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Abstract

We give a complete classification up to cocycle conjugacy of uniformly outer actions
of Z2 on UHF algebras. In particular, it is shown that any two uniformly outer actions
of Z2 on a UHF algebra of infinite type are cocycle conjugate. We also classify them
up to outer conjugacy.

1 Introduction

In [N1], H. Nakamura introduced the Rohlin property for ZN -actions on unital C∗-algebras
and obtained the Rohlin type theorem for Z2-actions on UHF algebras (see Theorem 2.4).
He also classified product type actions of Z2 up to cocycle conjugacy. In this paper, we
extend this result and complete classification of uniformly outer actions of Z2 on UHF
algebras up to cocycle conjugacy.

In the theory of operator algebras, the problem of classifying group actions has a long
history. A fundamental tool for the classification theory of actions is the (noncommutative)
Rohlin property, which was first introduced by A. Connes for single automorphisms of finite
von Neumann algebras ([C]). In the framework of C∗-algebras, A. Kishimoto established
a non-commutative Rohlin type theorem for single automorphisms of UHF algebras and
certain AT algebras, and classified them up to outer conjugacy ([K1],[K2],[K3]). Nakamura
used the same technique for automorphisms of purely infinite simple nuclear C∗-algebras
and classified them up to outer conjugacy ([N2]). Recently, the second named author
showed that any two outer actions of ZN on the Cuntz algebra O2 are cocycle conjugate
([M]). In the case of finite group actions, M. Izumi introduced a notion of the Rohlin
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property and classified a large class of actions ([I2],[I3]). The reader may consult the
survey paper [I1] for the Rohlin property of automorphisms of C∗-algebras.

The aim of this paper is to extend these results to uniformly outer actions of Z2 on
UHF algebras. More precisely, we will introduce a K-theoretical invariant for Z2-actions
on a UHF algebra and show that it is a complete invariant for cocycle conjugacy. When
the UHF algebra A is of infinite type, that is, A is isomorphic to A⊗A, the range of this
invariant is zero, and so any two actions are cocycle conjugate. Note that, in [N1, Theorem
15], essentially the same invariant was used to distinguish infinitely many product type
actions which are not cocycle conjugate to each other.

The content of this paper is as follows. In Section 2, we collect notations and basic
facts relevant to this paper. Notions of the ultraproduct algebra A∞ and the central
sequence algebra A∞ will help our analysis. For Z2-actions on unital C∗-algebras, we
recall the definition of the Rohlin property from [N1]. In Section 3, we introduce the
notion of admissible cocycles. For an almost cocycle of an approximately inner Z2-action
on an AF algebra, we can associate an element of the K0-group. An almost cocycle is
said to be admissible, if the associated element in the K0-group is zero. Section 4 is
devoted to the cohomology vanishing theorem for Z2-actions on UHF algebras with the
Rohlin property. One of the difficulties in the study of Z2-actions on C∗-algebras is that
one has to formulate a two-dimensional version of Berg’s technique in order to obtain the
so-called cohomology vanishing theorem. In our situation, we need to construct a certain
homotopy of unitaries, and admissibility of a cocycle is necessary for that. In Section 5,
a K-theoretical invariant for Z2-actions is introduced. We also observe that the invariant
is exhausted by uniformly outer actions. In Section 6, for given two uniformly outer Z2-
actions α, β with the same invariant, we show the existence of cocycles which transform
α to β approximately. Kishimoto’s classification result of single automorphisms is used to
obtain the admissibility of cocycles. Finally, the main theorems are given. D. E. Evans and
A. Kishimoto introduced in [EK] an intertwining argument for automorphisms, which is
an equivariant version of Elliott’s intertwining argument for classification of C∗-algebras.
By using the Evans-Kishimoto intertwining argument, we get the classification theorem
up to cocycle conjugacy. The classification up to outer conjugacy is also obtained.

2 Preliminaries

Let A be a unital C∗-algebra. We denote by U(A) the group of unitaries in A. For
u ∈ U(A), we let Ad u(a) = uau∗ for a ∈ A and call it an inner automorphism of A. For
any a, b ∈ A, we write [a, b] = ab − ba and call it the commutator of a and b. We let log
be the standard branch defined on the complement of the negative real axis.

First, we would like to recall the classification result of single automorphisms of UHF
algebras.

Definition 2.1 ([K1, Definition 1.2]). An automorphism α of a unital C∗-algebra A is
said to be uniformly outer if for any a ∈ A, any non-zero projection p ∈ A and any ε > 0,
there exist projections p1, p2, . . . , pn in A such that p =

∑
pi and ∥piaα(pi)∥ < ε for all

i = 1, 2, . . . , n.

We say that an action α of a discrete group on A is uniformly outer if αn is uniformly
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outer for every element n of the group other than the identity element. The following
result can be found in [K1] (see also [BEK]).

Theorem 2.2 ([K1, Theorem 1.3]). Let A be a UHF algebra and let α, β ∈ Aut(A) be
automorphisms with which the associated actions of Z are uniformly outer. Then for any
ε > 0, there exist an automorphism σ and a unitary u ∈ A such that

∥u − 1∥ < ε and Adu ◦ α = σ ◦ β ◦ σ−1.

We remark that Kishimoto generalized the result above to AT algebras in [K2] and
[K3]. In this paper, we would like to study a Z2 version of this classification theorem on
UHF algebras. A key point for the proof of the theorem above is the Rohlin property of
automorphisms or Z-actions. We would like to recall the definition of the Rohlin property
for Z2-actions on unital C∗-algebras (see [N1, Section 2] or [I1, Section 3]).

For m = (m1,m2) and n = (n1, n2) in Z2, m ≤ n means m1 ≤ n1 and m2 ≤ n2. For
m = (m1,m2) ∈ N2, we let

mZ2 = {(m1n1,m2n2) ∈ Z2 | (n1, n2) ∈ Z2}.

For simplicity, we denote Z2/mZ2 by Zm. Moreover, we may identify Zm = Z2/mZ2 with

{(n1, n2) ∈ Z2 | 0 ≤ ni ≤ mi − 1 for each i = 1, 2}.

The canonical basis of Z2 as well as its image in Zm is denoted by ξ1 = (1, 0) and ξ2 = (0, 1).

Definition 2.3. Let α be an action of Z2 on a unital C∗-algebra A. Then α is said to have
the Rohlin property, if for any m ∈ N there exist R ∈ N and m(1),m(2), . . . ,m(R) ∈ N2

with m(1), . . . ,m(R) ≥ (m,m) satisfying the following: For any finite subset F of A and
ε > 0, there exists a family of projections

e(r)
g (r = 1, 2, . . . , R, g ∈ Zm(r))

in A such that

R∑
r=1

∑
g∈Z

m(r)

e(r)
g = 1, ∥[a, e(r)

g ]∥ < ε, ∥αξi
(e(r)

g ) − e
(r)
g+ξi

∥ < ε

for any a ∈ F , r = 1, 2, . . . , R, i = 1, 2 and g ∈ Zm(r) , where g + ξi is understood modulo
m(r)Z2.

Nakamura proved the following Rohlin type theorem for Z2-actions on UHF algebras
in [N1].

Theorem 2.4 ([N1, Theorem 3]). Let α be an action of Z2 on a UHF algebra A. Then
the following conditions are equivalent.

(1) α has the Rohlin property.

(2) α is uniformly outer.
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In this paper, we deal with central sequence algebras, which simplify the arguments a
little. Let A be a separable C∗-algebra. We set

c0(A) = {(an) ∈ ℓ∞(N, A) | lim
n→∞

∥an∥ = 0},

A∞ = ℓ∞(N, A)/c0(A).

We identify A with the C∗-subalgebra of A∞ consisting of equivalence classes of constant
sequences. We let

A∞ = A∞ ∩ A′.

When α is an automorphism of A or an action of a discrete group on A, we can consider
its natural extension on A∞ and A∞. We denote it by the same symbol α.

