My, (An)} > o,
where (o = pn(2). Let B =(*({A,}), Bo = co({4An}), U ={un}, V={v,} € B, &y : C(T) —
B be defined by ®¢(f) = {¢n(f)} for f € C(T), and 7 : B — B/By be the quotient map. Since
cel(uyvy) < lo,
it is easy to see that
cel(U*V) <lp in B and cel(w(U)*m(V)) < ly in B/By.

This, in particular, implies that [7(U)] = [7(V)]. Since ¢, is T-G,-full, we can see that m o &g
is full. Thus, by Theorem 1.2 in [CGL], there exists an integer N > 0 and a unitary W €
Mp+1(B/By) such that

|W* diag(U, o @o(z2), ..., 7m0 Py(2))W — diag(V, 7m0 ®y(2),..., 7m0 Py(2))| < e€o/2.
Note that there exists a sequence of unitaries w, € My+1(Ay) such that 7({w,}) = W. It follows
that
||wy, diag(tn, pn(2), ..., on(2))wy, — diag(vp, en(2),. .., on(2))|| < €0/2

for all sufficiently large n. This contradicts the assumption that the lemma fails. O

Lemma 3.7. Let A be a unital simple C*-algebra and let ¢ : C(T) — A be a monomorphism.
Suppose that ¢ is T-F-full, where F is a finite subset of C(T)4\{0} andT = NxK : F — NxR
is a map. Put T'(f) = (N(f),2K(f)) for f € F. Then there exist 6 > 0 and a finite subset
G C A such that if L : A — B (for any unital C*-algebra) is a unital G-§-multiplicative
completely positive linear map and u € B is a unitary satisfying ||u — L o o(z)|| < J, then u is
T'-F-full.

Proof. By assumption, for each f € F, there are z1(f),z2(f),...,2n(s)(f) € A such that

N(f)
Z(wi(f))*so(f)xi(f) =14

=1

and [|lz;(f)[| < K(f).
It is clear that, with a sufficiently large G and sufficiently small § > 0,

N(f)
1> L@i(/) Lo e(f)Li(f) - 1] < 1/4,
=1

provided that L is a unital G-d-multiplicative completely positive linear map. Then there exists
b(f) € By with ||b(f)|| < 4/3 such that

N(f)
> b(F)L(xi(f)) Lo o(f)L(xi(£))b(f) = 1p.
=1

7



Note that ||L(z;(f))b(f)| < 4K(f)/3. By choosing a small §, we may assume that L o o(f) is
sufficiently close to f(u) for every f € F, and

N(f)
1) b(£) L(i(£))* F(w) L(zi(£)b(f) — 15 < 1/4.
=1

By repeating the same argument as above we can conclude that u is T"-F-full. O

Lemma 3.8. Let A be a unital simple C*-algebra with TR(A) < 1. Then, for any ¢ > 0, any
o > 0, any integers mg, N > 0 and any finite subset F C A, there exist mutually orthogonal
projections q,pi,p2,-..,Pm (M > mi) with [q] < [p1] and [p1] = [pi], i = 1,2,...,m, a C*-
subalgebra C = M, (C([0,1])) & My, (C([0,1])) & --- & M,,, (C([0,1])) with 1¢ = p1 for which
each summand of C has rank at least N, and unital F-e-multiplicative completely positive linear
maps Ly : A — qAq and Lo : A — C such that

|z — L1(x) & diag(La(x), L2(2), . . ., L2(@))]| <,

where Lo is repeated m times, for all x € F, 7(q) < o and 27(q) > 7(p1) for all T €
T(A). (We identify a subalgebra of (37", pi) A i~ pi) with M,,(C), when we use the notation

diag(L2(z), L2(), . . ., L2(x)).)

Proof. The proof is a minor modification of that of Lemma 5.5 in [1.3]. The only difference is
that, in Lemma 5.5 of [L.3], one does not have 27(q) > 7(p1) (for all 7 € T'(A4)).
Choose m > m; so that 1/m < ¢/2. In the proof of Lemma 5.5 in [L3], choose n = 2m + 1.

Then, the statement of the lemma holds, where L is repeated 2m + 1 times and 7(q) < o /2 (for
all 7 € T(A)). Then one replaces Ly by L; @ Lo and Lo by Lo @ Lo. Then the present lemma
holds. O

Lemma 3.9. Let A be a unital simple C*-algebra with property (SP) and let u,v € A be two
unitaries with 1 € sp(u), sp(v). Then, for any € > 0, there is a unitary w € A and a nonzero
projection e € A and two unitaries ui, vy € (1 —e)A(1 —e) such that

(e +u1) —ul| <e/2 and ||(e +v1) — wrvw| < /2.

Proof. Let 6 > 0. Define f € C(T,|0,1]) such that f(§) = 1 if dist({,1) < §/2 and f(§) =0
if dist(£,1) > 6. Since A has property (SP), there are nonzero projections e; € f(u)Af(u) and
ez € f(v)Af(v). Since A is simple there exist nonzero projections e < e; such that €] is unitarily
equivalent to e5. Put e = ¢). If § is sufficiently small, we have

lleu — ue|| < /8 and ||ehv — veb|| < g/8.
It is easy to obtain unitaries u; € (1 —e)A(1 —e) and uz € (1 — e5) A(1 — €}) such that
(e +u1) —ul| <e/2 and ||(e) + uz) — v|| < /2.
There is a unitary w € A such that w*ejw = e. Then, with v; = w*usw,

(e +v1) —wrvw| < e/2.



Lemma 3.10. Let A be a unital simple C*-algebra and u,v € U(A). Suppose that cel(u*v) <1
for some | > 0. Then, for any € > 0, there is a finite subset F C A and 0 > 0 such that,
for any unital F-6-multiplicative completely positive linear map L : A — B (for any unital
C*-algebra B), there are two unitaries uy, vy € B such that

|L(u) —ui|| <e/2, ||L(v)—w] <e/2 and
cel(ujvy) <l +e.
Proof. This is essentially the same statement of Lemma 6.8 of [L.3]. O]

Now we are ready to prove the following theorem.

Theorem 3.11. Lete >0 and let T : C(T)4+ \ {0} — N xRy be a map. Then there exist § > 0
and a finite subset F C C(T)4 \ {0} satisfying the following: For any unital simple C*-algebra
with TR(A) < 1 and any T-F-full unitary v € U(A) with sp(u) =T, if v € U(A) is a unitary
such that

[u] = [v] in K1(A), dist(a,v) <46

and
|To f(u) =70 f(v)| <4
forall f € F and all T € T(A), then there is a unitary w € A such that

|lw uw — || < e.

Remark 3.12. In the statement above, for any u € A with sp(u) = T, since A is a simple unital
C*-algebra the map T always exists. We would like to point out that ¢ and F depend only on
such T but not on A or the choice of u as long as the map T works for u.

Proof. Let I = 97. Suppose that T : C(T)+ \ {0} — N x Ry is defined by T'(f) = (N(f), K(f)).
By applying Lemma 3.6 with /16, [ and T"(f) = (N(f),2K(f)), we get an integer L > 0 and
a finite subset G C C(T)4 \ {0}.

Let 71 > 0 be as in Lemma 3.1 corresponding to e/4 and {z} C C(T). Let {¢1,(2,...,{m} C T
be an 1;/128-dense subset of T. Choose functions g; € C(T) such that 0 < g;(t) <1, g;(t) =1 if
t € O(¢i,m/512) and g;(t) =0if t € T\ O(¢,m1/256), i = 1,2,...,m. Let 6y = 1/ max{N(g;) :
1 <i < m}. By using Lemma 3.1 with {z}, ¢/4, n; and J;, we obtain a natural number K and
12 > 0.

Now let {£1,&2,...,&} C T be 12/128-dense in T. Let h; € C(T) such that 0 < h;(t) < 1,
hi(t) = 1if t € O(&,n2/512) and hi(t) = 0if t € T\ O(&,n2/256), i = 1,2,...,1. Let 6y =
1/max{N(h;) : 1 <i <1I}. Let H and N > 0 be described in Lemma 3.1 corresponding to the
above /4, m > 0, 1, K, 2 and 9. Set H; = {a4,a_,a:a € H}.

Now let F be a finite subset which contains G, H; above and {g1, ..., gm, h1,h2,..., i }. We
may assume that K > 16. So we choose § = min{n/16K,d2/64}. Note that F and ¢ depend
only on T" and €.

We would like to show that F and § do the work. Suppose that A is a unital simple C*-
algebra with TR(A) <1 and u € U(A) is T-F-full and sp(u) = T. Let v € A be another unitary
such that [u] = [v] in K1(A),

dist(@,v) < 6 < /16K

and
|70 f(u) —To f(v)] <d<dy/64

for all f € Hy C F and all 7 € T'(A).



By applying Lemma 3.9, we may assume, without loss of generality, u = e+’ and v = e+/,
where u/,v" € (1 — e)A(1 — e) are two unitaries. To simplify notation, fix a nonzero projection
e € A so that it suffices to prove the following: there exists a unitary w € (e+14)M2(A)(e+14)
such that

|w*(e + w)w — (e +v)| < e.

It follows from Lemma 6.9 in [1.3] that
cel(u™v) < 87 + /16K < 97w = 1.

