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Abstract

We will show that any two outer actions of Z" on O, are cocycle conjugate.

1 Introduction

Group actions on C*-algebras and von Neumann algebras are one of the most fundamen-
tal subjects in the theory of operator algebras. A. Connes introduced a non-commutative
Rohlin property and classified single automorphisms of von Neumann algebras ([C'1],[C2]),
and A. Ocneanu generalized it to actions of discrete amenable groups ([O]). In the setting
of C*-algebras, A. Kishimoto established a non-commutative Rohlin type theorem for sin-
gle automorphisms on UHF algebras and classified them up to outer conjugacy ([I<1],[[<2]).
H. Nakamura used the same technique for automorphisms on purely infinite simple nuclear
C*-algebras and classified them up to outer conjugacy ([N2]). Furthermore, he proved a
Rohlin type theorem for Z2-actions on UHF algebras and gave a classification result for
product type actions up to cocycle conjugacy ([N1]). Recently, T. Katsura and the author
generalized this result and gave a complete classification of uniformly outer actions of Z?
on UHF algebras ([[XM]). In the case of finite group actions, M. Izumi introduced a notion
of the Rohlin property and classified a large class of actions ([[2],[[3]). The reader may
consult the survey paper [I1] for the Rohlin property of automorphisms on C*-algebras.

The aim of this paper is to extend these results to Z~-actions on the Cuntz algebra
5. More precisely, we will show that any outer actions of ZY on O, have the Rohlin
property and that they are cocycle conjugate to each other. The content of this paper is as
follows. In Section 2, we collect notations and basic facts relevant to this paper. Notions
of the ultraproduct algebra A“ and the central sequence algebra A,, will help our analysis.
When A is isomorphic to Os, it is known that A, contains a unital copy of Oy. This fact
implies strong triviality of the K-theory of Oy. For ZN-actions on unital C*-algebras, we
recall the definition of the Rohlin property from [N1] and give a couple of remarks.

In Section 3, we establish the cohomology vanishing theorem for ZN-actions on the
Cuntz algebra @ with the Rohlin property. One of the difficulties in the study of ZN-
actions on C*-algebras is that one has to deal with homotopies of unitaries in order to
obtain the so-called cohomology vanishing theorem. In our situation, however, we do
not need to take care of K,-classes of (continuous families of) unitaries, because of the
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triviality of K,(Oz). Indeed, any continuous family of unitaries in Qs is homotopic to
the identity by a smooth path of finite length. This enables us to avoid K-theoretical

arguments.
Section 4 is devoted to the Rohlin type theorem for ZN-actions on Q. The main idea
of the proof is similar to that in [N1]. We also make use of several techniques developed in

[N2]. The proof is by induction on N, because we need the cohomology vanishing theorem
for ZN~1-actions in order to prove the Rohlin type theorem for Z"-actions.

In Section 5, the main theorem is shown. D. E. Evans and A. Kishimoto introduced
in [FK] an intertwining argument for automorphisms, which is an equivariant version
of Elliott’s intertwining argument for classification of C'*-algebras. By using the Evans-
Kishimoto intertwining argument, we show that any two outer actions of Z¥ on O, are
cocycle conjugate. The cohomology vanishing theorem is necessary in each step of the
intertwining argument.

Acknowledgement. The author is grateful to Toshihiko Masuda for many helpful
discussions.

2 Preliminaries

Let A be a unital C*-algebra. We denote by U(A) the group of unitaries in A. For
u € U(A), we let Adu(a) = uau* for a € A and call it an inner automorphism on A.
When an automorphism a € Aut(A) on A is not inner, it is said to be outer.

For any a,b € A, we write [a,b] = ab — ba and call it the commutator of a and b.

In this paper, we deal with central sequence algebras, which simplify the arguments a
little. Let A be a separable C*-algebra and let w € SN\ N be a free ultrafilter. We set

¢#(4) = {(an) € (N, 4) | lim la, ]| = 0},

A¥ = (®(N, A)/¢* (A).

We identify A with the C*-subalgebra of A consisting of equivalence classes of constant
sequences. We let
Ay, =A4nA.

When « is an automorphism on A or an action of a discrete group on A, we can consider
its natural extension on A“ and A,. We denote it by the same symbol «.

If A is a unital separable purely infinite simple C*-algebra, then A“ is purely infinite
simple. When A is a unital separable purely infinite simple nuclear C*-algebra, it is known
that A, is also purely infinite simple ([[<P’, Proposition 3.4]).