Using these notations, we can restate the definition of the Rohlin property of a Z2-
action α on a unital separable C∗-algebra A as follows. For any m ∈ N there exist R ∈ N,
m(1),m(2), . . . ,m(R) ∈ N2 with m(1), . . . ,m(R) ≥ (m,m) and a family of projections

e(r)
g (r = 1, 2, . . . , R, g ∈ Zm(r))

in A∞ = A∞ ∩ A′ such that

R∑
r=1

∑
g∈Z

m(r)

e(r)
g = 1, αξi

(e(r)
g ) = e

(r)
g+ξi

for any r = 1, 2, . . . , R, i = 1, 2 and g ∈ Zm(r) , where g + ξi is understood modulo m(r)Z2.

Let ξ1 = (1, 0) and ξ2 = (0, 1) be the canonical basis of Z2. Let α be an action of Z2

on a unital C∗-algebra A. A family of unitaries {un}n∈Z2 in A is called an α-cocycle, if

unαn(um) = un+m

for all n,m ∈ Z2. If a pair of unitaries u1, u2 ∈ U(A) satisfies

u1αξ1(u2) = u2αξ2(u1),

then it determines uniquely an α-cocycle {un}n∈Z2 such that uξi
= ui. We may also call

the pair {u1, u2} an α-cocycle. An α-cocycle {un}n in A is called a coboundary, if there
exists v ∈ U(A) such that

un = vαn(v∗)

for all n ∈ Z2, or equivalently, if
uξi

= vαξi
(v∗)

for each i = 1, 2.
When {un}n∈Z2 is an α-cocycle, it turns out that a new action α̃ of Z2 on A can be

defined by
α̃n(x) = Ad un ◦ αn(x) = unαn(x)u∗

n

for each x ∈ A. We call α̃ the perturbed action of α by {un}n.
Two actions α and β of Z2 on A are said to be cocycle conjugate, if there exists an

α-cocycle {un}n in A such that the perturbed action of α by {un}n is conjugate to β. The
purpose of this paper is to classify uniformly outer actions of Z2 on UHF algebras up to
cocycle conjugacy.
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3 Admissible cocycles

Throughout this section, we let A be a unital AF algebra and let α be an action of Z2 on
A such that αn is approximately inner for every n ∈ Z2. To simplify notation, we may
denote αξi

by αi for each i = 1, 2.
A pair of unitaries {u1, u2} in A is called an almost α-cocycle, when

∥u1α1(u2) − u2α2(u1)∥ < 1.

For such a pair u1, u2, we can construct a closed path of unitaries as follows. We put

a =
1

2π
√
−1

log(u1α1(u2)(u2α2(u1))∗),

and set a path k : [0, 1] → U(A) from u2α2(u1) to u1α1(u2) by

k(t) = e2π
√
−1tau2α2(u1).

Let hi : [0, 1] → U(A) be a path from 1 to ui for each i = 1, 2. Then

h̃1 : t 7→ u2α2(h1(t))

is a path from u2 to u2α2(u1) and

h̃2 : t 7→ u1α1(h2(t))

is a path from u1 to u1α1(u2). By connecting these paths, we obtain a closed path
H : [0, 1] → U(A). More precisely,

H(t) =



h1(5t) if 0 ≤ t ≤ 1/5
h̃2(5t − 1) if 1/5 ≤ t ≤ 2/5
k(3 − 5t) if 2/5 ≤ t ≤ 3/5
h̃1(4 − 5t) if 3/5 ≤ t ≤ 4/5
h2(5 − 5t) if 4/5 ≤ t ≤ 1.

Since α is approximately inner, the K1-class of this closed path H in K1(SA) ∼= K0(A)
does not depend on the choice of h1 and h2. We denote this element in K0(A) by

κ(u1, u2, α1, α2) ∈ K0(A).

Clearly κ(u1, u2, α1, α2) is homotopy invariant in the following sense: if ui : [0, 1] → U(A)
is a path of unitaries satisfying

∥u1(t)α1(u2(t)) − u2(t)α2(u1(t))∥ < 1

for every t ∈ [0, 1], then

κ(u1(0), u2(0), α1, α2) = κ(u1(1), u2(1), α1, α2).
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t t
t

t t1h1u1

u1α1(u2)

u2α2(u1) u2

h2

Figure 1: The definition of κ(u1, u2, α1, α2)

Lemma 3.1. Let {u1, u2} be an almost α-cocycle with ∥u1α1(u2) − u2α2(u1)∥ < ε < 1.
Then,

|τ(κ(u1, u2, α1, α2))| <
arcsin ε

2π

for any tracial state τ ∈ T (A).

Proof. Let k, h1, h2, h̃1, h̃2 and H be the paths of unitaries as above. We may assume
that H is piecewise smooth. For any tracial state τ ∈ T (A), we have

τ(κ(u1, u2, α1, α2)) =
1

2π
√
−1

∫ 1

0
τ(Ḣ(t)H(t)∗) dt.

Since α2 is approximately inner, τ ◦ α2 is equal to τ . Therefore the contribution from h1

and h̃1 cancels out. Similarly, the contribution from h2 and h̃2 also cancels out. Therefore
we get τ(κ(u1, u2, α1, α2)) = τ(a), where

a =
1

2π
√
−1

log(u1α1(u2)(u2α2(u1))∗).

Since ∥a∥ < π−1 arcsin(ε/2) < (2π)−1 arcsin ε, the proof is completed.

Suppose that a family of unitaries {un}n∈Z2 in A∞ is an α-cocycle. Let (uξi
(k))k∈N be

a representing sequence in ℓ∞(N, A) of uξi
. We may assume that uξi

(k) is in U(A). For
sufficiently large k ∈ N, the pair {uξ1(k), uξ2(k)} is an almost α-cocycle in A. In addition,
from the lemma above, we can see that

−1 ≤ κ(uξ1(k), uξ2(k), αξ1 , αξ2) ≤ 1

for sufficiently large k ∈ N. Hence

κ∞(uξ1 , uξ2 , αξ1 , αξ2) = (κ(uξ1(k), uξ2(k), αξ1 , αξ2))k∈N ∈ K0(A∞)

is well-defined.
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Definition 3.2. Let A be a unital AF algebra and let α be an action of Z2 on A such
that αn is approximately inner for every n ∈ Z2.

(1) An α-cocycle {un}n∈Z2 in A is said to be admissible, if κ(uξ1 , uξ2 , αξ1 , αξ2) is zero in
K0(A).

(2) An α-cocycle {un}n∈Z2 in A∞ is said to be admissible, if κ∞(uξ1 , uξ2 , αξ1 , αξ2) is zero
in K0(A∞).

Observe that if α-cocycle is a coboundary, then it is admissible. When K0(A) has no
non-trivial infinitesimal elements, from Lemma 3.1, we can see that any α-cocycle in A is
admissible.

Let {u1, u2} be an almost α-cocycle in A. For j ∈ N and i = 1, 2, we define u
(j)
i ∈ U(A)

by
u

(1)
i = ui and u

(j+1)
i = u

(j)
i αj

i (ui).

Suppose that
∥u(j)

1 αj
1(u

(k)
2 ) − u

(k)
2 αk

2(u
(j)
1 )∥ < 1

for every j = 1, 2, . . . ,m and k = 1, 2, . . . , n. Thus, the pair {u(j)
1 , u

(k)
2 } is an almost

cocycle for the Z2-action generated by αj
1 and αk

2 .

Lemma 3.3. In the setting above, one has

κ(u(m)
1 , u

(n)
2 , αm

1 , αn
2 ) = nmκ(u1, u2, α1, α2)

in K0(A).

Proof. It suffices to show

κ(u(j+1)
1 , u

(k)
2 , αj+1

1 , αk
2) = κ(u(j)

1 , u
(k)
2 , αj

1, α
k
2) + κ(u1, u

(k)
2 , α1, α

k
2).

Let h1 : [0, 1] → U(A) be a path from 1 to u1 and let h2 : [0, 1] → U(A) be a path from
1 to u

(k)
2 . Let H be a closed path of unitaries obtained by connecting a short path from

u
(j)
1 αj

1(u
(k)
2 ) to u

(k)
2 αk

2(u
(j)
1 ), a short path from u

(j+1)
1 αj+1

1 (u(k)
2 ) to u

(k)
2 αk

2(u
(j+1)
1 ) and the

following four paths:

t 7→ u
(j)
1 αj

1(h1(t)), t 7→ u
(j)
1 αj

1(h2(t))

t 7→ u
(k)
2 αk

2(u
(j)
1 αj

1(h1(t))), t 7→ u
(j+1)
1 αj+1

1 (h2(t)).