Define ¢, : C(T) — A by ¢(f) = f(u) and ¥(f) = f(v) for all f € C(T).
Since F contains {g1, g2, ..., gm}, we have
N(g:)
> (z(90) elgi)xi(gi) = La,

J=1

for some x;(g;) € A with ||z;(g:)|| < K(9:),7=1,2,...,m. Since F contains {h1, ha,..., i}, we

also have
N(h;)

D (i (ha)) p(ha)z(h) = 14

j=1
for some xj(h;) € A with [|z;(h)|| < K(hi), i =1,2,...,L.
Now we apply Lemma 3.8. For a finite subset Gy C A and §p > 0, we have a natural number
L’ greater than L and
Ll
|z — (L1(z) © diag(La(x), La(z), . . ., La(z))|| < /16

for both x = u,v, where L1 : A — gqAq and Lo : A — B are Gy-dp-multiplicative completely
positive linear maps, where B = &2 M,;(C([0,1])) C p1Ap: with r(j) > N (1 < j < m),
1 = p1, [q] < [p1], 2[q] > [p1] and [q] < [e]. We choose Gy so large and &y so small that, by
Lemma 3.3, there is a homomorphism ¢ : C(T) — B so that

le1(f) = La(e(f))I] < minfe/4,62/16}

for all f € H;U{z} and ¢ has sdp(n;/64, d1) and sdp(n2/64, §2) property. Moreover, since ¢ is
T-G-full, by Lemma 3.7, we may assume that ¢ is T"-G-full.
We may also assume that there is a homomorphism 1 : C(T) — B such that

[91(f) = La( ()] < min{e/4,52/16}

for all f e HyU{z}.
By Lemma 3.5, we may assume that

Dip1(2)"41(2)) < 1/8K.
With sufficiently large Gy and sufficiently small dg, by Lemma 3.4, we may assume that

7' (1(f)) = 7 (1 (f))] < b2/4

for all f € H and all 7/ € T(B). Now by applying Lemma 3.1, we obtain a unitary w; € B such
that

lwier(z)wr — ¥ ()] < e/4.
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In the above, for sufficiently large Gy and sufficiently small dg, by Lemma 3.10, we may also
assume that there are unitaries us, v2 € ¢Ag such that

[L1(u) —uall <e/16, |[Li(v) — vol| < /16

and
cel(uzvg) < 9.

Since [g] < [p1] and [p1] — [¢] < [q] < [e], there is ey < e such that [e1] + [¢] = [p1]. Let
u3z = e1 + ug and vy = €1 + va.
Put
L/

A

U = diag(1(2), 1(2), - -, 1(2))

and
L/

V = diag(1(2), ¥1(2), ..., ¥1(2)).

Then by the choice of L, by applying Lemma 3.6, we obtain a unitary ws € (e1+14)Ma(A)(e1 +
14) such that

w3 (us ® U)ws — (v3 ® U)|| < /16.
Ll
. P N
Let w3 = wa(q + diag(wy, wr, ..., wr)). It follows that

||lw3(us & U)ws — (v3 B V)| < e/16 + /4.
Combining all the above, we have
lws(e1 + u)ws — (e1 +v)|| < 3(g/16 +¢/4) < e.

Set w = (e — e1) + w3. Then
e+ ww — (e +v)]| <.

O]

Corollary 3.13. Let A be a unital simple C*-algebra with TR(A) <1 and let u,v € A be two
unitaries with sp(u) = sp(v) = T. Then there exists a sequence of unitaries wy, € A such that

. *
lim wyuw, =v

n—oo

if and only if
and

for all f € C(T) and all T € T(A).

Lemma 3.14. Let e be a nonzero projection of a unital simple C*-algebra A with TR(A) <
1. Then v : U(eAe)/CU(eAe) — U(A)/CU(A) defined by v — v+ (1 —e) is a continuous
isomorphism.

11



Proof. Tt is clear that ¢ is a continuous homomorphism. It follows from Theorem 6.7 in [I.3]
that it is surjective. Suppose that u € Ker:. Thus v + (1 —e) € CU(A). It follows Lemma 6.9
in [L3] that u + (1 —e) € Up(A). Since A has stable rank one, by [R], it is easy to see that
[u+(1—e)]=01in K;(A). Since A is simple, we conclude that [u] = 0 in K;(eAe). Since A has
stable rank one, it follows that u € Uy(eAe). By expressing u as finite product of exponentials,
we obtain a piecewise smooth map 7 : [0,1] — Up(eAe) with n(0) = e and (1) = u. Define
€:[0,1] = U(A) by &(t) =n(t) + (1 —e). Then

5A(E)(r) = - / (€ e ) dt = —— [ (ol @n()) dt

C2mi ~ 2 o

for all 7 € T'(A). The fact that u+ (1 —e) € CU(A) implies that §4(§) € pa(Ko(A)) (see [Th]).
Suppose that there are x,, € Ky(A) such that 7(z,,) — §(£)(7) uniformly on T'(A). Then
7(zn)/7(e) = a(§)(7)/7(e).

For each 7 € A, define 7(a) = 7(a)/7(e) for a € eAe. So Jeac(n)(7) = 64(&)(7)/7(e). Since
Ko(eAe) = Ko(A), we conclude that d.ac(n) € pa(Ko(eAe)). Equivalently v € CU(eAe). Thus
1 1s injective. O

Theorem 3.15. Let A be a unital simple C*-algebra with TR(A) <1 and X be the Cantor set.
Then two unital monomorphisms hyi, he : C(X x T) — A are approximately unitarily equivalent
if and only if

(h1)si = (ho)si, i =0,1, h% =hl

and

Tohi(f) =70 ha(f)
forall f € C(X xT) and 7 € T(A).

Proof. The “only if” is clear. We will show the “if” part.
Let € > 0 and F C C(X x T) be a finite subset. Without loss of generality, we may assume
that
F=Afi,fixz:i=1,2,...,m},

where f; = 1p, and O1, Os, . .., Oy, are mutually disjoint clopen subsets of X for which |J;*, O; =
X.
Since (h1)s« = (h2)«i, @ = 0,1, there is a unitary w; € A such that

wihi(fi)wr = ho(fs), i=1,2,...,m.

To simplify notation, we may assume that hy(f;) = ha(fi) = pi, i = 1,2,...,m. Working in each
piAp;, by applying Lemma 3.14 and Corollary 3.13, there is a unitary u; € p; Ap; such that

|uiha(fi X 2)u; — ho(fi x 2)|| <e,
for all i = 1,2,...,m. Define wg = ;" ; u;. Then wy € U(A) and
[wshi(g)wz — ha(g)|| < e
for all g € F. O

Combining the proof of Theorem 3.15 and 3.11, we actually prove the following.
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Corollary 3.16. Let A be a unital simple C*-algebra with TR(A) < 1 and X be the Cantor
set. Fiz a monomorphism hy : C(X x T) — A. Then, for any € > 0 and any finite subset
F C C(X xT), there exist 6 > 0, a finite subset G C C(X x T), a finitely generated subgroup
Gy C Ko(C(X x T)) and a finitely generated subgroup Gi1 C Ki(C(X x T)) satisfying the
following: if hy : C(X x T) — A is a monomorphism such that

(h2)sile, = (h1)xile,s  |7(ha(g)) — T(h1(g))] <0

forallg € G and 7 € T(A), and
dist(h} (g). h(9)) < 8

for all g € Gy, then there exists a unitary W € A such that

[Wha(f)W* — hi(f)|| < & for all f € F.

4 'Tracial rank

Let (X,a) be a Cantor minimal system and let £ € C(X,T). In this section, we will only
consider the case that a x R¢ is minimal. Put A = C*(X x T,a x R¢). The purpose of this
section is to show that the tracial rank of A is no more than one. We denote the implementing
unitary of A by w. In this section, we identify the circle T with the quotient space R/Z. We
write the function T 3 ¢ — €?™ € C by z € C(T).

Proposition 4.1. Let x € X and let U be a clopen neighborhood of x € X. Suppose that there
exists M € N such that
[uM zpu™* — 2q|| <,

where p = 17 and g = uMpu*. Then there exists a partial isometry w € A, such that w*w = p,
ww* = q and
|lwzpw™ — zq|| < e.

Proof. There exists a unitary normalizer w; € A, NC*(X, a) of C(X) such that wipw} = q. We
may assume that there exists a continuous function n : X — Z such that w; =), ., ukln_1(k).

Since u*zu = e*™V~1€z, we can find a continuous map 1 : U — T such that
wivM zpuM*w, = 2™V zp,

Clearly we have [wiu™ zpuM*w;] = [zp] in K1(pAp). We also get T(wiuM zpu*w) = 7(2p)
for all 7 € T(pA.p), because T(A) = T(A,). Furthermore
wi‘uszuM*wl(zp)* _ €27r\/—;1r]

belongs to B = p(A; N C*(X,a))p, which is a unital simple infinite dimensional AF algebra.
Hence, the unitary e2™V=17 is contained in U(B) = CU(B) C CU(pAgp). Thus, Corollary 3.13
applies and yields a unitary wy € pA,p such that

|wiuM zpu*wy — wezpwi|| < o,
where 0 = & — ||uMzpM* — 2q||. Put w = wiwy. Then

lwzpw* — 2q|| < Jwi(wezpwi)wi — M apu(| + u zpu™™ — 2q|| <e.
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The following is an improvement of Lemma 5.5 of | ]-

Lemma 4.2. Let x € X. For any N € N, ¢ > 0 and a finite subset F C C(X x T), we can find
a natural number M > N, a clopen neighborhood U of x and a partial isometry w € A, which
satisfy the following.

(1) a= N U), a " NT2(U),..., U a(U),...,a™(U) are mutually disjoint, and p(U) < e/M for
all a-invariant measure (.

(2) w*w =1y and ww* = 1aM(U),
(3) uwu® € A, for alli=0,1,...,N — 1.
(4) Jlwf — fw| <e forall f € F.

Proof. Without loss of generality, we may assume F = {f1, fa,..., fr, 2}, where f; belongs to
C(X) C C(X x T). There exists a clopen neighborhood O of x such that

|fi(z) — fily)| < e/2

for all y € O and ¢ = 1,2,...,k. Since a X R¢ is minimal, we can find M > N such that
(ax Re)M(z,0) € O x I, where I = {t € T : |t| < }. Let U be a clopen neighborhood of z such
that the condition (1) is satisfied and

(ax Re)M(y,0) €0 x I

forally e U. If 1/K < e, an easy way to get u(U) < /M is to choose U so that
a N, ..., U,...,oaME(U) are mutually disjoint. Moreover, we require that UUa™ (U) C O.
Let p =1y and g = 1,0,. Since (o x Re)M = oM x R, for some n € C(X,T), we check that

M

M zpu*™ — 2q|| < e.