We would like to collect several facts about the Cuntz algebra Oy. The Cuntz algebra
O is the universal C*-algebra generated by two isometries s; and sy satisfying s1s7+s255 =
1. It is a unital separable purely infinite simple nuclear C*-algebra with trivial K-groups,
ie. Ko(Oz) = Ki(O2) = 0. By [R1, Theorem 3.6], any automorphisms a and 3 on
O, are approximately unitarily equivalent. Thus, there exists a sequence of unitaries
{tn}n in Oy such that B(a) = limy, oo upa(a)u) for all a € A. It is also known that



O, is isomorphic to the infinite tensor product @,>; Os ([R2] or [KP’, Theorem 3.8]).
Consequently, (O2), = (O2)¥ N O) contains a unital copy of Q. (Actually, its converse
also holds: if A is a unital simple separable nuclear C*-algebra and A, contains a unital
copy of Oz, then A is isomorphic to Oy ([KP, Lemma 3.7]). But, in this paper, we
do not need this fact.) Let e be a projection of (O3),. By the usual argument taking
subsequences, we can find a unital copy of Oy in the relative commutant of e in (O2),.
Therefore, [e] = [e] + [e] in Ko((O2)w), and so [e] = 0. Since e is arbitrary and (O2),
is purely infinite simple, we have K((O2),) = 0. In a similar fashion, we also have
K1((02),) = 0. Indeed, for any unitary u € (O3),, we can find a unital copy of Oz in
the relative commutant of u in (O2),. It follows from [H]R, Lemma 5.1] that there exists
a smooth path wu(t) of unitaries in (O2),, such that u(0) = w and u(1) = 1. Moreover,
the length of the path is not greater than 87 /3. We will use this argument in Lemma 3.1
again.

Let N be a natural number and let &1, &, ..., &y be the canonical basis of Z%, that is,
gi = (anw"ala"'vovo))

where 1 is in the i-th component. Let o be an action of Z"V on a unital C*-algebra A. We
say that o is an outer action on A, if ay, is not inner on A for any n € Z \ {0}.
A family of unitaries {uy},czv in A is called an a-cocycle, if

UnOn (um) = Un+m

for all n,m € ZN. If a family of unitaries uy, us, ..., uy € U(A) satisfies
uiove, (ug) = ujoee; (u;)

for all 4,j = 1,2,..., N, then it determines uniquely an a-cocycle {uy},cz~ such that
ug, = u;. We may also call the family {u1,u2,...,un} an a-cocycle. An a-cocycle {uy},
in A is called a coboundary, if there exists v € U(A) such that

Up = Vo, (V)

for all n € ZYN, or equivalently, if
ug, = v, (v”)

foralli=1,2,..., N.
When {uy},ezy is an a-cocycle, it turns out that a new action & of Z¥ on A can be
defined by

*
n

an(x) = Aduy o ap () = upan(x)u

for each x € A. We call & the perturbed action of o by {uy, }p.
Two actions « and 3 of ZV on A are said to be cocycle conjugate, if there exists an
a-cocycle {uy, }y in A such that the perturbed action of o by {uy}, is conjugate to 5. The
main theorem of this paper states that any two outer actions of Z" on O, are cocycle

conjugate to each other.

Let N be a natural number. We would like to recall the definition of the Rohlin
property for Z"-actions on unital C*-algebras (see [N1, Section 2]). Let &1,&,..., &N be



the canonical basis of ZV as above. For m = (m1,ma,...,my) and n = (n1,n2,...,ny)
in ZV, m < n means m; <n; foralli=1,2,...,N. For m = (my,ma,...,mp) e NV, we
let

mZN = {(min1,mana, ..., myny) € ZV | (n1,ng,...,ny) € ZV}.

For simplicity, we denote Z~ /mZ~ by Z,,. Moreover, we may identify Z,, = Z /mZN
with
{(n1,n2,...,nN) € ZN |0<mn;<m;—1forali=1,2,...,N}.

Definition 2.1. Let a be an action of Z" on a unital C*-algebra A. Then « is said to have
the Rohlin property, if for any m € N there exist R € N and m®, m® ... m@) e NN
with mM ... m > (m,m,...,m) satisfying the following: For any finite subset F of
A and e > 0, there exists a family of projections

el (r=1,2,...,R, g€ Z,w)

in A such that

R

SN =1 el <e o)) ekl <<
r=1 geZ

m(T)

foranyae F,r=1,2,...,R,i=1,2,...,N and g € Z,, ), where g + & is understood
modulo m("ZN.

Remark 2.2. Clearly, we can restate the definition of the Rohlin property as follows.
For any m € N there exist R € N, mW . m® ... m®B ¢ NV with m®,... m® >
(m,m,...,m) and a family of projections

el (r=1,2,...,R, g€ Z,w)

in A, = A¥ N A’ such that

R
S =1 e =l

r=1 gEZm(r)

forany r=1,2,...,R,i=1,2,...,N and g € Z,,», where g + ; is understood modulo
m"zN.