Then, the K0-class of this closed path H in K1(SA) ∼= K0(A) is equal to

κ(u(j+1)
1 , u

(k)
2 , αj+1

1 , αk
2) − κ(u(j)

1 , u
(k)
2 , αj

1, α
k
2).

Let H ′ be a closed path of unitaries obtained by connecting a short path from u
(k)
2 αk

2(u1)
to u1α1(u

(k)
2 ) and the following four paths:

t 7→ h1(t), t 7→ h2(t)
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t t t

t t
t t t

1
u

(j)
1u

(j+1)
1

u
(j+1)
1 αj+1

1 (u(k)
2 )

u
(k)
2 αk

2(u
(j+1)
1 )

u
(j)
1 αj

1(u
(k)
2 )

u
(k)
2 αk

2(u
(j)
1 )

u
(k)
2

Figure 2: κ(u(j+1)
1 , u

(k)
2 , αj+1

1 , αk
2) and κ(u(j)

1 , u
(k)
2 , αj

1, α
k
2)

t 7→ u
(k)
2 αk

2(h1(t)), t 7→ u1α1(h2(t)).

By definition, the K0-class of H ′ equals κ(u1, u
(k)
2 , α1, α

k
2). It follows from

u
(j)
1 αj

1(u
(k)
2 )(u(k)

2 αk
2(u

(j)
1 ))∗u(k)

2 αk
2(u

(j+1)
1 ) = u

(j)
1 αj

1(u
(k)
2 αk

2(u1))

that H is homotopic to the closed path u
(j)
1 αj

1(H
′(·)), which implies the desired equality.

Let {u1, u2} be an almost α-cocycle in A such that

∥u1α1(u2) − u2α2(u1)∥ < ε.

Suppose that a unitary v in A satisfies

∥v − u1α1(v)u∗
1∥ < δ.

Then we have
∥u1α1(vu2) − vu2α2(u1)∥ < ε + δ.

Thus, if δ is sufficiently small, then the pair {u1, vu2} is again an almost α-cocycle.

Lemma 3.4. In the setting above, we have

κ(u1, vu2, α1, α2) = κ(u1, u2, α1, α2) + κ(1, v, Adu1 ◦ α1, id)

in K0(A).

Proof. One can prove this statement in a similar fashion to Lemma 3.3.

The following two lemmas are key ingredients for the cohomology vanishing theorem
in the next section. We denote the ℓ∞-norm on R2 by ∥·∥. We put

E = {t ∈ R2 | ∥t∥ ≤ 1}
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and
∂E = {t ∈ R2 | ∥t∥ = 1}.

For a Lipschitz continuous function f , we denote its Lipschitz constant by Lip(f).

Lemma 3.5. Let ε > 0 be a sufficiently small number. Suppose that a pair of unitaries
u1, u2 ∈ A satisfies

∥u1α1(u2) − u2α2(u1)∥ < ε

and κ(u1, u2, α1, α2) = 0. Then there exists a continuous map z : ∂E → U(A) such that
the following hold.

(1) z(1, 1) = 1.

(2) ∥z(−1, t) − u1α1(z(1, t))∥ < ε and ∥z(t,−1) − u2α2(z(t, 1))∥ < ε for all t ∈ [−1, 1].

(3) Lip(z) ≤ 4.

(4) The K1-class of z in K1(C(∂E) ⊗ A) is zero.

Proof. This is immediate from the definition of κ(u1, u2, α1, α2) and the fact that any
unitary in an AF algebra can be connected to the identity by a path of unitaries with
length less than π + δ, where δ is an arbitrary positive real number. We leave the details
to the reader.

Lemma 3.6. Let A0 ⊂ A be a unital finite dimensional C∗-subalgebra. For any ε > 0,
there exist δ > 0 and a unital finite dimensional C∗-subalgebra A1 ⊂ A such that the
following holds. Suppose that a pair of unitaries u1, u2 ∈ A ∩ A′

1 satisfies

∥u1α1(u2) − u2α2(u1)∥ < δ

and κ(u1, u2, α1, α2) = 0. Then there exists a continuous map z : ∂E → U(A ∩ A′
0) such

that the following hold.

(1) z(1, 1) = 1.

(2) ∥z(−1, t) − u1α1(z(1, t))∥ < ε and ∥z(t,−1) − u2α2(z(t, 1))∥ < ε for all t ∈ [−1, 1].

(3) Lip(z) ≤ 4.

(4) The K1-class of z in K1(C(∂E) ⊗ A) is zero.

Proof. Choose sufficiently small δ > 0. Take a unital finite dimensional C∗-subalgebra A1

so that for any unitary w ∈ A0, there exist a, b, c ∈ A1 such that

∥w − a∥ < δ, ∥α−1
1 (w) − b∥ < δ and ∥α−1

2 (w) − c∥ < δ.

Suppose that a pair of unitaries u1, u2 ∈ A ∩ A′
1 satisfies

∥u1α1(u2) − u2α2(u1)∥ < δ

and κ(u1, u2, α1, α2) = 0. Since A∩A′
1 is also an AF algebra, for each i = 1, 2, there exists

a path of unitaries hi in A ∩ A′
1 from 1 to ui with length less than π + δ. By using these

paths, in the same way as the lemma above, we can find a continuous map z0 : ∂E → U(A)
such that the following hold.
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• z0(1, 1) = 1.

• For any w ∈ U(A0) and (s, t) ∈ ∂E, ∥[w, z0(s, t)]∥ < 6δ.

• ∥z0(−1, t)−u1α1(z0(1, t))∥ < δ and ∥z0(t,−1)−u2α2(z0(t, 1))∥ < δ for all t ∈ [−1, 1].

• Lip(z0) ≤ π + 2δ.

• The K1-class of z0 in K1(C(∂E) ⊗ A) is zero.

Using the Haar measure on the compact group U(A0), we define z1 : ∂E → A ∩ A′
0 by

z1(s, t) =
∫

wz0(s, t)w∗ dw

for every (s, t) ∈ ∂E. Then one has ∥z1(s, t) − z0(s, t)∥ < 6δ and Lip(z1) ≤ π + 2δ. Let

z1(s, t) = z(s, t)|z1(s, t)|

be the polar decomposition of z1(s, t) in A∩A′
0. It is not so hard to see that z(s, t) is the

desired map.

4 Cohomology vanishing

We let Mn denote the C∗-algebra of all n by n matrices, and T denote the unit circle of
C. For a Lipschitz continuous function f , its Lipschitz constant is denoted by Lip(f).

Lemma 4.1. Let u : [0, 1] → Mn be a path of unitaries such that Lip(u) ≤ C. Suppose
that a continuous function λ : [0, 1] → T satisfies λ(t) ∈ Sp(u(t)) for any t ∈ [0, 1]. Then,
we have Lip(λ) ≤ C.

Proof. It suffices to show that for each t ∈ [0, 1], there exists δ > 0 such that |λ(s)−λ(t)| ≤
C|s − t| holds for all s ∈ (t − δ, t + δ). Take t ∈ [0, 1]. There exists δ > 0 such that

|λ(t) − µ| > 2Cδ

for any µ ∈ Sp(u(t))\{λ(t)}. From Lip(u) ≤ C, one has ∥u(s)−u(t)∥ ≤ C|s−t|. Therefore,
the distance from λ(s) to Sp(u(t)) is not more than C|s − t|. Since λ is continuous and
C|s− t| < Cδ for s ∈ (t−δ, t+δ), we get |λ(s)−λ(t)| ≤ C|s− t| for all s ∈ (t−δ, t+δ).

The following lemma is an immediate consequence of [ELP, Corollary 6.15] (and is
also a special case of [L, Lemma 3.8]). When v and w are almost commuting unitaries in
Mn, we denote the Bott element associated with v and w by Bott(v, w) ∈ K0(Mn) ∼= Z.
The Bott element Bott(v, w) can be calculated as follows. We put

a =
1

2π
√
−1

log(vwv∗w∗).