By applying Lemma 4.1, we obtain a partial isometry w € A, which satisfies (2) and
|lwzpw™® — zq|| < e.
Since U U o™ (U) € O, by the choice of O, it is easy to check that
|wfi — fiw] <e
foralli=1,2,...,k. To see (3), we note that
pu' = pula-r@yula-2m) - ula-so)

and |
(u*iq)* = qulgm—1yulgnm—2(y - ulgn—ig

for every i = 1,2,..., N — 1. Since = € U, by the condition (1), one sees that pu’ and u*'q belong
to A,. It follows that u*wu’ € A, for all i =1,2,..., N — 1. O

Theorem 4.3. Let (X, ) be a Cantor minimal system and let § : X — T be a continuous map.
If a x Re is minimal, then A = C*(X x T, x Rg¢) has tracial rank zero or one. Consequently
A=C*(X xT,ax Re) is a unital simple AT-algebra. Moreover, it has tracial rank zero if and
only if a X Re is rigid.
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Proof. The proof is exactly the same as that of Theorem 5.6 of | ]| when one uses Lemma 4.2
instead of | , Lemma 5.5]. Only difference is that we do not assume that A, has tracial rank
zero. But we use the fact that A, is a unital simple AT-algebra (see Proposition 3.3 of | ])-

Let F C A be a finite subset and let € > 0. Fix z € X. By applying Lemma 4.2, exactly as

in the proof of Theorem 5.6 of | ], one obtains a projection e € A, such that the following
hold.

e |[ea —ael| <eforallae F.
e For every a € F, there exists b € eAze such that |eae — b|| < .
e 7(1—e)<eforall 7€ T(A).

Since A, is a unital simple AT-algebra (which has tracial rank one or zero), using the fact that A

has stable rank one and weakly unperforated Ko(A) (see Theorem 3.12 in | |) and applying
Theorem 4.8 in | ], exactly as in the proof of Theorem 5.6 in | ], we conclude that A has
tracial rank one or zero.

By Lemma 2.4 of | |, both Ky(A) and K;(A) are torsion free. It follows from [L3] that
A is isomorphic to a unital simple AT-algebra. O

5 Non-orientation preserving cases

In this section we will show that the crossed product C*(X x T, a X ¢) has tracial rank zero if
the cocycle ¢ takes its values in Isom(T) and « X ¢ is rigid.
The following lemma is well known.

Lemma 5.1. Let A be a C*-algebra with real rank zero and let E be a finite dimensional C*-
subalgebra with the same unit as A. Then B = AN E’ also has real rank zero.

Proof. Let p1,pa,...,pn be a family of minimal central projections of E with > p; = 1. Then
Ep; is isomorphic to a full matrix algebra. Since p; is central in B, it suffices to show that Bp;
has real rank zero for all ¢ = 1,2,...,n. But this is obvious because Bp; = p;Ap; N (Ep;) is
isomorphic to e; Ae; where e; is a minimal projection of Ep;. O
Let A be a unital C*-algebra. For a € A, we define
llal]2 = sup T(a*a)l/Q.
TET(A)

Then ||-||2 is a norm on A.

Lemma 5.2. Let {e,},, and {xy,}, be two sequences of self-adjoint elements of A. Suppose that
lim, ool|zn — enlla = 0 and |len|| < 1, ||zn|] < 1 for all n € N. Then, for every continuous
function f on [—1,1], we have

Tim || () — flen)]l2 = 0.

Proof. Tt suffices to show the claim when f is a polynomial. But this is obvious because of
labll2 < [lal[[[b]]2- O

Lemma 5.3. Let A be a unital simple C*-algebra with tracial rank zero and let {e,}nen be a
sequence of projections in A which satisfies

lim ||ae, — epalla =0
n—oo

for every a € A. Then there exist a subsequence {e€pn)tnen and a sequence {xy}nen of projec-
tions in A such that the following conditions are satisfied.
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(1) For every a € A, we have ||azx, — zpal — 0.

(2) llemm) — znll2 — 0.

Proof. Let {an}nen be a dense sequence of A. Since A has tracial rank zero, we can find a
projection p, and a unital finite dimensional C*-algebra E,, C p,Ap, such that the following
are satisfied.

e Foreveryi=1,2,...,n, ||aipn — pnai||< 1/n.
e For every i = 1,2,...,n, there exists b € E,, such that ||p,aip, — b||< 1/n.
e [|1—pulle <1/n.

Using the Haar measure on the compact group U(FE,), we define

T = / ueu” du.
U(Ey)

Then z,,, € A. It is then easy to check that z,,, commutes with unitaries of E,, and so it
commutes with all elements of E,,. Thus z,,, is a positive element lying in p, Ap, N E),. Hence,
for every i = 1,2,...,n, we have ||a;Zm n — Tmnai|| < 4/n. Moreover, by choosing a sufficiently
large m € N, we obtain

lem = Tmalls < =

n

because lim,, oo ||uen — epnull2 = 0 for every u € U(E,,).
In this way, we can find a subsequence {e,,,)}n and a sequence {z,}, which satisfy the
requirements (1) and (2). It remains to replace x, to a projection. Since p,Ap, N E), has real
rank zero by Lemma 5.1, we may assume that x,, has finite spectrum. Let f, g and h be functions

on [0, 1] defined by
0 0<t<1/2
()= /
2% -1 1/2<t<1,

2% 0<t<1/2
g(t) =
1 1/2<t<1

and h(t) = 1(;/21)(t). Then by using Lemma 5.2 we have [|ey,n,) — f(75)[l2 — 0 and ||e,, ;) —
g(z,)||2 — 0. Tt follows from 0 < (h — f)? < (g — f)? that

tim [[A(20) ~ emlls = lim [[A(za) — fa)l2 < lim [lg(an) — f(za)]l2 = 0.

n—oo
Since h(z,) still lies in p, Ap, N EJ,, it almost commutes with ai,as,...,a,. Thus h(x,) is the
desired projection. ]

Proposition 5.4. Let A be a unital simple C*-algebra with tracial rank zero and let v : 7y —
Aut(A) be an action of Z;. Suppose that there exists a sequence of projections {ey }nen satisfying
the following property.

(1) For eachi € Z; \ {0}, |leny'(en)|l2 — 0.

(2) 11— Xiez, 7' (en)ll2 — 0
(3) For every a € A, we have ||ae, — enalla2 — 0.

Then the action 7y has the tracial Rohlin property in the sense of [Ph].
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Proof. The proof goes in a similar fashion to [I, Section 4]. By Lemma 5.3, we may assume
that

lim ||ae, — epal| =0

n—oo

for every a € A. Let F be a finite subset of A and let € > 0. There exist a projection p € A and
a unital finite dimensional C*-subalgebra E C pAp such that the following are satisfied.

e For every a € F, |lap — pal|< e.
e For every a € F, there exists b € E such that ||pap — b||< e.
o [[1-pl2<e

Since {7(en)}n is a central sequence for every i € Z;, by using the integration argument as in

the proof of Lemma 5.3, we may assume that there exists a projection a,y(f) € AN E’ such that

ngzl) —7%(en)|| — 0 for every i € Z;. Put

=@ () | a0,
i£0

Then vy, is a positive element lying in
D, =z(ANE)zD.

Let en, = sup,ep(a) 7(yn). By the assumption (1), we have ¢, — 0. Define continuous functions
g1, g2 and g3 on [0, 1] by

1 0<t<j/4
gi(t) =1 -4t —3j/4) j/A<t<(+1)/4
0 otherwise.

Put a,; = g;(yn/v€) in D,,. Then it is easy to see that apian2 = ap1 and ap 20,3 = ap 2.
Since D, has real rank zero, the hereditary subalgebra a, 2Dya, 2 has an approximate identity
consisting of projections. Hence we can find a projection f,, € D, such that a,3f, = f, and
lan,1frn — anal|| < en. Combining

T(yrlz/Z(xgzo) - an71)y711/2) < T(yn) <eén

with

\Z:j»n(xago) - an,l) < y711/2 (1'%0) - an,l) 711/27

we get T(.CC;O) —an1) < 4/e, for all T € T(A). It follows from |an1fn — ani1|| < en that

T($7(10) — fn) — 0 uniformly for all 7 € T'(A). Moreover we have

anynan = anan,?)ynan,fﬂfnu S Han,3ynan,3” S \/a,
and so |]fnx§f)an < /&y for all i € Z; \ {0}. Therefore, for every i € Z; \ {0},

converges to zero as n — o0o. Since f, commutes with p € E, f,p is a projection lying in
pAp N E'. By replacing f, with f,p, we obtain

lim sup (% —f,) <e
n=00 1T (A)
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We still have ‘
lim f,7(fu) = 0
n—oo

for all i € Z; \ {0}.

As a consequence, by choosing a sufficiently large n, we can find a projection f, which
satisfies the following.

e For every a € F, |laf, — fnal| < 4e.

e For every i € Z; \ {0}, ||fuY'(fu)l < e

e For every 7 € T(A),

T 1—Zvi(fn) <le.

€L

Hence v has the tracial Rohlin property. 0

Let (X, @) be a Cantor minimal system and let ¢ : X — Z; be a continuous map. Define a
homeomorphism « x ¢ € Homeo(X X Z;) by

(a x ¢)(x, k) = (afz), k + c(z))

for all (x,k) € X x Z;. Namely a X ¢ is the skew product extension of (X, ). Suppose that a x ¢
is minimal. Then C*(X x Z;,« X ¢) is a unital simple AT algebra with real rank zero. Define
v € Homeo(X X Z;) by v(x, k) = (x,k + 1). Since v commutes with a X ¢, it induces an action
0 of Z; on C*(X x Zj, x ¢). We would like to see that 6 satisfies the hypothesis of Proposition
5.4.
Let
P={Xv,k):veV,k=12,...,h(v)}

be a Kakutani-Rohlin partition of (X, a). We may assume that the function ¢ is constant on
each clopen set belonging to P. For a given € > 0, it is possible to choose P so that h(v) is
greater than =1 for all v € V. Thus, u(R(P)) is less than ¢ for all 4 € M,, where R(P) is the
roof set. For every v € V and k =1,2,...,h(v), define ¢(v, k) € Z; by ¢(v,1) = 0 and

k-1

c(v,k) =) el (@),

i=1
where z is a point in X (v, 1). We define a clopen subset U of X x Z; by

h(v)

U= U X0k x {ew.h)),

veV k=1

and put e = 1y € C*(X x Zj,a x ¢). It is easy to check that e, 6(e),...,0 "1 (e) are mutually
orthogonal and » 7 0%(e) = 1. Clearly e commutes with elements of C(X x Z;). Furthermore
we have

(ueu—e)® < LrPyxzy>

where v is the implementing unitary of C*(X x Z;,a x ¢). It follows that

|lu eu — el|2 < e.
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Consequently 6 satisfies the hypothesis of Proposition 5.4, and so it has the tracial Rohlin
property. Indeed, it can be easily checked that the crossed product

C*(X X Zl,a X C) Ao Zl
is stably isomorphic to C*(X, a) (see [M1]).