Furthermore, by the reindexation trick, for a given separable subset S of A“, we can
make the projections egr) commute with all elements in S. We refer the reader to [O,
Lemma 5.3] for details.

In particular, the same conclusion also follows for perturbed actions on A“. Let « be
an action of Z" on A with the Rohlin property and let {u,}, C U(A*) be an a-cocycle
in A“. We can consider the perturbed action & of Z" on A“. Then, for a given separable
subset S of A“, we can choose the projections eér) in A, so that they commute with all
elements in S U {uy,}n. It follows that we have

¢, (6f))) = ug o (e )ug, = ueieg)eut, = e
forany r=1,2,...,R,i=1,2,...,Nand g € Z
m"zZN .

m(r, where g + & is understood modulo



Remark 2.3. We can also restate the Rohlin property as follows ([N2, Remark 2]). For
any n,m € N with 1 <n < N, there exist R € N, natural numbers mO m@ ) >
m and a family of projections

! (r=12,.. R j=01,...,m" 1)

in A, = A“ N A’ such that

>"

m(r) —
r=1 j=0

1

eg‘r) =1, asn(‘fy)) = eg‘i)lv X (egr)) - egr)

for any r = 1,2,...,R, i =1,2,...,N with i # n and j = 0,1,...,m" — 1, where the
index is understood modulo m(").

Remark 2.4. It is also obvious that if « is an action of Z" on A with the Rohlin property,
then the action o/ of ZN~1 generated by Oy, Qg ooy Qg
a ZN 1 action.

also has the Rohlin property as

N

3 Cohomology vanishing

Throughout this section, we let A denote a C*-algebra which is isomorphic to Oy. First
we need a technical lemma about homotopies of unitaries.

Lemma 3.1. Let (X,d) be a compact metric space and let z : X — U(AY) be a map.
Suppose that there exists C > 0 such that ||z(z) — z(2')|| < Cd(z,2’) for any x, 2’ € X.
Then, for any separable subset B of A¥, we can find a map z : X x [0,1] — U(A*) such
that the following are satisfied.

(1) For anyz € X, Z(,0) = z(x) and Z(x,1) = 1.

(2) For any z,2’ € X and t,t' € [0,1],
8
1Z(z, t) — 32/, )| < 4Cd(z,z') + g\t — .

(3) For any a € B and (z,t) € X x [0,1], ||[Z(x,t),d]|| < 4||[z(x), d]||

Proof. Since Oy is isomorphic to the infinite tensor product @;°; Oy (see [R2] or [P,
Theorem 3.8]), there exists a unital C*-subalgebra D in A N (BU{z(x) | x € X})' such
that D = Oy. We regard z as a unitary in C'(X) ® A“. By [HR, Lemma 5.1] and its proof
(see also [N2, Lemma 6]), we can find a unitary z € C'(X) ® C([0,1]) ® A such that the
following hold.

e Z(z,0) = z(z) and Z(z,1) =1 for all z € X.
o |Z(x,t) — Z(z, )] < 8%]75 —t| for all z € X and ¢,¢' € [0, 1].

o ||Z(x,t) — Z(2/,t)|| < 4|lz(x) — z(2')] for all z,2’ € X and ¢ € [0, 1].



o ||[Z(z,1),a]|| < 4||[z(z),a]| for all (z,t) € X x [0,1] and a € A.
Then the conclusions follow immediately. O

Let N be a natural number. We denote the {*°-norm on R by |[|-||. We put
E={teRY ||t <1}

and
OF = {t e RN | |it]| = 1}.

Lemma 3.2. Let C' > 0 and let zy : OF — U(A¥) be a map such that ||zo(t) — zo(t')|| <
C||t = t'|| for every t,t' € OE. Then, for any separable subset B of A¥, there exists a map
z: E— U(A®) such that the following hold.

(1) Fort e OF, z(t) = zo(t).

(2) For every t,t' € E, ||z(t) — 2(t')|| < (24C + 167/3)||t — t|.

(3) Foranya € B andt € E, ||[2(t),al]] < 4sup{||[z(s),a]|| | s € OF}.
Proof. Lemma 3.1 applies and yields a map Zp : OF x [0,1] — U(A“). We define z : E —
U(A*) by

0 = {1 if ¢ < 1/2
2(/lel, 200 = J1el) i [Jelf = 1/2.