Since det(vwv∗w∗) = 1, we have Tr(a) ∈ Z, where Tr is the unnormalized trace on Mn.
Then Bott(v, w) is equal to Tr(a).
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Lemma 4.2. For any ε > 0, there exists δ > 0 such that the following holds. For any
n ∈ N and unitaries v, w ∈ Mn satisfying

∥[v, w]∥ < δ and Bott(v, w) = 0,

there exists a continuous path of unitaries w : [0, 1] → Mn such that

w(0) = 1, w(1) = w, Lip(w) ≤ π + ε

and
∥[v, w(t)]∥ < ε

for all t ∈ [0, 1].

Proposition 4.3. For any C > 0 and ε > 0, there exists C ′ > 0 such that the following
holds. Let n ∈ N and let u : [0, 1] → Mn be a path of unitaries such that u(0) = u(1) = 1
and Lip(u) ≤ C. If the K1-class of u in K1(C0(0, 1) ⊗ Mn) is zero, then we can find a
path of self-adjoint elements h : [0, 1] → Mn such that the following are satisfied.

(1) ∥u(t) − e2π
√
−1h(t)∥ < ε for all t ∈ [0, 1].

(2) h(0) = h(1) = 0.

(3) Lip(h) ≤ C ′.

Proof. By applying Lemma 4.2 to ε/2, we get δ > 0. We may assume that δ is less than
ε/2. Choose L ∈ N so that 2C/L < δ. Put C ′ = 2CL/3 + C/6.

Suppose that u : [0, 1] → Mn satisfies the conditions in the statement. We would like
to construct a path of self-adjoint elements h : [0, 1] → Mn satisfying (1), (2) and (3).
One can find continuous functions λ1, λ2, . . . , λn from [0, 1] to T such that u(t) is unitarily
equivalent to diag(λ1(t), λ2(t), . . . , λn(t)) for each t ∈ [0, 1]. Since the K1-class of u in
K1(C0(0, 1)⊗Mn) is zero, we may assume that the rotation number of λi is zero for every
i = 1, 2, . . . , n. Thus, there exist continuous functions g1, g2, . . . , gn from [0, 1] to R such
that gi(0) = gi(1) = 0 and λi(t) = e2π

√
−1gi(t) for all i = 1, 2, . . . , n and t ∈ [0, 1]. By

Lemma 4.1, we have Lip(λi) ≤ C. It follows from 6 < 2π that the Lipschitz constant of gi

is less than C/6. In particular,

max{|gi(t)| | t ∈ [0, 1], i = 1, 2, . . . , n} ≤ C

12
.

We divide [0, 1] to closed intervals Ik = [k/L, (k + 1)/L] for k = 0, 1, . . . , L − 1 and
construct the path h on each interval. For each k = 0, 1, . . . , L, we set uk = u(k/L) and
choose rank one projections pk,1, pk,2, . . . , pk,n so that

n∑
i=1

pk,i = 1

and

uk =
n∑

i=1

λi(k/L)pk,i.

11



For each k = 0, 1, . . . , L − 1, there exists a unitary wk in Mn such that

wkpk,iw
∗
k = pk+1,i

for every i = 1, 2, . . . , n. From Lip(u) ≤ C and Lip(λi) ≤ C, we have

∥uk − uk+1∥ ≤ C

L

and
∥wkukw

∗
k − uk+1∥ ≤ C

L
.

It follows that
∥[uk, wk]∥ ≤ 2C

L
< δ.

We claim that Bott(uk, wk) is zero. The two paths

Ik ∋ t 7→
n∑

i=1

λi(t)pk+1,i ∈ Mn

and u : Ik → Mn give us a short path x from wkukw
∗
k to uk. It is not so hard to see that

the rotation number of det(x) is zero. Hence, we obtain Bott(uk, wk) = 0. Therefore, from
Lemma 4.2, we can find a path of unitaries zk : Ik → Mn such that

zk(k/L) = 1, zk((k + 1)/L) = wk, Lip(zk) ≤ 4L

and
∥[uk, zk(t)]∥ < ε/2

for all t ∈ Ik.
We define a path of self-adjoint elements hk : Ik → Mn by

hk(t) = zk(t)

(
n∑

i=1

gi(t)pk,i

)
z∗k(t)

for k = 0, 1, . . . , L − 1 and t ∈ Ik. We have

Lip(hk) ≤
C

12
Lip(zk) +

C

6
+

C

12
Lip(zk) ≤ C ′,

and

∥u(t) − e2π
√
−1hk(t)∥

≤ ∥u(t) − uk∥ + ∥uk − zk(t)ukzk(t)∗∥ + ∥zk(t)ukzk(t)∗ − e2π
√
−1hk(t)∥

≤ C

L
+

ε

2
+

C

L
< ε

for t ∈ Ik. By connecting h0, h1, . . . , hL−1, we get a desired path h : [0, 1] → Mn.

The following is a well-known fact and one can find its proof in [HR, Lemma 4.8] for
example.
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Lemma 4.4. Let h1 and h2 be self-adjoint elements in a unital C∗-algebra. Then

∥e2π
√
−1h1 − e2π

√
−1h2∥ ≤ 2π∥h1 − h2∥.

The following lemma is also well-known. We have been unable to find a suitable
reference in the literature, so we include a proof for completeness.

Lemma 4.5. Let A be a unital C∗-algebra and let u1, u2 be unitaries in A such that
∥ui − 1∥ < 1/2 for i = 1, 2. Put 2π

√
−1hi = log ui. Then we have

∥h1 − h2∥ ≤ π−1∥u1 − u2∥.

Proof. Since log z is written by the absolutely convergent power series

log z = −
∞∑

n=1

1
n

(1 − z)n

on {z ∈ C | |z − 1| ≤ 1/2}, one has

∥h1 − h2∥ =
1
2π

∥log u1 − log u2∥ ≤ 1
2π

∞∑
n=1

1
n
∥(1 − u1)n − (1 − u2)n∥.

By an elementary estimate,

∥(1 − u1)n − (1 − u2)n∥ ≤ n21−n∥u1 − u2∥

is obtained, and so the proof is completed.

The following proposition plays a crucial role in our cohomology vanishing theorem.
We let E = {t ∈ R2 | ∥t∥ ≤ 1} and ∂E = {t ∈ R2 | ∥t∥ = 1}, where ∥·∥ is the ℓ∞-norm on
R2.

Proposition 4.6. For any C > 0, there exists C ′ > 0 such that the following holds. Let
A be a unital AF algebra and let z : ∂E → U(A) be a continuous map such that z(1, 1) = 1
and Lip(z) ≤ C. If the K1-class of z in K1(C(∂E) ⊗ A) is zero, then we can find a
continuous map z̃ from E to unitaries of A such that the following are satisfied.

(1) z(t) = z̃(t) for all t ∈ ∂E.

(2) Lip(z̃) ≤ C ′.

Proof. By Proposition 4.3 and Lemma 4.4, there exists z0 : E → U(A) satisfying the
following.

• ∥z(t) − z0(t)∥ < 1/2 for all t ∈ ∂E.

• Lip(z0) ≤ C0, where C0 > 0 is a constant depending only on C > 0.
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Define k : ∂E → A and z1 : [0, 1] × ∂E → U(A) by

k(t) =
1

2π
√
−1

log(z(t)∗z0(t))

and
z1(s, t) = z(t)e2π

√
−1sk(t)

for t ∈ ∂E and s ∈ [0, 1]. Clearly z1(0, t) = z(t) and z1(1, t) = z0(t). It follows from Lemma
4.5 and Lemma 4.4 that z1(s, t) is Lipschitz continuous with some universal Lipschitz
constant depending only on C > 0. Define

z̃(t) =

{
z1(2 − 2∥t∥, t/∥t∥) if ∥t∥ ≥ 1/2
z0(2t) if ∥t∥ ≤ 1/2

for t ∈ E. Then the assertion easily follows.

Now we would like to prove the cohomology vanishing theorem.