Now we turn to minimal dynamical systems on X x T. Let (X,«) be a Cantor minimal
system and ¢ : X — Homeo(T) be a continuous map. Suppose that a X ¢ is minimal and
non-orientation preserving. Then a X o(y) is a minimal homeomorphism on X X Zg. Let 7 be
the projection from X X Zg to the first coordinate. By [ , Lemma 8.1, 8.3], a X o(¢p) X o7
is a minimal orientation preserving homeomorphism. Put

A=C"(X XZy x T, x 0(ip) X ).

Then, as in the Cantor case, the shift map (z,k,t) — (x,k + 1,¢) commutes with the minimal
homeomorphism « X o(¢) x pm. Let us denote the corresponding action of Zs on A by 6. It is
not hard to see that 6 globally preserves the subalgebra C*(X X Zg,a X o(¢)). Therefore, as
discussed before, there exists a projection e € C'(X x Zg) satisfying the hypothesis of Proposition
5.4. But, e clearly commutes with elements of C(X x Zy x T), and so we can conclude that 6
on A also satisfies the hypothesis of Proposition 5.4.

As a direct consequence, we have the following.

Theorem 5.5. Let a X ¢ be a minimal non-orientation preserving homeomorphism on X x T.
Suppose that
A=C"(X XZy xT,a x o(p) X o)

has tracial rank zero. Then, the action 0 has the tracial Rohlin property. In particular, C*(X x
T,« X ¢) also has tracial rank zero.

Proof. This is immediate from Proposition 5.4 and [’h, Theorem 2.6]. O

Corollary 5.6. Let (X, «) be a Cantor minimal system and let ¢ : X — Isom(T) be a continuous
map. If a x ¢ is rigid, then C*(X x T,a X @) has tracial rank zero.

Proof. If a x ¢ is orientation preserving, the result follows from | , Theorem 5.6]. Suppose
that a X ¢ is not orientation preserving. By | , Lemma 8.4], a x o() X o is rigid. It follows
from | , Theorem 5.6] that

A=C"(X XZo x T, x 0o(¢p) X o)

has tracial rank zero. By Theorem 5.5, we get the conclusion. O

6 (*-strongly approximate flip conjugacy

Let (X, «) and (Y, 3) be two topological transitive systems. Let A = C*(X,a) and B = C*(Y, 3)

be crossed products. In [To], J. Tomiyama showed that (X, a) and (Y, 3) are flip conjugate if

and only if there exists an isomorphism ® : A — B such that ® maps j,(C(X)) onto jz(C(Y)).
The following is an approximate version of Tomiyama’s C*-algebra flip conjugacy.

Definition 6.1. Let (X, ) and (Y, 3) be two topological transitive systems. We say that (X, a)
and (Y, B) are C*-strongly approzimately flip conjugate if there exist sequences of isomorphisms
on:A— B, Y, :B— A xn:C(X)— C(Y) and w, : C(Y) — C(X) such that [p,] = [p1] in
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KL(A,B), [¥n] = [i1] in KL(B, A) (¢n); = (1), (¥n); = (¥1)g, 05 = &} and v = ¢f for all
n € N, and

lim H‘Pn Oja(f) —Jg OXn(f)H =0

n—oo
and
lim |4, 0 jig(9) — Ja o wn(g)|| =0
n—oo

for all f € C(X) and g € C(Y).

Let A and B be two unital separable simple C*-algebra with real rank zero and stable rank
one and suppose that there exists an order homomorphism

R+ (Ko(A), Ko(A)+, [14]) — (Ko(B), Ko(B)s+, [15).

Let pa : Ko(A) — Aff(T(A)) be the homomorphism induced by pa([p])(7) = 7(p). It follows
from [B1H] that pa(Ko(A)) is dense in Aff(T(A)). Thus & gives an affine continuous map &y :
Aff(T(A)) — AfE(T(B)).

In the case that A and B are simple and have real rank zero and stable rank one, in Definition
6.1 above, if [p,] = [¢1] in KL(A, B), then one must have (¢,); = (¢1);. Moreover, in this case,
K1(B) = U(B)/Uy(B) = U(B)/CU(B). Therefore ¢}, = gpﬁ. In other words, in Definition 6.1
above, if both A and B have tracial rank zero, then one can omit (,); = (p1); as well as

f_ At

$n = 1.

We identify T with R/Z in this section. Let (X, a) and (Y, 3) be Cantor minimal systems
and let ¢ : X — Isom(T) and ¢ : ¥ — Isom(T) be continuous maps. For the rest of this
section we assume that both « X ¢ and 8 x 9 are minimal, but that neither a x ¢ nor 3 x 1 are
orientation preserving except in Theorem 6.9. We denote the crossed product algebras arising
from (X x T,a x ) and (Y x T, 3 x ¢) by A and B, respectively.

We identify K;(C(X x T)) with C(X,Z) for i = 0,1. By Lemma 2.5 of | |, we know that
Ko(A) is unital order isomorphic to K°(X,a) = Coker(id —a*) and that K;(A) is isomorphic
to the direct sum of Z and Coker(id —a;). Note that the torsion subgroup of Coker(id —as) is
isomorphic to Zs.

In the argument below, we will regard functions of C(X,Z) as elements of Ky(A) and K;(A).
When we need to avoid confusion, we denote the equivalence class of f € C(X,Z) in these groups
by [f]o and [f]1, respectively.

Let xg € X. By Proposition 3.3 of | |, we know that K¢(Az,) is unital order isomorphic
to Ko(A) and that K;(A,,) is isomorphic to

CX,Z)/{f —ay(f): f € C(X,Z) and f(z0) = O}.

Furthermore, there exists a natural quotient map from K;(Az,) to Ki(A) and its kernel is
isomorphic to Z.
Define a function h, € C(X,Z) by

o a l(z)) =
@(x):{l (P (@) =1

0 otherwise.

Then h, is a representative of the torsion element in K;(A). Thus 2h, is zero in K;(A), and
so 2h, belongs to the kernel of the natural quotient map from Ki(Az,) to Kq1(A). By an easy
observation, we can see that 2h,, is the generator of the kernel. Note that

1x — a(1x) = 2hy.
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Let
P={Xv,k):veV,k=1,2,...,h(v)}

be a Kakutani-Rohlin partition for (X, a). We denote the roof set of P by
R(P) = | X(v,h(v)).
veV

We also write ~
P={Xw,k):veVk=1,2,...,h(v) — 1} U{R(P)}.

Suppose that P is so finer that o(y) is constant on each clopen set belonging to P. We define
o(¢)y € Z2 in the same way as in Section 4 of [M2]. Namely,

o(p)v = 0()(z) + o() (a(@)) + - -+ + 0(i0) (") 7! (),
where  is a point in X (v,1).
Lemma 6.2. Let 29 € X and let
P={X(wk) :veV,k=12... h(v)}

be a Kakutani-Rohlin partition for (X,a). Suppose that xo belongs to R(P) and that o(p) is
constant on each clopen set of P. Then hy, is equivalent to

Y x(aw)
o(p)v=1
m Kl (Ax())-

Proof. We assume that o(y) is zero on the roof set. The other case can be shown similarly. For
every v € V, set
E, ={1 <k <h(v):o(p) is not zero on X (v,k)}.

he =Y ) Ix(ops):

veEV kEE,

Then we have

Let k1 < ko < -+ < k, be the arranged list of elements in F,. For every i = 1,2,...,n, let
li = h(v) — k; + 1. It is easy to see that

*

(@) (Ix(ps1)) = (1" Lx (o))
Hence, if n is even, then

Z(a:;)li(lX(v,kﬂrl)) =0.
If n is odd, then

Z(O‘Z)li<1X(v,ki+1)) = 1x(v,h(v))-

Therefore h,, is equivalent to

Y lxwaw)

o(p)v=1
in K1 (Ag,). O

21



Let o be an element of the topological full group of . Then there exists a continuous
function n : X — Z such that o(z) = a™®) () for all z € X. Put X = n~ (k) for k € Z. Note
that X} is a clopen subset of X. We define an automorphism o7 on C (X,Z) by

on(f) = (ab)(flx,)
keZ

for f € C(X,Z). In other words,

o5 (f)(@) = (=)@ f(o~ (@),
where ¢ : X — Zo is defined by
S o) (a7i(@)  n(oM(x)) >0

@) =40 n(oc~'(z)) =0
S @) o) (i Y (z))  nloL(x) < 0.

From the C*-algebraic viewpoint, this definition can be interpreted as follows. Define ¢ €
Homeo(X x T) by
5(x,t) = (a x )" @ (z,1).

Thus & belongs to the topological full group of o x . Clearly ¢ induces an automorphism of
Ki(C(X x T)). Under the identification of K;(C(X x T)) with C(X,Z), we can see that this
automorphism agrees with o7,

Lemma 6.3. For any x¢g € X, m € Z and any nonempty clopen subset O of X, there exists a
clopen set U C O such that 1y is equivalent to mhy, in Ki(Ag,). Moreover, there exists o € [[c]]
such that o(z) =z for all z € U® and oj,(1y) = —1y.

Proof. At first we deal with the case m = 1. Since a X o(y) is a minimal homeomorphism on
X X Zo, there exists N € N such that

N
(@ x 0(¢))'(0 x {0}) > X x {0}
i=0
It follows that, for any x € X, there exists i € {0,1,..., N} such that
(a x o(p))"(z,0) € O x {0}.
Choose a Kakutani-Rohlin partition
P={X,k):veV,k=1,2,...,h(v)}
so that the following are satisfied:
e The roof set R(P) contains .
e h(v) is greater than N for every v € V.

e 1o and o(p) are constant on each clopen set belonging to P.
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By the choice of N, for each v € V, we can find k, € {1,2,...,h(v)} such that X (v,k,) is
contained in O and (afp)h(”)_k”(lx(ukv)) = 1x(v,h(v))- Put

U= |J X(v,ky).
o(p)v=1

Then, by Lemma 6.2, 1/ is equivalent to hy in Ki(Agz,).