Conditions (1) and (3) are immediate from the definition.
In order to verify (2), take ¢,t' € E. If ||¢][, [|t’'|| < 1/2, we have nothing to do. Let us
consider the case such that [|t’|| < 1/2 < ||¢||. Since

[t = 1/2 < It = IE']] < It =],
we have

I(2) = 2(¢)1l = Wao(e/ Nl 201 = el = 1]
= ll20(¢/111, 20~ 1)) = Zo(t/1el, 1)
< 21~ i)~

167 ,
< T”t_t I

tl
It remains for us to check the case such that ||¢],|[t’|| > 1/2. Put s = |]’]t|’]’ t. Then

l2(t) — 2 < S 1201~ el — 200~ 7))
< 257 e — e
- 3

< |lt=".
< —le—t|



Besides,

t t/
2(s) — z(t §4C’H—
) = =) < 4C | i~ o

< 240t —t'].
Combining these, we obtain

() = ()| < (24C + 167/3) |t — ']

For each i =1,2,..., N, we let
Ez+ :{(t17t277t]\/) €E|tl:1}

and
Ez_ = {(tl,tz,...,t]\f) ekl ‘ t;, = —1}.

Thus, E;” and E; are (N — 1)-dimensional faces of E. Let 0; : E — E be the map such
that

o; - (tl,tg,...,ti,...,tN) — (tl,tz,...,—ti,...,t]v)
foreach i =1,2,...,N. For k =1,2,..., N — 1, we define E(k) by
E(k) ={(t1,t2,... . tn) € E[#{i | [ti| =1} > N — k}.

In other words, E(k) is the union of k-dimensional faces of E. We have 0F = E(N —1) =
UZJL(E:F UE; ). For each I C {1,2,...,N}, we let

ET(I) = {(t1,t2,...,tn) € E|t; =1 for all i ¢ I}.

Thus, E1(I) is a #I-dimensional face of E and ET(I) N E(#I — 1) is the boundary of
E*(I). We also have E;f = ET({1,2,...,N}\ {i}).

Lemma 3.3. Let a1,a9,...,any be N commuting automorphisms on A¥. Suppose that
there exists a family of unitaries ui,ua, ..., un in A satisfying wio;(u;) = uja;(u;) for
alli,j=1,2,...,N. Let 1 <k < N —2 and C > 0. Suppose that zy : E(k) — U(A*)
satisfies the following.

o 2(1,1,...,1)=1.
e For everyi=1,2,...,N andt € E(k) N E;", 20(0;(t)) = wic;(20(t)).
o For every t,t' € E(k), ||z0(t) — 20(t")|| < C||t — .

Then, for any separable subset B of A“, we can find an extension z : E(k + 1) — U(A¥)
of zo such that the following hold.

(1) For everyi=1,2,...,N andt € E(k+1)NE;", 2(0;(t)) = ujc; (2(t)).

(2) For every t,t' € E(k+1), ||z(t) — z(t)|| < (48C + 327/3)||t — t']|.



(3) Let I be a subset of {1,2,...,N} such that #I = k + 1. For every a € B and
t € EY(I), one has

I[=(t), alll < 4sup{|[lzo(s) alll, llzo(s), 5 (@Il + [[[us, all| | s € EX(I\ {i}),i € I}

Proof. For each I C {1,2,..., N} with #I = k + 1, by using Lemma 3.2, we can extend
20 on ET(I) N E(k) to the map zy : ET(I) — U(A¥) satisfying the following.

e For every t,t' € E1(I), ||z1(t) — 21(t')| < (24C + 167/3)||t — t']].
e For any a € B and t € E1(I), ||[21(t), a]|| < 4sup{||z0(s),a]|| | s € ET(I)N E(k)}.

We define z : E(k + 1) — U(A¥) as follows. First, for t € E1(I), we let z(t) = z1(t).
Then, we can uniquely extend z to E(k + 1) so that z(o;(t)) = u;a;(2(t)) holds for any
i=1,2,...,N and t € E(k +1) N E;", because of the equality w;a;(u;) = uja;(u;). Note
that if ¢, € E(k + 1) lie on the same (k 4 1)-dimensional face of E, then we still have
2(6) — 2(¢)]| < (24C + 167/3)]|t — .