Theorem 4.7. Let A be a unital AF algebra and let α be an action of Z2 on A with the
Rohlin property. Suppose that αn is approximately inner for any n ∈ Z2. Then, for any
admissible α-cocycle {un}n in A∞, there exists a unitary v ∈ A∞ such that

un = vαn(v)∗

for any n ∈ Z2.

Proof. It suffices to show that, for any ε > 0, there exists a unitary v ∈ A∞ such that

∥uξi
− vαξi

(v)∗∥ < ε

for each i = 1, 2. By applying Proposition 4.6 to C = 4, we obtain a constant C ′ > 0.
Choose a natural number M so that 2C ′/M is less than ε. Since α has the Rohlin property,
there exist R ∈ N and m(1),m(2), . . . ,m(R) ∈ Z2 with m(1), . . . ,m(R) ≥ (M,M) and which
satisfies the requirement in Definition 2.3.

For each n ∈ Z2, let (un(k))k∈N ∈ ℓ∞(N, A) be a representing sequence of un. We
may assume that un(k) is a unitary. Since {un}n is admissible, κ(uξ1(k), uξ2(k), αξ1 , αξ2)
is zero in K0(A) for sufficiently large k ∈ N.

For each r = 1, 2, . . . , R and i = 1, 2, let m
(r)
i be the i-th summand of m(r). We put

ηr,i = m
(r)
i ξi ∈ Z2. For sufficiently large k ∈ N, the pair of unitaries {uηr,1(k), uηr,2(k)} is an

almost cocycle for αηr,1 , αηr,2 . Furthermore, by Lemma 3.3, κ(uηr,1(k), uηr,2(k), αηr,1 , αηr,2)
is zero in K0(A). It follows from Lemma 3.5 that for sufficiently large k ∈ N, there exists
a continuous map z

(r)
k : ∂E → U(A) such that the following are satisfied.

• z
(r)
k (1, 1) = 1.

• For all t ∈ [−1, 1],

lim
k→∞

∥z(r)
k (−1, t) − uηr,1(k)αηr,1(z

(r)
k (1, t))∥ = 0

and
lim

k→∞
∥z(r)

k (t,−1) − uηr,2(k)αηr,2(z
(r)
k (t, 1))∥ = 0.
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• Lip(z(r)
k ) ≤ 4.

• The K1-class of z
(r)
k in K1(C(∂E) ⊗ A) is zero.

From Proposition 4.6, for sufficiently large k ∈ N, we obtain z̃
(r)
k : E → U(A) such that

the following are satisfied.

• z
(r)
k (t) = z̃

(r)
k (t) for all t ∈ ∂E.

• Lip(z̃(r)
k ) ≤ C ′.

For each r = 1, 2, . . . , R, g = (g1, g2) ∈ Zm(r) and sufficiently large k ∈ N, we define w
(r)
g (k)

in U(A) by

w(r)
g (k) = z̃

(r)
k

(
2g1

m
(r)
1

− 1,
2g2

m
(r)
2

− 1

)
.

Let w
(r)
g be the image of (w(r)

g (k))k∈N in A∞. It is easily seen that one has the following
for any r = 1, 2, . . . , R, i = 1, 2 and g = (g1, g2) ∈ Zm(r) .

• If gi ̸= 0, then ∥w(r)
g − w

(r)
g−ξi

∥ is less than ε.

• If gi = 0, then the distance from w
(r)
g to uηr,iαηr,i(w

(r)
g+ηr,i−ξi

) is less than ε.

We can take a family of projections {e(r)
g | r = 1, 2, . . . , R, g ∈ Zm(r)} in A∞ such that

R∑
r=1

∑
g∈Z

m(r)

e(r)
g = 1, αξi

(e(r)
g ) = e

(r)
g+ξi

for any r = 1, 2, . . . , R, i = 1, 2 and g ∈ Zm(r) , where g + ξi is understood modulo
m(r)Z2. Moreover, we may also assume that e

(r)
g commutes with ug and αg(w

(r)
g ). Define

v ∈ U(A∞) by

v =
R∑

r=1

∑
g∈Z

m(r)

ugαg(w(r)
g )e(r)

g .

It is now routinely checked that ∥uξi
− vαξi

(v∗)∥ is less than ε for each i = 1, 2.

When A is a UHF algebra, we can show the following in a similar fashion to the
theorem above.

Theorem 4.8. Let A be a UHF algebra and let α be an action of Z2 on A with the Rohlin
property. Then, for any admissible α-cocycle {un}n in A∞, there exists a unitary v ∈ A∞
such that

un = vαn(v)∗

for any n ∈ Z2.
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Proof. It suffices to show that, for any ε > 0 and any unital full matrix subalgebra A0 ⊂ A,
there exists a unitary v ∈ A∞ ∩ A′

0 such that

∥uξi
− vαξi

(v)∗∥ < ε

for each i = 1, 2.
The proof is almost the same as that of Theorem 4.7. Choose C ′ > 0, M ∈ N and

m(1),m(2), . . . ,m(R) ∈ Z2 in the same way. By using Lemma 3.6 instead of Lemma 3.5,
we may assume that the range of the map z

(r)
k is U(A ∩ A′

0) for all r = 1, 2, . . . , R and
sufficiently large k ∈ N. By Lemma 3.6, the K1-class of z

(r)
k in K1(C(∂E)⊗A) is zero. It

follows that the K1-class of z
(r)
k in K1(C(∂E)⊗ (A∩A′

0)) is also zero, because A0 is a full
matrix subalgebra. We apply Proposition 4.6 to A∩A′

0 and z
(r)
k , and obtain a continuous

map z̃
(r)
k : E → U(A∩A′

0). The rest of the proof is exactly the same as Theorem 4.7.

The following corollary is an immediate consequence of the theorem above and we omit
the proof. Note that if A is a UHF algebra, then any α-cocycle in A is admissible.

Corollary 4.9. Let A be a UHF algebra and let α be an action of Z2 on A with the Rohlin
property. For any ε > 0 and a finite subset F of A, there exist δ > 0 and a finite subset G
of A such that the following holds: If a family of unitaries {un}n∈Z2 in A is an α-cocycle
satisfying

∥[uξi
, a]∥ < δ

for each i = 1, 2 and a ∈ G, then we can find a unitary v ∈ U(A) satisfying

∥uξi
− vαξi

(v∗)∥ < ε

and
∥[v, a]∥ < ε

for each i = 1, 2 and a ∈ F .

5 Invariants

In this section, we would like to introduce an invariant [α] for a Z2-action α on a UHF
algebra. Let A be a UHF algebra and let τ be the unique tracial state on A. Throughout
this section, we identify K0(A) and τ(K0(A)) ⊂ R. We need the generalized determinant
introduced by P. de la Harpe and G. Skandalis (see [HS] for details). For any u ∈ U(A),
there exists a piecewise smooth path h : [0, 1] → U(A) such that h(0) = 1 and h(1) = u.
It is not so hard to see that

1
2π

√
−1

∫ 1

0
τ(ḣ(t)h(t)∗) dt

is real. The determinant ∆τ associated with the tracial state τ is the map from U(A) to
R/τ(K0(A)) defined by

∆τ (u) =
1

2π
√
−1

∫ 1

0
τ(ḣ(t)h(t)∗) dt + τ(K0(A)).
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A crucial fact here is that ∆τ is a group homomorphism. We also notice that ∆τ is
α-invariant for any α ∈ Aut(A), that is, ∆τ ◦ α = ∆τ .