Let o be the first return map on U. By defining o(z) = x for x € U¢, we can regard o as an
element of [[a]]. We claim o7,(17) = —1y. There exists n € C'(X,Z) such that o(z) = ™) (z)
for all z € X. Define 6 € Homeo(X x Z3) by

G(x,k) = (@ x 0(9))" ™ (x, k).
By the choice of U, we can see the following.
o If 2 € X(v,ky) C U, then (a x o(p))*® =k (z,0) = (ah®—F (2),0).
e If z € R(P), a(z) € X(v,1) and o(p), = 0, then (a X 0(¢))"®)(z,0) = (") (z),0).
o If 2 € R(P), afz) € X(v,1) and o(p), = 1, then (a x o(y)) (z,0) = (kv (z),1).

It follows that ¢(x,0) = (o(z),1) for all x € U. Hence we have o, (1) = —1p.

We can prove the case m = —1 in a similar fashion.

Let us consider the general case. Suppose m > 1. Choose non-empty clopen subsets
01,03,...,0, C O which are mutually disjoint. By applying the argument above to O;,
we get a clopen set U; C O; such that 1y, is equivalent to h, in K1(Az,). Moreover, there

exists 0; € [[a]] such that o;(x) = z for all z € Uf and o (1y;) = —1y;. Let U = UL, U
and 0 = 0102...0y,. Then, 1y is equivalent to mhy, in Ki(Ay,), o(x) = « for all € U® and
O':;(l[]) = —1U.

When m is less than —1, a similar proof is valid. O

We would like to show that C*-strongly approximate flip conjugacy implies approximate
K-conjugacy under the assumption that both systems are rigid. If the systems are rigid, then
A and B has tracial rank zero. Hence, when two isomorphisms from B to A induce the same
element in K L(B, A), we can conclude that they are approximately unitarily equivalent. Thus,
we may assume that there exist an isomorphism ¥ : B — A, a sequence of unitaries w, € A
and a sequence of isomorphisms x,, : C(Y x T) — C(X x T) such that

Jim fJo, W(g)on, = xn(9))] = 0
for all g € C(Y). The isomorphism ¥ induces a unital order isomorphism kg : Ko(B) — Ko(A)
and an isomorphism k1 : K1(B) — K1(A).

Let

Q={Y(w,l):weW,l=1,2,...,h(w)}

be a Kakutani-Rohlin partition for (Y, 3) such that o(t) is constant on each clopen set of Q.
The above hypothesis implies that there exists an isomorphism y : C(Y x T) — C(X x T) such
that the following conditions hold (we omit the index n to simplify the notation): for every
UeQ,

[xo«(1v)lo = #o([1v]o)
in Ko(A) and

Do)l = s ((lvh)
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in K 1 (A)
Keeping these notations, we will show the approximate K-conjugacy. The proof goes by
perturbing y with elements of the topological full group [[a]].

Lemma 6.4. Let xg € X and let

g= Z Ly (w,h(w))-
o(¥)w=1

Then there exists a homeomorphism o € [[a]] such that the following conditions are satisfied.

(1) [U*X()*(l(])]o = Iio([lU}o) m Ko(A) and [U;;Xl*(lU)]l = Hl([lU]l) m Kl(A) fO?“ all U € Q

(2) For every U € Q\ {R(Q)}, opx1+(1u) is equivalent to oy x1.(By(1v)) in Ki(Ag,)-
(3) opx1«(9) is equivalent to hy in Ki(As,).

Proof. We have to remark that (1) is automatically satisfied if we choose ¢ in [[a]].
At first let us consider (3). Suppose that there exist a homeomorphism v : Y — X and a
continuous map w : Y — Zy such that xg. and xi1. are given by

xo+(f)() = f(vH(z))

and
xi()(@) = (=17 f(y7H )

for f € C(Y,Z) and x € X. By Lemma 6.2, [g]; is the unique torsion element of K;(B). Then
k1([g]1) must be [hy]1, because k1 is an isomorphism. We already have [x1.(9)]1 = x1([g]1) in
Ki(A). It follows that x1.(g) is equivalent to (2n + 1)h, in K;(Az,) for some n € Z. Choose
wo € W and yp € Y such that o(¢))y, = 1 and yo € Y (wo, h(wp)). We have two possibilities:
w(yo) = 0 or w(yo) = 1. We assume w(yo) = 0. The other case can be dealt with in a similar
fashion. We can find a clopen neighborhood O of yy so that O C Y (wo, h(wp)) and w(y) = 0
for all y € O. By Lemma 6.3, we can find a clopen set O' C v(O) such that 1o/ is equivalent to
nhy in K1(Az,). Besides, there exists o € [[a]] such that o,(1o/) = —1or and o(x) = z for all
z ¢ O'. Evidently we have o) x1.(1y) = x1«(1y) for all U € Q@ \ {Y (wo, h(wo))}, because the
support of ¢ is contained in (Y (wo, h(wp))). When U = Y (wg, h(wy)), for x € X,

T o X151y (wo, h(wo))) () = (1 — 210'(37))(—1)“)(7_1(%))1Y(w0,h(w0))(771071($))-

Hence we have
o X1 (Ly (wo,h(wo))) = X1 (Ly (wo,h(wo))) — 2107-
It follows that
oox1:(9) = x1:(9) — 2107,
and this is equivalent to (2n + 1)h, — 2nhy, = hy, in K1(Ay,). Thus (3) is achieved.
Next, in order to achieve (2), we would like to further perturb o, X1x obtained above. To

simplify the notation, we write o7 X1« obtained above by x1.. Choose wo € W arbitrarily. Put
U =Y (wg, h(wp) — 1). Since o(1)) is constant on U,

X1 (L)l = [xa« (8, (1))

Therefore there exists m € Z such that x1.(1r) +2mbhy, is equivalent to x1.(3y,(1v)) in K1(Az).
In a similar fashion to the argument in the preceding paragraph, we can find o € [[«]] whose
support is contained in y(U) and o3, x1.(1y) is equivalent to x1.(1y7) +2mhy in K1 (Az,). Hence
we can conclude that o7, x1«(1v) is equivalent to ofx14(8;, (1)) = x14(8y,(1v)) in Ki(Ag)-

By repeating this procedure, we can achieve the condition (2) finally. O
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The following technical lemma plays a critical role in the proof of Theorem 6.9.

Lemma 6.5. There ezists a homeomorphism o € [[a]] such that the following conditions are
satisfied.

(a) For every U € Q, we have o 0*xo.(1p) = 0™ x0+5* (117).
(b) For every U € Q, we have agosxi«(lu) = ogpxaBy(1u).

Proof. Let zp € X. By using Lemma 6.4, we can perturb x : C(Y x T) — C(X x T) with an
element of [[«]] so that the following are satisfied.

(1) [XO*(lU)]O = Ho([ly]0> in K()(A) and [Xl*(lU)h = l‘il([lU]l) in Kl(A) for all U € O.
(2) For every U € Q\ {R(Q)}, x1.(1y) is equivalent to x1+(8y,(1v)) in Ki(Ag).
(3) x1x(g) is equivalent to hy, in Ki(Agz,).

Suppose that there exist a homeomorphism v : Y — X and a continuous map w : Y — Zy such
that xo« and x1. are given by

Xo()(@) = f(v"} (@)
and

wy Lz —
xu(f)(@) = (=17 @ f(y7H (@)
for f € C(Y,Z) and x € X. Let
P={X(v,k):veVk=1,2,...,h(v)}
be a Kakutani-Rohlin partition for (X, ) such that the roof set R(P) contains . By choosing

P sufficiently finer, we may assume the following.

1is constant on each clopen set belonging to P.

° wy
e 0(¢p) is constant on each clopen set belonging to P.
e 7 1(X(v,k)) is contained in some Y (w,l) € Q.

Define w' € C(X,Zs) as follows. For x € R(P), put w'(z) = wy l(z). If z € X(v,k) and

k # h(v), then put
h(v)—1—k

@) =wy @)+ Y o(e)(al(@)).

1=

We remark that ' is also constant on each clopen set of P. It is easy to see that

(@) O e (L1 (xway) = (1D @1y o))

where x is a point in X (v, k). Forve V,we W, 1 =1,2,...,h(w) and ¢ € Zsg, let us define a
subset N(v,w,l,¢c) of {1,2,...,h(v)} by

N(,w,l,¢) ={k =1,2,..., h(v) : X (v,k) C (Y (w,1)),&|x(0.0) = ¢}

Then, Xo«(1y(w,) is equivalent to

> T F#N(v,w,1,0) + #N (0,0, 1,1) L (04())
veV

25



in Ko(A), and x14(1y(w,)) is equivalent to

Z(#N(’U7 w, 1, 0) - #N(Ua w, 1))1X(v,h(’u))

veV

in K1(Ayg,). Hence, the conditions (1) and (2) above tell us that, by choosing P sufficiently
finer, for every Y (w,l) € @\ {R(Q)} and v € V, we have

#N (v, w,1,0) = #N(v,w,l + 1,0) and #N (v, w,l,1) = #N(v,w,l + 1,1)
if 0(¢)|y(w) = 0, and
#N (v, w,1,0) = #N(v,w,l + 1,1) and #N (v, w,l,1) = #N(v,w,l + 1,0)

if o(1)|y (w,) = 1. It follows that there exists a permutation 7, on {1,2,...,h(v)} such that the
following holds: if
(k) € N(v,w,l, c),

k # h(v) and | # h(w), then
my(k+1) € N(v,w,l + 1, ¢+ o(P)ly (w,))-
Moreover, by (3), we may also assume that, for every v € V,
Z #N (v, w, h(w),0) — #N(v,w, h(w),1) =
o(¢)w=1
Therefore, we can make the permutation m, so that the following hold:
o If my(k) € N(v,w, h(w),c) and k # h(v), then
mo(k+1) € N(v,w',1,¢+ (V) |y (w,h(w)))
for some w’ € W.
e m,(h(v)) € N(v,w,h(w),0) for some w € W.
Notice that the latter condition implies
WX (0m(1)) = (V)| R(Q) + ()

forallve V.
We define o € [[o]] by
o(z) = o ™" (1)

for x € X (v, my(k)). Then one can verify that
vy o taoy(U) = B(U)

for all U € Q, which means (a).
Define 6 : X — Zy by

0(z) = wy () + w'(2) + W' (0 (2))
for x € X. Then it is easily verified that

opxi(f) (@) = (=1)"D f (v o7 (@)
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for every f € C(Y,Z) and z € X. N
Let us check the condition (b). For every U € Q and = € X, we have