Condition (1) is already achieved. Let us verify (2). Take t = (¢1,t2,...,tn) and
t' = (t},t,,...,ty) in E(k+1). Since any unitaries are within distance two of each other,
we may assume that ||t —¢'|| is less than two. We define s = (s1, $2,...,8n) € E(k+1) by

t; if \ti];éland |t;| #1
S; — ti if ‘tl’ =1
t,if |t = 1.
It is easy to see that ¢ and s lie on the same (k 4 1)-dimensional face of E and that ¢’ and

s lie on the same (k + 1)-dimensional face of E. In addition, both ||t — s|| and ||s —t/|| are
less than ||t — t'||. Tt follows that

12(t) = ()| < [l2(t) — 2(s)|| + [|12(s) — 2()]]
< (24C +167/3)([[t — sl + lIs = t[])
< (48C + 321/3) ||t — t'||,

which ensures condition (2).
Let us consider (3). Take t € E1(I). We already have

Ilz1(t), alll < 4sup{||z0(s), alll | s € E*(I) N E(k)}.

For each s = (s1,82,...,sy) in ET(I) N E(k), there exists i € I such that |s;| = 1. If
si = 1, then s is in BT (I \ {i}). If s; = —1, then s’ = 0;(s) is in E* (I \ {i}) and

thereby completing the proof. O

The following proposition is a crucial tool for cohomology vanishing.



Proposition 3.4. Let aj,as,...,ay € Aut(A%) be N commuting automorphisms on A“.
Suppose that there exists a family of unitaries ui,us, ..., un in A¥ satisfying u;o;(uj) =
ujoj(ug) for alli,j =1,2,...,N. Then, for any separable subset B of A“, we can find a

continuous map z : E — U(AY) such that the following hold.
1) 2(1,1,...,1) = 1.

(1)
(2) For everyi=1,2,...,N and t € E;, 2(04(t)) = uja;(2(t)).
(3) For every t,t’ € E, ||z(t) — z(')|| < 50N ||t — /||

(4)

4) Foranya € B andt e F,
K
N -1
1(z(1), a]|| < 4% sup Y [l [y, (@i - i)~ (@],
k=1
where the supremum is taken over all permutations iy,19,...,1x of elements in

1,2,...,N}.

Proof. Clearly we may assume that B is a;-invariant for every ¢ = 1,2,..., N. By applying
Lemma 3.1 to the case such that X is a singleton, for each ¢ = 1,2,..., N, we obtain a
map z1; from ET({i}) = [0, 1] to U(A¥) satisfying the following.

° ,2171'(0'2‘(1, 1, ey 1)) = U; and 2171'(1, 1, ceey 1) =1.
, s / 8m /
o Forany ¢, € BT ({1}), [l214(t) — z04(t)]| < 5 lt = ¢l

e For any a € B and t € E*({i}), ||[z1,:(t), a]|| < 4||[wi, a]]|.

From these maps z1;’s, by the same argument as in the previous lemma, we can construct
a map 21 : E(1) — U(A¥) such that the following are satisfied.

e Foreveryi=1,2,...,N and t € E*({i}), 21(t) = z1.4(¢).
e Forevery i=1,2,...,N and t € E(1) N E;", z1(0;(t)) = uic;(21(1)).

16
e Forevery t,' € B(1), [la1(t) = 21(¢)]| < -1t =¥

Note that we have used the equality u;a;(uj) = ujo;(u;).
We apply Lemma 3.3 to z; : E(1) — U(A%) and obtain an extension 2o : E(2) — U(AY)
of z; which satisfies the following.

e Forevery i=1,2,...,N and t € E(2) N E;", 2z2(04(t)) = ujo(22(t)).
e For every t,t' € E(2), ||z2(t) — 2o(t')|| < 502||t — /]

e Let I be a subset of {1,2,..., N} such that #I = 2. For every a € B and t € E*(I),
one has

l[z2(t), alll < 4sup{[|[z1(s), alll, llz1(s), o5 (@Il + [[ui, al|| | s € EF(I\ {a}),i € I}



Repeating this argument, we get a map zy_1 from E(N — 1) = 9F to U(AY) satisfying
the following.

e Foreveryi=1,2,...,N and t € E}f, 2ny_1(04(t)) = wicvi(z2n-1(t)).
e For every t,t' € E(N — 1), |lanv_1(t) — 2n_1(¥')|| < 50N =L||t — |

e Let I be a subset of {1,2,..., N} such that #I = N — 1. For every a € B and
t € Et(I), one has

Ilzn—-1(2), d]|
< dsup{lllzn—2(5), ], [llzn—2(5), o5 (@)][| + [[[us, all| | s € E¥(I\ {d}),i € I}

By using Lemma 3.2, we can extend zny_1 to z : B — U(A¥). Then, clearly conditions (2)
and (3) are satisfied. As for condition (4), we have

Iz(2), alll < 4sup{lllzy-1(s),alll | s € E(N = 1)}
< dsup{||[an-1(5), alll, [llzn-1(5), o7 @]l + [[[ws, ]l | s € B, 1 < < N}

for any ¢t € E and a € B. By estimating norms of commutators of zx(s) with elements in
B inductively, we obtain the desired inequality. O

Now we would like to show the cohomology vanishing theorem.