Let A be a UHF algebra. For every prime number p, we define

ζ(p) = sup{k ∈ N ∪ {0} | [1] is divisible by pk in K0(A)} ∈ {0, 1, 2, . . . ,∞},

and let P(A) be the set of prime numbers p such that 1 ≤ ζ(p) < ∞. Let p ∈ P(A). We
put θ(p) = pζ(p). There exists a unital full matrix subalgebra A0 ⊂ A which is isomorphic
to Mθ(p). It is clear that the canonical map from K0(A ∩ A′

0) to K0(A) is injective and
K0(A)/K0(A ∩ A′

0) is isomorphic to Z/θ(p)Z. We also set

Q(A) = {θ(p) | p ∈ P(A)} ∪ {pn | p with ζ(p) = ∞ and n ∈ N},

so that A is isomorphic to
⊗

q∈Q(A) Mq.
Let α, β be actions of Z2 on A. To simplify notation, we denote αξi

, βξi
by αi, βi

for each i = 1, 2. We would like to introduce an invariant [β, α]. Choose a positive real
number δ0 > 0 so that, for any unital finite dimensional C∗-subalgebra A0 ⊂ A and a
unitary w ∈ A satisfying ∥[w, a]∥ < δ0 for all a ∈ U(A0), there exists a piecewise smooth
path of unitaries h : [0, 1] → U(A) such that h(0) = 1, h(1) = w and ∥[h(t), a]∥ < 1/8 for
all t ∈ [0, 1] and a ∈ U(A0). We may assume δ0 < 1/8.

Take p ∈ P(A) arbitrarily. Let A0 ⊂ A be a unital full matrix subalgebra which is
isomorphic to Mθ(p). Take a finite dimensional C∗-subalgebra A1 ⊂ A so that for any
unitary w ∈ U(A0), there exist unitaries a, b, c ∈ U(A1) such that

∥w − a∥ < δ0/7, ∥β−1
1 (w) − b∥ < δ0/7 and ∥β−1

2 (w) − c∥ < δ0/7.

We can find unitaries u1 and u2 in A such that

∥βi(a) − Adui ◦ αi(a)∥ < δ0/7

for all a in β−1
1 (U(A1)) ∪ β−1

2 (U(A1)) ∪ β−1
1 β−1

2 (U(A1)). Define x ∈ U(A) by

x = u1α1(u2)(u2α2(u1))∗.

It is easy to see that ∥[x, a]∥ is less than δ0 for every a ∈ U(A0). There exists a piecewise
smooth path of unitaries h : [0, 1] → U(A) such that h(0) = 1, h(1) = x and ∥[h(t), a]∥ <
1/2 for all t ∈ [0, 1] and a ∈ U(A0). Since ∆τ is a group homomorphism and αi-invariant
for each i = 1, 2, one has ∆τ (x) = 0. Hence,

1
2π

√
−1

∫ 1

0
τ(ḣ(t)h(t)∗) dt ∈ K0(A).

We denote the image of this value in K0(A)/K0(A ∩ A′
0) ∼= Z/θ(p)Z by [β, α](p). Thus,

[β, α](p) =
1

2π
√
−1

∫ 1

0
τ(ḣ(t)h(t)∗) dt + K0(A ∩ A′

0)

∈ K0(A)/K0(A ∩ A′
0) ∼= Z/θ(p)Z.
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Lemma 5.1. In the setting above, [β, α](p) does not depend on the choice of A0, A1, u1,
u2 and h.

Proof. Let k : [0, 1] → U(A) be another piecewise smooth path such that k(0) = 1,
k(1) = x and ∥[k(t), a]∥ < 1/2 for all t ∈ [0, 1] and a ∈ U(A0). By connecting h and k,
we get a closed path H which almost commutes with elements in U(A0). Clearly H is
homotopic to a closed path in U(A ∩ A′

0), and so the difference between

1
2π

√
−1

∫ 1

0
τ(ḣ(t)h(t)∗) dt

and
1

2π
√
−1

∫ 1

0
τ(k̇(t)k(t)∗) dt

is in K0(A∩A′
0). Therefore, [β, α](p) ∈ K0(A)/K0(A∩A′

0) does not depend on the choice
of the path h.

Next, we would like to verify that [β, α](p) does not depend on the choice of u1.
Suppose that u′

1 ∈ U(A) also satisfies

∥β1(a) − Adu′
1 ◦ α1(a)∥ < δ0/7

for all a in β−1
1 (U(A1)) ∪ β−1

2 (U(A1)) ∪ β−1
1 β−1

2 (U(A1)). Put v = u′
1u

∗
1. Then we have

∥[a, v]∥ < 2δ0/7 for all a ∈ U(A1). Hence we can find a piecewise smooth path of unitaries
k : [0, 1] → U(A) such that k(0) = 1, k(1) = v and ∥[k(t), a]∥ < 1/8 for all t ∈ [0, 1] and
a ∈ U(A1). It follows that

∥[k(t), a]∥ <
2δ0

7
+

1
8

and ∥[k(t), β−1
2 (a)]∥ <

2δ0

7
+

1
8

for all t ∈ [0, 1] and a ∈ U(A0). For the unitary x = u1α1(u2)(u2α2(u1))∗, there exists a
piecewise smooth path of unitaries h : [0, 1] → U(A) such that h(0) = 1, h(1) = x and
∥[h(t), a]∥ < 1/8 for all t ∈ [0, 1] and a ∈ U(A0). Define H : [0, 1] → U(A) by

H(t) = k(t)h(t)u2α2(k(t)∗)u∗
2.

We can see that
H(0) = 1, H(1) = u′

1α1(u2)(u2α2(u′
1))

∗

and
∥[H(t), a]∥ <

2δ0

7
+

1
8

+
1
8

+
5δ0

7
+

1
8

= δ0 + 3/8 < 1/2

for all t ∈ [0, 1] and a ∈ U(A0). In addition, by [HS, Lemma 1],

1
2π

√
−1

∫ 1

0
τ(Ḣ(t)H(t)∗) dt =

1
2π

√
−1

∫ 1

0
τ(ḣ(t)h(t)∗) dt

Therefore, [β, α](p) does not depend on the choice of u1. Likewise, we can show that
[β, α](p) does not depend on the choice of u2.
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In order to show that [β, α](p) does not depend on the choice of A1, we take another
finite dimensional C∗-subalgebra A2 so that, for any unitary w ∈ U(A0), there exist
unitaries a, b, c ∈ U(A2) such that

∥w − a∥ < δ0/7, ∥β−1
1 (w) − b∥ < δ0/7 and ∥β−1

2 (w) − c∥ < δ0/7.

Since we can find unitaries u1, u2 in A such that

∥βi(a) − Adui ◦ αi(a)∥ < δ0/7

for all a in

β−1
1 (U(A1) ∪ U(A2)) ∪ β−1

2 (U(A1) ∪ U(A2)) ∪ β−1
1 β−1

2 (U(A1) ∪ U(A2)),

the assertion is clear.
Finally, we observe that [β, α](p) does not depend on the choice of A0

∼= Mθ(p). Suppose
that B0 is also a full matrix subalgebra of A which is isomorphic to Mθ(p). By taking the fi-
nite dimensional C∗-subalgebra A1 so large, we may assume that x = u1α1(u2)(u2α2(u1))∗

can be connected to the identity by a piecewise smooth path of unitaries which almost
commute with both A0 and B0. Hence, [β, α](p) does not depend on the choice of A0.

We put [β, α] ∈
∏

p∈P(A) Z/θ(p)Z by

[β, α] = ([β, α](p))p∈P(A).

Furthermore, we set [α] = [id, α]. We will show that [α] is the complete invariant for
cocycle conjugacy in the next section.

Lemma 5.2. Let A be a UHF algebra and let α, β, γ be actions of Z2 on A. Then one
has [γ, α] = [γ, β] + [β, α].

Proof. Take p ∈ P(A) arbitrarily. We will prove [γ, α](p) = [γ, β](p) + [β, α](p). To
simplify notation, we denote αξi

, βξi
, γξi

by αi, βi, γi for each i = 1, 2. Let A0 ⊂ A be
a unital full matrix subalgebra which is isomorphic to Mθ(p). Choose a sufficiently large
finite subset F ⊂ A and a sufficiently small positive real number δ > 0. There exist
unitaries v1, v2 such that

∥γi(a) − Ad vi ◦ βi(a)∥ < δ

for all a ∈ F and i = 1, 2. We may also find piecewise smooth paths of unitaries u1, u2 :
[1,∞) → U(A) such that

βi(a) = lim
s→∞

Adui(s) ◦ αi(a)

for all a ∈ A. We may further assume

∥βi(a) − Adui(s) ◦ αi(a)∥ < δ

for all a ∈ F ∪ {v1, v2}, s ∈ [1,∞) and i = 1, 2. We write u1 = u1(1) and u2 = u2(1).
Define x, y ∈ U(A) by

x = u1α1(u2)(u2α2(u1))∗
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and
y = v1β1(v2)(v2β2(v1))∗.