(aoix1:)(1o)(a(@) = (=1)°D (o7 x1.) (1v) (@)
_ (_1)o(¢)(x)+9(x)1U<,yflo,fl(x)>.
On the other hand,
(o5 x1:85) (1v)(a()) = (=1 (0% x1.) (L) ()
— (_1)0(w)\U+0(a(z))16(U)(7—10—1a($))_

1

Since v Lo taoy(U) = B(U), v to~!(x) belongs to U if and only if y~"'o~la(x) belongs to

B(U). Thus, it suffices to show

o(¢)(x) + 6(x) = o(¢)|v + O(a(z))

for x € oy (U).
Let z € X (v, k). We would like to compute (c(z)) + o(¢)(x) + 6(x). Suppose k # h(v) and
(k) € N(v,w,l,c). Then

0(z) = wy H(z) + o' () + W' (@™ P 7F(2) = wy ™ (2) + W' (2) + ¢
By the construction of m,, we have
To(k+1) € N(v,w, I+ 1, ¢+ o(¥)|y (w))

if I # h(w), and
mo(k+1) € N(v,w', 1,¢ + 0(¥)ly (w,h(w)))

for some w' € W if [ = h(w). In either case, we get
0(a(z)) = wy™(a(2)) + w'(a(@)) + ¢ + o(¥)ly (uw)-
It follows that
0(a(z)) + o(p)(x) + 0(z) = o(¥)]y (w,)-
If k = h(v), then a(x) belongs to X (v/,1) for some v’ € V. Since wy~!(z) = w'(x), we have
0(z) = | x(,r0 (h(v))) = O-
On the other hand,
0(a(z)) = o) — 0(80)\1%(73) + WI|X(U',WU,(1))-
Together with o(¢)(x) = o(®)|r(p), Wwe obtain
0(a(x)) + o(p)(x) + 0(x) = 0o(@)w + W' x(v,x, (1)) = (V) R(Q)-

Consequently we have
0(a(x)) + o(p)(x) + 0(z) = o(¥)|v
for all U € Q and x € oy(U), which implies the condition (b). O

Lemma 6.6. Suppose that both (X x T,a x ¢) and (Y x T, x 1) are rigid. For any finite
subset F of C(Y x T) and € > 0, there exist a unitary v € A, a homeomorphism vy :Y — X and
a continuous map w : Y — Isom(T) such that

¥ (f)v' = folyxw)™H| <e
forall f € F.
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Proof. We may assume that F is of the form F = {1y : U € Q} U {z}, where Q is a clopen
partition of Y. There exist a unitary vg € A and a homeomorphism yx p: Y x T — X x T such
that

loo® (F)vg — fo(yxp)~H| <1/4
for all f € F. Put w(z) = X\°P=) where A € Homeo(T) is given by \(t) = —t for t € T. We can
find a unitary v; € A such that
v ¥(Ly)vgof =1y o (y x w) ™ = Ly
for all U € Q. Note that
[v1v¥ (21 )vgvi] = [21y o (v x w) ™1

in K1(A) for all U € Q. Since the system is rigid, every invariant measure is the product of
a measure on the Cantor set and the Lebesgue measure on T. Hence, for every tracial state
7 € T(A) and every n € Z\ {0} we have

T(v1veW (2" 1 )vgvy) =0
and
7(z2"lgo(y x w)" 1) =0.
The tracial rank of 17 Aly is zero, and so U(A)/CU(A) = U(A)/Up(A). Therefore we can apply
Corollary 3.13 and get a unitary vy € 1y Aly such that
|lvprvive¥ (21p )vgviviy — 21y o (v x w) 7| < e.
Let vy be the direct sum of all the vi’s. Then v = vovivg does the work. ]

Lemma 6.7. Suppose that (X x T,a x ¢) and (Y x T, x 1) are C*-strongly approximately
conjugate. Let Q be a Kakutani-Rohlin partition of Y such that o(1) is constant on each clopen
set of Q. For any € > 0, there exist a unitary v € A, a homeomorphism vy xw :Y xT — X xT
and a continuous function £ :' Y — T such that the following are satisfied.

(1) [[v¥(f)v* — fo(yxw) Y <e forall f€{ly:U € Q}uU{z}.
(2) v Lay(U) = B(U) for all U € Q.

(3) Py (Wy(t) = Wytay(y) (Yy (1) +E(y) for all (y,t) € Y x T.

Proof. We may assume that ¢ is less than 1/4. Since (X x T,a x ¢) and (Y x T, 5 x 1) are C*-
strongly approximately conjugate, there exist a unitary v; and a homeomorphism vy : ¥ x T —
X x T such that

lor®(fof = forgtll <e
for all f e {1y :U € Q}U{z}. From Lemma 6.6, we may assume that vy arises from a cocycle
with values in Isom(T). By Lemma 6.5, we obtain an element of the topological full group [[a]]
which satisfies (a) and (b) in Lemma 6.5. There exists a unitary vy € A which corresponds to
this element. Let og € [[a X ¢]] be the homeomorphism on X x T induced by ve. Then

[oav1 B (f)oivs — forg oyt <e

for all f € {1y : U € Q}U{z}. Put v = vpv; and v X w = 0p7p. The condition (a) of Lemma
6.5 implies (2) directly. The condition (b) of Lemma 6.5 implies that, for every U € Q,

2lyo(y xw) o (ax ¢)!
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and
2lyo(Bx¢) o (yxw)™
have the same Kj-class in K;(C(X x T)). Since ¢,w and 1 take their values in Isom(T), there
must exist a continuous function ¢ : U — T such that
Pry(y) (Wy (1)) = Wy=10(y) (Py (1)) + E(y)
for all (y,t) € U x T. O

Lemma 6.8. Suppose that (X x T,«a x @) is rigid. For any £ € C(X,T), ¢ > 0 and a finite
subset F C C(X x T), there exists a unitary w € A such that

[0 (f)v* = ja(f o (id xRe) || <&
forall f € F.

Proof. Consider the monomorphism A : C(X x T) — A defined by A(f) = ja(f o (id xR¢) ™)
for f € C(X x T). Then [jo] = [A] in KL(C(X x T), A). Since (X x T,a X ¢) is rigid, every
invariant measure has the form p x m, where p is an a-invariant measure on X and m is the

Lebesgue measure on T (see Lemma 4.4 of | ]). Since m is invariant under rotations, for any
7€ T(A), we have

7(Ja(f)) = T(A(S))

for all f € C(X x T). Again, since (X x T, X ¢) is rigid, tracial rank of A is zero. Therefore
U(A)/CU(A) = K1(A). Thus, by Theorem 3.15, there is a unitary v € A such that

[vja(f)v" = Al <e
for all f € F. The proof is completed. O

Note that in the following statement, we do not assume that both systems are non-orientation
preserving.

Theorem 6.9. Suppose that (X x T,a x ¢) and (Y x T, 3 x 1) are C*-strongly approzimately
flip conjugate and that both systems are minimal and rigid. Then there exist an isomorphism
U : B — A, a sequence of unitaries v, € A and a sequence of homeomorphisms o, : X x T —
Y x T such that the following conditions are satisfied.

(1) limy,—oo||va ¥ (f)vy, — foon| =0 forall f € C(Y x T).
(2) limy ool f o on(ax p)o,t — foB x| =0 for all f € C(Y xT).

Proof. Let W : B — A be the isomorphism associated with the C*-strongly approximate conju-
gacy. Take ¢ > 0 arbitrarily. Fix a finite subset 7 C C(Y x T). Without loss of generality, we
may assume that F = {1y : U € @} U {z} for some Kakutani-Rohlin partition

Q={Y(w,l):weW,1<I<h(w)}

for (Y, 3). It suffices to show that there exist a unitary v € A and a homeomorphism o : X xT —
Y x T such that
oW (f)v* = foon| <e

and
Ifoon(axp) ot = Fo(Bxp) I <e
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forall f e {ly:U € Q}U{z}.

It follows from Lemma 2.4 and 2.5 of | | that, if the system is orientation preserving,
then K7 of the crossed product is torsion free, and if the system is not orientation preserving,
then K7 must contain a torsion. Thus, we have two cases: both a X ¢ and 3 X 1 are orientation
preserving, or neither of them are so.

Let us consider the non-orientation preserving case. By Lemma 6.7, we can find a unitary
v1 € A, a homeomorphism yxw : ¥ XT — X x T and a continuous function £ : Y — T satisfying
the following.

o L1 U(flvy — fo(yxw) Y <e/2forall fe{ly:U e Q}u{z}.
o v Lay(U) = B(U) for all U € Q.
* Vo) (wy(t)) = Wy ar(y) (1hy(t)) +&(y) for all (y,t) € Y x T.
By applying Lemma 6.2 of | ] to the continuous functions
X 300 ()PP @) € T
and o(p) : X — Zy, we obtain n € C(X,T) such that

(~1)?PDe(y () + n(e) — (1) n(a(z))] <e.

Then we have

Py (Wy(t) +n(v(y)))

= 0y (wy (1) + (—=1)°D W (y(y))

= W tan(y) Uy (1) + E(y) + (—1)°P W (y(y))
~ Wy tas () (V1) + n(a(y (1))

~ W,

for all (y,t) € Y x T.
Hence, when we put o = (v x w)~!(id x R,)) ™!, one can check

Ifoo(axp)™o™ —fo(Bxp) | <e

for all f € {1y : U € O} U {z}. By applying the lemma above to 5 and f o (y x w)™! for
fe{ly:U € Q} U{z}, we can find a unitary vy € A such that

lv2v1W(f)ojvy — fooll <e

for all f € {1y : U € Q} U {z}. Thus, we get the unitary v = vyv;.