Theorem 3.5. Let o be an action of ZV on A with the Rohlin property and let & be
a perturbed action of a on A¥ by an «a-cocycle in A¥. Let B C A% be an &-invariant
separable subset. Suppose that a family of unitaries {un},czn in A N B is an &-cocycle.
Then, there exists a unitary v € U(AY N B’) such that

Up, = VG, (V)
for each n € Z¥ , that is, {un}nezn is a coboundary.

Proof. Evidently it suffices to show the following: For any € > 0, there exists a unitary
v € U(AY N B’) such that
lug, — vag (V)] <&

for every i = 1,2,...,N. Choose a natural number M so that e(M — 1) > 250",
Since « has the Rohlin property, there exist R € N and mD, m®@ . omB) e ZN with
mM, ... mWB) > (M, M,... M) and which satisfies the requirement in Definition 2.1.

For each r = 1,2,...,Rand ¢ = 1,2,..., N, let my) be the i-th summand of m(").
We put n,.; = mgr)& € Z~. By applying Lemma 3.4 to Qpppyy Qppgy -+ o Qi and unitaries
Uppy gy Unpgs - -+ 5 Un,  iD U(AY N B'), we obtain a map 20 . B — U(A¥ N B) satisfying the
following.

o 20(1,1,...,1)=1.

e Forevery i =1,2,...,N and t € E;", 20 (0;(t)) = um,idnr’i(z(r) (1)).

10



e For every t,t' € E, |20 (t) — 20 (¢)]| < 50Nt —#|.

For each r=1,2,...,R and g = (91,92, -..,9N) € Z,,(»), we define wy) in U(A¥ N B’) by

wlr) = 20 20 g 2 2N )
mY)—l mg)—l m%)—l

It is easily seen that one has the following for any » = 1,2,..., R, ¢« = 1,2,...,N and
g = (917927"'791\7) S Zm(T)'
o If g; # 0, then ngr) — w!(;"_)&H is less than e.

o If g; =0, then wy) is equal to uy, ;dy, ,(

(r) )

wg-i-??r,z‘—&z‘

By Remark 2.2, we can take a family of projections {eg) |r=1,2,...,R, g€ Z,,»} in

A¥ N B’ such that n
S et el =
r=1 geZm(T)

forany r=1,2,...,R,i=1,2,...,N and g € Z,,(r), where g + &; is understood modulo

mZN . Moreover, we may also assume that eér) commutes with u, and a (wér)). Define

veU(AY N B') by

R
U:Z Z ugdg(wg"))eg).

r=1 gEZm<T)
It is now routinely checked that |lug, —vég, (v*)| is less than € for each i = 1,2,...,N. O

The following corollary is an immediate consequence of the theorem above and we omit
the proof.

Corollary 3.6. Let o be an action of Z on A with the Rohlin property. For any e > 0
and a finite subset F of A, there exist § > 0 and a finite subset G of A such that the
following holds: If a family of unitaries {un},ezn in A is an a-cocycle satisfying

H[ufiva]H <4
for everyi=1,2,...,N and a € G, then we can find a unitary v € U(A) satisfying
lug, —vag (V)] < e

and
[[v,alll <&

foreachi=1,2,...,N and a € F. Furthermore, if F is an empty set, then we can take
an empty set for G.
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4 Rohlin type theorem

Throughout this section, we let A denote a unital C*-algebra which is isomorphic to O,.
In this section, we would like to show the Rohlin type theorem for Z"-actions on A by
combining techniques developed in [N1] and [N2].

Lemma 4.1. Let o be an outer action of ZV on A. Then, for any m € NV and a non-
zero projection p € A, = AY N A’, there exists a non-zero projection e in pAyp such that

eag(e) =0 for all g € Zpy, \ {0}.

Proof. We can prove this lemma exactly in the same way as [N2, Lemma 3]. See also [N2,
Lemma 2. O
The following lemma is a generalization of [[<2, Lemma 3.5].

Lemma 4.2. Let a be an action of ZVN on A with the Rohlin property. Suppose that
one has two non-zero projections e, f € A, satisfying o, (e) = e and an(f) = f for any
n € ZN. Then, there exists w € A, such that w*w = e, ww* = f and ap(w) = w for all
neZl.