There exist piecewise smooth paths of unitaries h, k : [0, 1] → U(A) such that

h(0) = k(0) = 1, h(1) = x, k(1) = y

and h(t), k(t) almost commute with unitaries in A0. We have

[γ, β](p) + [β, α](p)

=
1

2π
√
−1

∫ 1

0
τ(ḣ(t)h(t)∗) dt +

1
2π

√
−1

∫ 1

0
τ(k̇(t)k(t)∗) dt + K0(A ∩ A′

0)

Since
∥γi(a) − Ad viui ◦ αi(a)∥ < 2δ

for all a ∈ F and i = 1, 2,

z = v1u1α1(v2u2)(v2u2α2(v1u1))∗

almost commutes with unitaries in A0. We may also assume that

z(t) = (v1u1α1(v2)u∗
1)h(t)(v2u2α2(v1)u∗

2)
∗

almost commutes with unitaries in A0 for every t ∈ [0, 1]. It is straightforward to see
z(1) = z. Let w : [0, 1] → U(A) be a path of unitaries such that w(0) = 0, w(1) = z(0)
and w(t) almost commutes with unitaries in A0. Then, one has

[γ, α](p)

=
1

2π
√
−1

∫ 1

0
τ(ẇ(t)w(t)∗) dt +

1
2π

√
−1

∫ 1

0
τ(ż(t)z(t)∗) dt + K0(A ∩ A′

0)

=
1

2π
√
−1

∫ 1

0
τ(ẇ(t)w(t)∗) dt +

1
2π

√
−1

∫ 1

0
τ(ḣ(t)h(t)∗) dt + K0(A ∩ A′

0).

Therefore, it suffices to show

1
2π

√
−1

(∫ 1

0
τ(k̇(t)k(t)∗) dt −

∫ 1

0
τ(ẇ(t)w(t)∗) dt

)
∈ K0(A ∩ A′

0).

By connecting k, w and a short path from y to z(0), we obtain a closed path H which
is almost commuting with unitaries in A0. Let λ ∈ K0(A ∩ A′

0) ⊂ R be the K0-class
determined by the closed path H. We would like to show

λ =
1

2π
√
−1

(∫ 1

0
τ(k̇(t)k(t)∗) dt −

∫ 1

0
τ(ẇ(t)w(t)∗) dt

)
.

For s ∈ [1,∞), we let

f(s) = (v1u1(s)α1(v2)u1(s)∗)(v2u2(s)α2(v1)u2(s)∗)∗
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Thus, f is a path from z(0) to y. For any ε > 0, there exists s ∈ [1,∞) such that

∥β1(v2) − Adu1(s) ◦ α1(v2)∥ < ε

and
∥β2(v1) − Adu2(s) ◦ α2(v1)∥ < ε.

We define
a =

1
2π

√
−1

log(f(s)y∗).

Then ∥a∥ is less than arcsin 2ε. By connecting paths k, w, f : [1, s] → U(A) and

g : t 7→ e2π
√
−1tay,

we obtain a closed path H ′. Clearly H is homotopic to H ′, because they are close to each
other. Moreover, we can see

1
2π

√
−1

∫ s

1
τ(ḟ(t)f(t)∗) dt = 0

and ∣∣∣∣ 1
2π

√
−1

∫ 1

0
τ(ġ(t)g(t)∗) dt

∣∣∣∣ = |τ(a)| < arcsin 2ε.

It follows that∣∣∣∣λ − 1
2π

√
−1

(∫ 1

0
τ(k̇(t)k(t)∗) dt −

∫ 1

0
τ(ẇ(t)w(t)∗) dt

)∣∣∣∣ < arcsin 2ε.

Since ε > 0 was arbitrary, we get the conclusion.

We need to recall the notion of outer conjugacy. Two actions α and β of Z2 on A
is said to be outer conjugate, if there exist an automorphism σ ∈ Aut(A) and unitaries
{un}n∈Z2 ⊂ U(A) such that

Adun ◦ αn(a) = σ ◦ βn ◦ σ−1(a)

for any n ∈ Z2 and a ∈ A. Notice that {un}n is not necessarily an α-cocycle.
The following lemma is essentially contained in [N1].

Lemma 5.3. Let A be a UHF algebra. For any f ∈
∏

p∈P(A) Z/θ(p)Z, we can construct
a uniformly outer Z2-action γf on A such that [γf ] = f . Moreover, if f, g ∈

∏
Z/θ(p)Z

satisfy f(p) = g(p) for all but finitely many p ∈ P(A), then γf is outer conjugate to γg.

Proof. Let
A =

⊗
q∈Q(A)

Mq

be a tensor product decomposition. For q ∈ Q(A), we define unitaries uq, vq ∈ Mq by

uq =


1

ω
ω2

. . .
ωq−1

 , vq =



0 · · · · · 0 1
1 0 · · · · 0
0 1 · ·
...

. . . . . .
...

...
· 0 1 0 0
0 · · · · 0 1 0


,
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where ω = e2π
√
−1/q. Take a decomposition Q(A) = L1 ∪L2 such that both L1 and L2 are

infinite sets.
Take f ∈

∏
p∈P(A) Z/θ(p)Z. For each p ∈ P(A), we regard f(p) as an element of

{0, 1, . . . , θ(p) − 1}. Define a Z2-action γf on A by

γf
ξ1

=
⊗

q=θ(p)∈Lf

Aduf(p)
q ⊗

⊗
q∈L1\Lf

id⊗
⊗

q∈L2\Lf

Aduq.

and
γf

ξ2
=

⊗
q∈Lf

Ad vq ⊗
⊗

q∈L1\Lf

Ad vq ⊗
⊗

q∈L2\Lf

id

where Lf = {θ(p) ∈ Q(A) | f(p) ̸= 0}. We can verify that γf has the Rohlin property and
[γf ] = f (see the proof of [N1, Theorem 15 (1)]). The latter assertion is easy to see.

6 Classification

Let A be a UHF algebra and let τ be the unique tracial state on A. Throughout this
section, we identify K0(A) and τ(K0(A)) ⊂ R. We begin with the following lemma.

Lemma 6.1. Let A be a UHF algebra and let α ∈ Aut(A) be an automorphism with the
Rohlin property. Then, for any unitary u ∈ A∞, there exists a unitary v ∈ A∞ such that

u = vα(v∗).

Proof. This is the cohomology vanishing for single automorphisms. The reader should see
[HO] and [I1, Lemma 2.9].

By means of the lemma above, one obtains the following.

Lemma 6.2. Let A be a UHF algebra and let α, β be actions of Z2 on A with the Rohlin
property. Suppose that there exists a unitary u1 ∈ A such that βξ1(a) = Ad u1 ◦ αξ1(a) for
all a ∈ A. If [α] = [β], then for any finite subset F ⊂ A and ε > 0, there exists u2 ∈ U(A)
satisfying the following.

(1) ∥βξ2(a) − Adu2 ◦ αξ2(a)∥ is less than ε for all a ∈ F .

(2) ∥u1αξ1(u2) − u2αξ2(u1)∥ is less than ε.

(3) κ(u1, u2, αξ1 , αξ2) is zero.

Proof. To simplify notation, we denote αξi
, βξi

by αi, βi for each i = 1, 2. First, we
claim the following: there exists a unitary u2 ∈ A∞ such that u1α1(u2) = u2α2(u1)
and β2(a) = Ad u2 ◦ α2(a) for all a ∈ A. Indeed, we can find x ∈ U(A∞) such that
β2(a) = Ad x ◦ α2(a) for all a ∈ A. It is easy to see that y = u1α1(x)(xα2(u1))∗ is a
unitary in A∞. Hence, from Lemma 6.1, one can find a unitary z ∈ A∞ such that

y∗ = z(Adu1 ◦ α1)(z∗).