We now turn to the orientation preserving case. We may assume that ¢ and ¢ take their
values in rotations on T. The isomorphism ¥ induces a unital order isomorphism ¥,y between
Ko(A) =2 K°(X,a)®Z and Ko(B) = K'(Y, 3)®Z. By the definition of C*-strongly approximate
conjugacy, we see that the restriction of W,o on K%(Y,3) gives a unital order isomorphism from
K°(Y, 3) onto K°(X, o). We can identify K;(A) and K;(B) with K%(X,a)®Z and K°(Y, 3)®Z

respectively. Since both A and B have tracial rank zero, by [[.1], there exists an isomorphism
® : B — A such that &g, = ¥y, and &1, = x P id.
By [ , Theorem 5.4] or [M2, Theorem 3.4], there exists a homeomorphism v : Y — X

such that y~'ay(U) = B(U) for every U € Q and k([1y]) = [1,)] for every clopen subset U of
Y. Define a continuous function £ : Y — T by

£(y) = @W(y)(o) - wy(o)
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for all y € Y. By applying | , Lemma 6.1] to the continuous function £ 0oy~ : X — T, we
obtain n € C(X, T) such that

€(v~ (@) +n(2) — nla2)| <e

for all x € X. Then we have

N7 (1)) + 040 (0) = n(v(y)) + E) + 1y (0) = 1, (0) + n(al+(y)))

for all y € Y. Therefore, when we put ¢ = (v x R,)~!, one can check

Ifoo(axp) o™ —fo(Bxp)7l<e

for all f € {1y : U € Q} U {z}. It is casily verified that ®¢.([1y]) = [1y o o] in Ko(A) and
®1,([21y]) = [21y o o] in K;(A) for each clopen subset U of Y. By a similar argument to the
proof of Lemma 6.6, we can find a unitary v € A such that

[v®(f)v" = fooll <e

for finitely many f € C(Y x T), thereby completing the proof. O

7 Approximate K-conjugacy for minimal rigid systems

The purpose of this section is to present a K-theoretical condition for which two minimal systems
(X xT,ax ¢)and (Y x T, x ) are approximately K-conjugate.
We first start with the following definition.

Definition 7.1. Let (X,«) and (Y,3) be dynamical systems and put A = C*(X,«) and
B = C*(Y,3). We say that (X,«a) and (Y, ) are approximately K-conjugate if there are
homeomorphisms ¢, : X — Y and 7, : Y — X such that

lim [[goo,0ao0a,' —gof| =0 forall g e C(Y),

n—oo

lim ||foymoBor,' — foal =0forall feC(X),

and there are isomorphisms v, : B — A and ¢, : A — B such that
lim {|j5(f ©ym) = ¢n(a(f))] = 0 and lim [|ja(g o on) = ¢nl(is(9))] =0
n—oo n—oo
for all f € C(X) and g € C(Y). Moreover, there exists k € K L(A, B) and an isomorphism

R: (Ko(A), Ko(A)y, [1a], K1(A), T(A)) — (Ko(B), Ko(B)+, 18], K1(B), T(B))

such that x induces & on K,(A), [p,] = x and [¢,] = k1.
Remark 7.2. Several remarks about the approximate K-conjugacy are in order.

First, if o and (3 are actually conjugate, then there exists a homeomorphism o : X — Y
such that o o oo™ = (. Define ®(3°_; ;o fiub) = X jcjcp fi 007 ujy for f; € C(X),
—L < j < L. Tt is clear that ® gives an isomorphism from A onto B. Therefore certainly that «
and 3 are conjugate implies that they are approximately K-conjugate.

Second, when TR(A) = TR(B) = 0 (as the case that we study in this section), one
only needs to require that x induces an order isomorphism: (Ko(A), Ko(4)+,[14], K1(4)) —
(Ko(B), Ko(B)+, [18], K1(B)).
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Third, if we simply require that go o, ca oo, — gofBand foy,o0B07,' — foa for
all f € C(X) and g € C(Y), then {0, } and {v,} may have no consistent information. In fact,
it was shown in [ ] that this requirements are too weak to be interesting enough in general.
For example, given a projection p € C(Y'), we certainly wish that [j,(p o 0,,)] eventually gives
the same element in Ko(A). These K-theoretical consistency on the maps o, eventually leads
to the above definition. The reader may notice that when K;(A), K;(B), K;(C(X)), K;(C(Y))
(1 = 0,1) are torsion free (and X and Y are connected), Definition 7.1 can be greatly simplified
further.

Theorem 7.3. Let X and Y be the Cantor sets and let (X X T, x ¢) and (Y x T, 3 x ¢) be
two minimal rigid systems. Let A = C*(X x T,a x ¢) and B=C*(Y x T, 3 x ). Suppose that
Oz, by € Isom(T) for each x € X and y € Y. Then the following are equivalent.

(1) (X xT,ax ) and (Y x T, X 1) are approximately K -conjugate;
(2) There exists an isomorphism
K (Ko(A), Ko(A)4, [14], K1(A)) — (Ko(B), Ko(B)+, [18], K1(B)),

and sequences of isomorphisms xn : C(X xT) — C(Y xT) and x, : C(Y xT) — C(X xT)
such that, for every finitely generated subgroups G; C K;(C(X x T)) and F; C K;(C(Y X

T)),
k0 (Jo)<la, = (jg o Xn)«la;, and 6710 (jg)«|p = (Ja © X0 )<l P,

for i =20,1 and all sufficiently large n;

(3) There exists an isomorphism ® : B — A, sequences of unitaries {u,} C A, {v,} C B and
sequences of homeomorphisms g, : X XT =Y X T and v, : Y x T — X X T such that

lim [|un®(j5(9))un = ja(g © on)|| =0
n—oo

and
lim ||goono(ax @)oo, —go(Bx)|=0

n—oo

forall g e C(Y xT), and

Jim [[0a® ™ (Ga(£))vn = Ja(f 0 )] = 0
and
Jim [[f om0 (8 ¥) eyt = folaxp) =0

for all f € C(X x T).

Proof. (1)=-(2). This can be verified directly from Definition 7.1.

(2)=-(3). We first note that, either both K;(A) and K;(B) are torsion free or both has
torsion. By Lemma 2.4 and 2.5 of [ ], we note that either both o x ¢ and § x ¢ are
orientation preserving or both are non-orientation preserving.

It follows from Corollary 5.6 that TR(A) = TR(B) = 0. It then follows from [L.1] that there
exists an isomorphism ® : A — B such that ® induces k. Define 3, : C(X x T) — B by
En(f) = jg o xn(f). Then, by the assumption, one has, for each finitely generated subgroup
G; CK;(C(X xT)) (i=0,1),

(@0 ja)sle; = (En)sla;
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for all sufficiently large n. Let Py be a set of projections in C'(X x T) which generates G¢. Thus,
for any projection p € Py, [® o jo(p)] = [En(p)]- In particular, for any 7 € T'(B),

T(®(Ja(p) = T(Xa(p))-

Since both systems are rigid and ¢, 1, € Isom(T), each invariant measure has the form p x m,
where m is the normalized Lebesgue measure on T. It follows that

T(®(Ja(/))) = lim 7(%.(f))

n—oo

for all f € C(X x T) and 7 € T(B). Note in the case that TR(B) = 0 U(B)/CU(B) =
U(B)/Uy(B) = K;(B). Thus, by applying Corollary 3.16, we obtain a sequence of unitaries
wy, € U(B) such that

Jim 0@ £ = s © xa(F)| = 0

for all f € C(X xT). Exactly the same argument gives a sequence of unitaries v,, € B such that

i [[on @ (G5(9)) vy, — Ja 0 X (N = 0
for all g € C(Y x T). It follows from Theorem 6.9 that (3) holds.
(3)=-(1). This is immediate.
O

Remark 7.4. Consider the case that both a x ¢ and (§ x ¢ are orientation preserving. It follows
from [[.\M2, Lemma 2.4] that K;(A) = K°(X,a) @ Z and K;(B) = K°(Y,8) ® Z for i = 0, 1.
Moreover, the embedding K°(X,a) — Ky(A) is an order isomorphism. Suppose that there
exists an isomorphism

k2 (Ko(A), Ko(A)+, [1a]) — (Ko(B), Ko(B)+, [15])

such that kg o (ja)s«0 maps Ko(C(X x T)) = Ko(C(X)) onto (jg)«0(Ko(C(Y x T))). Thus, the
restriction of xg to K°(X,a) C Ko(A) gives a unital order isomorphism. Then, by Theorem
2.6 of | ], one has an isomorphism A : C'(X) — C(Y') such that (j3)«0 © Ao = & © (Ja)+0-
Note that, in the orientation preserving case, we have K;(A) = Ky(A) and K;(B) = Ky(B).
Define x = A x id. Then it follows that & o (jo)«x = (jg © X)«i for i = 0,1. One also has
kLo (']5)*1 = (,ja o Xﬁl)*i for i = 0, 1.

Thus if o x ¢ and 3 x v are assumed to preserve the orientation, Theorem 7.3 can be replaced
by the following corollary.

Corollary 7.5. Let X and Y be the Cantor sets and let (X x T, x Re) and (Y x T, x R¢)
be two minimal rigid systems, where £ € C(X,T) and ¢ € C(Y,T). Let A= C*(X x T,a x R¢)
and B =C*(Y x T, x R¢). Then the following are equivalent.

(1) (X xT,ax Re) and (Y x T,3 x R¢) are approzimately K -conjugate;
(2) There is an isomorphism
K (Ko(A), Ko(A)4, [14]) — (Ko(B), Ko(B)+, [1B])

such that kg maps (jo)«(Ko(C(X x T))) onto (jg)«(Ko(C(Y x T)));
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(3) There exists an isomorphism ® : B — A, sequences of unitaries {u,} C A, {v,} C B and
sequences of homeomorphisms g, : X XT =Y X T and v, : Y X T — X X T such that

1im [|un®(j(9))up, = Jalg 0 on)l| =0

and
lim [|[go oy, 0(ax Re)oa,! —go(Bx Re)||=0

n—oo

forall g e C(Y xT), and

lim [Jvn @™ (ja(f)) o5, — da(f 0 )] =0

n—oo

and
Jim [0 yn e (8% Re) oyt = fo(ax Re)l =0

forall f € C(X xT).

Remark 7.6. Let (X, «) and (Y, 3) be two minimal dynamical systems and let A = C*(X, a)
and B =C*(Y,[3). Let 0, : X — Y and 7,, : Y — X be homeomorphisms such that

lim |goo, oo, —goB| =0
n—oo

and
lim [|[foynoBov,' — foal =0

for all f € C(X) and g € C(Y). In Definition 7.1, we required that there exist isomorphisms
which satisfy other requirements.