Proof. To simplify notation, we denote ag, by «;. Since A, is purely infinite simple
and Ky(A,) = 0, there exists a partial isometry u € A, such that v*u = e, uu* = f.
Put u; = u*a;(u) + 1 —e. It is straightforward to verify w;a;(uj) = uja;(u;) for all
i,7=1,2,...,N. Thus, the family {u;} is an a-cocycle in A,. Clearly u; commutes with
e. By Theorem 3.5, we can find a unitary v € A, such that [v,e] = 0 and u; = va;(v*).
Then w = wv satisfies the requirements. O

We also have an approximate version of the lemma above.

Lemma 4.3. Let « be an action of ZN on A with the Rohlin property. For anye > 0 and
a finite subset F of A, there exist § > 0 and a finite subset G of A such that the following
holds: Suppose that e and f are two non-zero projections in A satisfying

fe;alll <o, [Ilf,alll <6 foralacg

and
lag,(e) —ell <0, |lag,(f) — fll <& foreachi=1,2,... N.

Then, we can find a partial isometry v € A such that v'v = e, vv* = f and

|[v,a]l| <e forallae F

and
lag,(v) —v|| <e  foreachi=1,2,...,N.

Proof. This immediately follows from the lemma above. O

Next, we have to recall a technical result about almost cyclic projections.
Suppose that we are given € > 0 and n € N. Choose a natural number k € N so that
2/ Vk < e. Let a be an automorphism on A and let p be a projection of A which satisfies

12



pai(p) =0 for all i = 1,2,...,nk. Furthermore, let v € A be a partial isometry such that
v*v = p and vv* = a(p). Define

atw)at "t (v) ...l (v) ifi>y
E;j=q o' (p) if i =j
o (v)a ().l HvY)  ifi<

for each 4,5 = 0,1,...,nk. Then we can easily see that {F; ;} is a system of matrix units
and o(E; j) = Eiy1j41 for any 4,5 =0,1,...,nk — 1. We let

1 k—1
[ = % }E:-Ehhnj

i,j=0
and '
ei =o' (f)

foralli =0,1,...,n— 1. Then {e;} is an orthogonal family of projections in A satisfying

nk—1

eoter+--t+ep1 < Z Ei;

i=0

and

2
lleo — alen—1)]| < —= < e.

Vk

Moreover, this argument applies to the case that p is almost orthogonal to a(p). Thus,
for any € > 0, there exists a small positive constant ¢(e, n, k) such that the following holds:
if [|[pa’(p)|| < c(e,n, k) for all i = 1,2,...,nk, then we can find a projection ey such that

<e€

nk—1
(eo + afeg) + -+ a"_l(eo)) (1 — Z EH>
i=0

and 9
lleo — a"(eo)|| < —= < e.

Vk

Using these estimates, we can prove the next lemma.

Lemma 4.4. Let o be an outer action of ZN on A. Suppose that the action of of ZN =1
generated by ag,, g, ..., ¢y has the Rohlin property. Then, for anyn € N, e > 0 and a
finite subset F of A, there exist m € NV, § > 0 and a finite subset G of A satisfying the
following: If a non-zero projection p in A satisfies

lpag(p)ll <0  for each g € Zy, \ {0}

and
I[eg(p),all| <&  forallg € Zy, and a € G,

then there exists a mon-zero projection e in A such that

13



(1) e +ag(e)+-+az (@) (1= Zyez, a0 <.
(2) lllef, (e),all| < e forall j=0,1,....,n—1 and a € F.
(3) ||ag,(e) —e|| <€ for eachi=2,3,...,N.

(4) [log, (e) —ell <e.

Proof. We prove the lemma by induction on N. When N = 1, the assertion follows

immediately from [N2, Lemma 4] and its proof. Suppose that the case of N — 1 has been
shown. We would like to consider the case of Z"-actions. To simplify notation, we denote
ag, by a;.

We are given n € N, ¢ > 0 and a finite subset F of A. We choose k € N so that
2/ Vk < . We will eventually find a projection ¢ and a partial isometry v € A such that
viu = ¢, vw* = a1(q) and |lqa’(q)|| < c(e/2,n,k) for all j = 0,1,...,nk. Then, by the
above mentioned technique, we will construct a projection e satisfying

nk—1

(e+ai(e)+-+al(e) [ 1= o) || <e/2
j=0

and 5
le —af(e)]] < —= < e.