Then, u2 = z∗x ∈ A∞ meets the requirements.
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Choose δ > 0 so that 4δ + arcsin δ < ε. Let

A =
⊗

q∈Q(A)

Mq

be a tensor product decomposition. Let ω ∈ Aut(A) be a product type automorphism
such that

ω(e(q)
i,j ) = e

(q)
i+1,j+1,

where (e(q)
i,j )i,j is a system of matrix units in Mq. Then, ω has the Rohlin property. Hence,

by Theorem 2.2, there exists a unitary w and σ ∈ Aut(A) such that

∥w − 1∥ < δ and Adwu1 ◦ α1 = σ ◦ ω ◦ σ−1.

Choose a full matrix subalgebra A0
∼= Mr ⊂ A so that the following hold.

• A0 is a tensor product of finitely many Mq’s above.

• For any a ∈ F , there exists b ∈ A0 such that ∥σ−1(β2(a)) − b∥ < δ.

Let δ′ > 0 be a small positive number and let G ⊂ A be a finite subset containing F .
From the claim above, we can find a unitary u2 ∈ A such that

• ∥β2(a) − Adu2 ◦ α2(a)∥ is less than δ′ for all a ∈ G.

• ∥u1α1(u2) − u2α2(u1)∥ is less than δ.

Put
a =

1
2π

√
−1

log(u1α1(u2)(u2α2(u1))∗).

We let κ(u1, u2, α1, α2) = m/l, where m ∈ Z and l ∈ N are relatively prime. By Lemma
3.1, |m/l| = |τ(a)| is less than (2π)−1 arcsin δ.

Let P = {p ∈ P(A) | p divides r}. For p ∈ P , let Ap ⊂ A0 be a unital full matrix
subalgebra which is isomorphic to Mθ(p). By virtue of Lemma 5.2, we have [β, α] = 0. It
follows that, by taking G so large and δ′ > 0 so small, we may assume that

[β, α](p) = τ(a) + K0(A ∩ A′
p)

for all p ∈ P . Hence τ(a) belongs to K0(A ∩ A′
p) for each p ∈ P . Thus, τ(a) = m/l is in

K0(A ∩ A′
0), and so there exists a projection e in A ∩ A′

0 such that

e = ωl(e), e + ω(e) + · · · + ωl−1(e) = 1.

Define a unitary v ∈ A by

v =
l−1∑
j=0

e2π
√
−1jm/lσ(ωj(e)).

It is easily seen that

∥v − Ad wu1 ◦ α1(v)∥ < 2π|m/l| < arcsin δ
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and
∥[β2(a), v]∥ < 2δ

for all a ∈ F . Besides, it can be also checked that

κ(1, v, Adwu1 ◦ α1, id) = −m/l.

We put u′
1 = wu1 and u′

2 = vu2. Clearly we have

∥βi(a) − u′
iαi(a)u′∗

i ∥ < 4δ

for all a ∈ F and i = 1, 2. In addition,

∥u′
1α1(u′

2) − u′
2α2(u′

1)∥ < 4δ + arcsin δ.

From Lemma 3.4, one also gets

κ(u′
1, u

′
2, α1, α2) = κ(wu1, vu2, α1, α2)

= κ(wu1, u2, α1, α2) + κ(1, v, Adwu1 ◦ α1, id)
= κ(u1, u2, α1, α2) − m/l = 0,

thereby completing the proof.

Lemma 6.3. Let A be a UHF algebra and let α, β be actions of Z2 on A with the Rohlin
property. If [α] = [β], then there exists an admissible α-cocycle {un}n∈Z2 in A∞ such that

βn(a) = Ad un ◦ αn(a)

for all n ∈ Z2 and a ∈ A.

Proof. To simplify notation, we denote αξi
, βξi

by αi, βi. It suffices to show the following.
For any ε > 0 and a finite subset F of A, there exist unitaries u1, u2 in A such that the
following are satisfied.

• ∥βi(a) − Adui ◦ αi(a)∥ is less than ε for all a ∈ F and i = 1, 2.

• ∥u1α1(u2) − u2α2(u1)∥ is less than ε.

• κ(u1, u2, α1, α2) is zero.

By Theorem 2.2, there exists a unitary w1 ∈ A and σ ∈ Aut(A) such that

β1 = Ad w1 ◦ σ ◦ α1 ◦ σ−1.

Let α′
i = σ ◦ αi ◦ σ−1 for i = 1, 2. By Lemma 6.2, there exists w2 ∈ U(A) such that

• ∥β2(a) − Adw2 ◦ α′
2(a)∥ is less than ε/2 for all a ∈ F .

• ∥w1α
′
1(w2) − w2α

′
2(w1)∥ is less than ε/2.

• κ(w1, w2, α
′
1, α

′
2) is zero.
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We can find a unitary v ∈ U(A) such that

∥σ(a) − vav∗∥ < ε/8

for all a in
σ−1(G) ∪ α1(σ−1(G)) ∪ α2(σ−1(G)),

where G = F ∪ {w1, w2}. Then the unitaries u1 = w1vα1(v∗) and u2 = w2vα2(v∗) satisfy

∥βi(a) − Adui ◦ αi(a)∥ < ε

for all a ∈ F and i = 1, 2, and

∥u1α1(u2) − u2α2(u1)∥ < ε.

Besides, one can see

κ(u1, u2, α1, α2) = κ(w1vα1(v∗), w2vα2(v∗), α1, α2)
= κ(v∗w1v, v∗w2v, α1, α2)
= κ(σ(v∗w1v), σ(v∗w2v), α′

1, α
′
2)

= κ(w1, w2, α
′
1, α

′
2)

= 0.

This completes the proof.

Combining the lemma above and Theorem 4.7, we can prove the following.

Proposition 6.4. Let A be a UHF algebra and let α, β be actions of Z2 on A with the
Rohlin property. If [α] = [β], then for any ε > 0 and a finite subset F of A, there exists
an α-cocycle {un}n∈Z2 (in fact a coboundary) in A such that

∥βξi
(a) − Aduξi

◦ αξi
(a)∥ < ε

for all a ∈ F and i = 1, 2.

Now we are ready to prove our main results. The key ingredient of the proof is the
Evans-Kishimoto intertwining argument [EK, Theorem 4.1]. See also [N2, Theorem 5],
[I2, Theorem 3.5] and [M, Theorem 5.2] for this argument.

Theorem 6.5. Let A be a UHF algebra and let α and β be two uniformly outer actions
of Z2 on A. Then, the following conditions are equivalent.

(1) [α] = [β].

(2) α is cocycle conjugate to β.

Proof. The implication from (2) to (1) is clear. It suffices to show that (1) implies (2).
Note that, by Theorem 2.4, both α and β have the Rohlin property. The proof is carried
out by the Evans-Kishimoto intertwining argument. In each step of this argument, we
have to use Proposition 6.4 and Corollary 4.9 repeatedly. We omit the detail, because it
is exactly the same as [M, Theorem 5.2].
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A UHF algebra A is said to be of infinite type, if A is isomorphic to A ⊗ A. This is
equivalent to say that P(A) is empty. As an immediate consequence, we get the following
corollary.

Corollary 6.6. Let A be a UHF algebra of infinite type. Then, any two uniformly outer
actions of Z2 on A are cocycle conjugate.

Remark 6.7. From Theorem 6.5 and Theorem 4.7, one can actually show the following:
Let α and β be uniformly outer actions of Z2 on a UHF algebra A. If [α] = [β], then for
any ε > 0, there exist σ ∈ Aut(A) and an α-cocycle {un}n∈Z2 such that

Adun ◦ αn(a) = σ ◦ βn ◦ σ−1(a),

∥uξi
− 1∥ < ε

for any n ∈ Z2, a ∈ A and i = 1, 2.

Finally, we would like to give a classification result up to outer conjugacy.

Theorem 6.8. Let A be a UHF algebra and let α and β be two uniformly outer actions
of Z2 on A. Then, the following conditions are equivalent.

(1) [α](p) = [β](p) for all but finitely many p ∈ P(A).

(2) α is outer conjugate to β.

Proof. This follows from Theorem 6.5 and Lemma 5.3.
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