However, since A and B are nuclear, as in Proposition 3.2 of | |, there are sequential
morphisms ¥, : B — A and ¢, : A — B such that

n n
s e 37 g - 3 | <
i=—m i=—m
and
n n
dim {lon( D fiug) = Y fiommub|| =0,

1=—m 1=—m
where f; € C(X) and g; € C(Y). Unfortunately, in general, {¢,} and {t,} do not give
isomorphisms (not even homomorphisms).

Suppose that, for any projection p € A and any unitary w € A, we have [, (p)] = [om(p)]
and [¢n(w)] = [pm (w)] for all sufficiently large n and m. Also assume that {¢,, } induces an order
isomorphism kg : Ko(A) — Ko(B) and an isomorphism k; : K1(A) — K;(B). If we assume that
TR(A) = TR(B) = 0, then it follows from [L1] that there is an isomorphism ® : A — B such
that ®,; = k; for i = 0, 1. Suppose also that, for each projection ¢ € B and each unitary v € B,
we have [1,(q)] = [¥m(¢)] and [, (v)] = [¢m(v)] for all sufficiently large n and m. Then, from

on(Jalf)) — Ja(f o) — 0 and ¥, (Js(g9)) — ja(g © 0n) — 0, one sees that, for every finitely
generated subgroups G; C K;(C(X x T)) and F; C K;(C(Y x T)),

ki © (ja)wila, = (jg © Yn)sila, and k71 o (jg)wilr, = (Ja © on)uil
for i = 0, 1.

Therefore we have the following proposition which also explains why we choose the term
approximately K-conjugacy.
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Proposition 7.7. Let X and Y be the Cantor sets and let (X X T, X ¢) and (Y x T, x 1)
be two minimal rigid systems. Suppose that ¢, and 1y, are in Isom(T) for each v € X and
y €Y. Denote A =C*(X xT,a x ¢) and B=C*(Y x T, x ). Then, a X ¢ and 3 X 1) are
approzimately K-conjugate if the following hold:

(1) There are homeomorphisms oy, : X — Y and v, : Y — X such that

lim ||goanoaoagl—90ﬂ||=()
n—oo

and
lim [|[foynoBov,' —foal =0
n—oo

forall f € C(X) and g € C(Y).

Suppose that ®,, : A — B and V,, : B — A are the sequential morphisms induced by {o,}
and {v,} as defined in Remark 7.6.

(2) For any projection p € A and unitary v € A, [Pn(p)] = [®m(p)] and [P, (v)] = [®m (v)] for
all sufficiently large n and m, and {®,} gives a unital order isomorphism k; : K;(A) —
K;(B), and

(3) for any projection q € B and unitary w € B, [V,,(q)] = [¥m(q)] and [@n(w)] = [P (w)]
for all sufficiently large n and m, and {¥,} gives /i;l (i1=0,1).

8 Examples

In this section, we will give two examples. One example shows that two minimal systems
are approximately K-conjugate but not flip conjugate. Another example shows that there are
minimal systems whose associated crossed products are isomorphic as C*-algebras (and they are
weakly approximately conjugate) but they are not approximately K-conjugate.

Example 8.1. Let (Y, 3) be the odometer system of type 5. Let (X, a) be the Cantor minimal
system described by Figure 2 in [M1, Section 7]. Since both K°(X, ) and K°(Y, 3) are unital
order isomorphic to (Z[1/5],Z[1/5]+,1), they are strong orbit equivalent. But, they are not flip
conjugate. Define ¢ : X — Zg by ¢(xz) = 1 for all z € X. Then [¢] is a nontrivial element of
K%(X,a)®%Zg = Zsy. As explained in [\ 1, Section 7], the skew product extension (X x Zg, a X c)
is a Cantor minimal system and K°(X x Zs,a x c) is also isomorphic to Z[1/5]. Besides, the
canonical inclusion map K%(X,a) into K°(X x Za, a X ¢) is given by r + 2r. Thus, we have

KY%X X Zy,a x ¢)/K°(X,a) = Zs.

Notice that, if we replace (X, «) with (Y, 3), we obtain exactly the same conclusion.

Let £ : X — T and ¢ : Y — T be continuous functions and put ¢, = R¢;)A and ¢y = Re,)A
for all z € X and y € Y, where A € Homeo(T) is defined by A(t) = —t. Suppose that a x ¢ and
B %1 are minimal and rigid. We denote A = C*(X xT,axp) and B = C*(Y xT, fx). It follows
from Corollary 5.6 that both A and B have tracial rank zero. By Lemma 2.5 of | |, Ko(A)
and Ko(B) are unital order isomorphic to K°(X,a) = KY(Y,3), and K1(A) & K1(B) 2 Z® Zs.
Therefore A is isomorphic to B. We remark that [21y7] is nonzero in the Kj-group if and only
if [1¢7] is not 2-divisible in the Kyp-group.

Since K°(X,a) is unital order isomorphic to K°(Y,3), there exists an isomorphism p :
C(X) — C(Y) which achieves the order isomorphism K°(X,a) = K°(Y, (), that is, [ly] —
[p(117)] gives the order isomorphism. (See [ , Theorem 2.6 (3)] for example. Although we
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only constructed an order isomorphism from C(X,Z) to C(Y,Z) there, it can be extended to
the isomorphism p.) Then, we can check the condition (2) of Theorem 7.3 and conclude that
a X @ and § X 1 are approximately K-conjugate. But, they are not flip conjugate because « is
not flip conjugate to 5.

To present examples of two minimal rigid systems whose associated crossed products are
isomorphic but they are not approximately K-conjugate, by applying 7.3 and by applying the
classification of unital simple separable amenable C*-algebras with tracial rank zero, one only
needs to construct two systems whose K-theory of the associated crossed products are unital
order isomorphic but no y, makes the following diagram

K(A)  —S—  K.(Ap)

(ja)*T T(m)*

K.(C(X xT)) 2 k(oY xT))

commute (locally). In the orientation preserving cases, such examples have been given ([ ,
Example 9.2]). In what follows, we construct two non-orientation preserving minimal rigid
systems whose crossed products are isomorphic but they are not approximately K-conjugate.
Besides, we construct them so that they are also weakly approximately conjugate.

Example 8.2. Let 01,05 € (0,1) be two irrational numbers which are linearly independent over
Q. By cutting T at n#; and 62 + n#; for every n € Z, we get a Cantor set X. Let us denote the
f1-rotation on X by a. Then (X, ) is a Cantor minimal system and K°(X,«) is unital order
isomorphic to

(Z + 761 + 702, (Z + 761 + Z02) 1, 1).

By cutting T at nfy and 61 + nf, for every n € Z, we get another Cantor set Y. Let us denote
the fo-rotation on Y by 3. Then (Y, /) is also a Cantor minimal system and K°(Y,3) is unital
order isomorphic to K(X,a). Hence (X, ) and (Y, 3) are strong orbit equivalent.

Let U C X be a clopen subset corresponding to [0, 671). Define a continuous function ¢ : X —
Zy by c(x) = 1 if and only if # € U. The skew product extension (X x Zg,a x ¢) is a Cantor
minimal system. By the computation in (2) of [M1, Section 7], we see that K°(X x Za,a X ¢)
is isomorphic to Z° and

KX x Zg,a x ¢)/KY(X,a) = Zy & Z°.

Let £ : X — T be a continuous function and put ¢, = Rg(m))\c(””) for all x € X. Suppose that
a X ¢ is minimal and rigid. Denote A = C*(X x T,a X ¢). By Lemma 2.5 of | ], we have
Ko(A) 2 K°(X,a) and K1(A) 2 Z & 7y © 7.

Let V C Y be a clopen subset corresponding to [0, 62). By the same way as in the preceding
paragraph, we consider a minimal rigid homeomorphism ( x v such that o(¢)(y) = 1 if and
only if y € V. We write B = C*(Y x T, x ¥). By Lemma 2.5 of | ], we also have
Ko(B) =2 K%Y, 3) and K1(B) 2 Z @ Zy ® Z*. Tt follows from Corollary 5.6 that both A and B
have tracial rank zero. Hence A and B are isomorphic.

It can be easily seen that PS(a) = PS(5) = PS(a x o(p)) = PS(8 x o(¢)) = {1}, where
PS(-) denotes the set of periodic spectrum. Therefore, from Corollary 4.10 of [M2], a x ¢ and
B x 1 are weakly approximately conjugate.

Nevertheless, we would like to show that ax ¢ and (G x v are not approximately K-conjugate.
As in Section 6, we identify K;(C(X x T)) and K;(C(Y x T)) with C(X,Z) and C(Y,Z) for
each i = 0,1. Note that, as explained in Section 6, 1y is a representative of the unique torsion
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element of Coker(id —af,) C K;(A) and 1y is a representative of the unique torsion element of
Coker(id —y) C Ki1(B).

Assume that a x ¢ and [ x ¢ are approximately K-conjugate. We will show a contradiction.
By Theorem 7.3, there exist isomorphisms

k2 (Ko(A), Ko(A)+, [La], K1(A)) — (Ko(B), Ko(B)+, (18], K1(B))
and x : C(X x T) — C(Y x T) such that

k0 © (Jo)ox(1v) = (g © X)ox (1)
and
k10 (Jo)1x(1v) = (Js © X)1+(10)-
Since 1y and 1y, are representatives of unique torsion elements in the Kj-groups, we must have
k1 0 (Jo)1+(1v) = (g © X)1+(1v) = (Jp)1+(1v),
which implies
X1«(1y) — 1y € Coker(id —£3y,).
It follows that there exists h : Y — Z such that
Xl*(lU) - 1V =h- ﬂ;’z)(h)
Note that x14(f) — xo«(f) belongs to 2C(Y,Z) for all f € C(X,Z). Hence
Xo+(1v) = 1y € h = B (h) +2C(Y, Z).
It is easy to see that ﬁ;;(g) — *(g) belongs to 2C(Y,Z) for all g € C(Y,Z), and so we get
Xo«(1y) — 1y € h— 5%(h) + 2C (Y, Z).

On the other hand,
K0 © (Ja)ox(1v) = (Jg © X)o«(1v)

is equal to
01 € Z+ 70, + 702 = Ky(B),

because k¢ is a unital order isomorphism. But, 1y corresponds to fy in Ky(B). It follows that
X0«(1y7) — 1y does not belong to 2Ky (B). In other words, there does not exist h : Y — Z such
that

Xos(1p) = 1y € h— B*(h) + 2C (Y, Z),

which is a contradiction.
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