Vi

In this construction, we can find &’ > 0 and a finite subset F’ of A such that the following
hold: If the projection ¢ and the partial isometry v satisfy

g, alll <€, ||[v,a]ll <& forallaeF
and
lei(q) —qll <€, |lai(v) —v|| <& foreachi=2,3,...,N,

then the obtained projection e satisfies conditions (2) and (3).
By applying Lemma 4.3 to the action o of ZVN~1, &/ > 0 and F’, we get £’ > 0 and a
finite subset F” of A. We may assume that ¢” is smaller than

L ce/2n k) e
mln{s, 3 Ik

and that F” contains F’. By using the induction hypothesis for the action o/ of ZN~1,
n=1,¢">0and F'Ua; ' (F") (see Remark 2.4), we have m’ € NV=1 § > 0 and a finite
subset G. We define m € NY by m = (nk,m’).

In order to show that these items meet the requirements, let p be a projection in A
such that

Ipag(p)ll <5 for each g € Zy, \ 0}

and
I[eg(p),all| <6 forall g€ Zy and a €G.

Then there exists a projection ¢ in A which satisfies the following.

14



’q(l -2 ozg(p))H < &”, where the summation runs over all g = (g1,92,...,9N) €
Ly, with g1 = 0.

e ||[p,d]|| < €&” and ||[a1(p),a]|| < " for all a € F".
o ||ai(p) —p|| <€” foreach i =2,3,...,N.

In addition, by taking 4 sufficiently small, we may assume that the first condition above
implies [|ga](q)]| < ¢(/2,n,k) for all j = 1,2,...,nk. From Lemma 4.3, there exists a
partial isometry v such that v*v = ¢, vv* = a;(gq) and

I[v,a]]| <& forallae F

and
|la;(v) — || <& foreachi=2,3,..., N.

Then, by the choice of ¢ > 0 and F’, the desired projection e is obtained. ]
By using the lemma above, we can show the following.

Lemma 4.5. Let a be an outer action of ZV on A. Suppose that the action o of ZN—1

generated by ag,, e, ..., ¢y has the Rohlin property. Then, for any n € N, there exist
non-zero mutually orthogonal projections eg,e1,...,en_1 in A, = A N A" such that

ag,(ej) = e;

foreachi=2,3,....N and j=0,1,...,n—1, and

ag (€j) = €j41
for each j =0,1,...,n— 1, where the addition is understood modulo n.

Proof. 1t suffices to show the following. For any n € N, ¢ > 0 and a finite subset F of
A, there exist non-zero almost mutually orthogonal projections eg,eq,...,e,_1 in A such
that the following are satisfied.

e ||lej,a]|| <eforany j=0,1,...,n—1and a € F.
o |lag (ej) —ej]| <eforeachi=2,3,...,Nand j=0,1,...,n—1.

o |lag, (ej) —ej1]| < e for each j = 0,1,...,n — 1, where the addition is understood
modulo n.

Lemma 4.4 applies ton € N, ¢ > 0 and F C A and yields m € NV, § > 0 and a finite
subset G of A. From Lemma 4.1, there exists a non-zero projection p in A such that
lpag(p)]| < 6 for all g € Zy, \ {0} and ||[ag(p),al|| < § for all g € Z,, and a € G. Then, by
Lemma 4.4, we can find desired projections. O

The following lemma is an easy exercise and we omit the proof.
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Lemma 4.6. For any M € N and € > 0, there exists a natural number L € N such that
the following holds. If u,u’ are two unitaries in the matriz algebra Mpyr41(C) satisfying

27y —1j
Sp(u)z{l}u{exp7rL]M‘7 |j:0,1,...,LM—1}

and

21/ —17

(L-1)M
{ 2w/ =17

usexp ——

j:O,l,...,(L—l)M—l}

i=0.1,....M
P |j=0,1,..., }

with multiplicity, then there exists a unitary w in Mpyr4+1(C) such that
|wuw* —u'|| < e.
Now we can prove the Rohlin type theorem for Z"-actions on the Cuntz algebra Os.

Theorem 4.7. Let A be a unital C*-algebra which is isomorphic to Oy and let @ be an
action of ZN on A. Then the following are equivalent.

(1) « is an outer action.
(2) « has the Rohlin property.

Proof. Tt is obvious that (2) implies (1). The implication from (1) to (2) is shown by
induction on N. When N = 1, the conclusion follows from [I<2, Theorem 3.1]. We assume
that the assertion has been shown for N — 1. Let us consider the case of Z"-actions. To
simplify notation, we denote ag, by «;.

It suffices to show the following (see Remark 2.3): For any M € N and ¢ > 0, there
exist projections pg, p1,...,pm—1 and qo, q1,...,qm in A, such that the following hold.

o S+ e =1

e oi(p;) =pj; and a;(g;) =g for each i =2,3,...,N and j =0,1,...,M — 1.

o ||a1(pj) — pj+1]] < e foreach j =0,1,...,M — 1, where pys is understood as po.
o |[ai(gj) — gj+1]| <€ for each j =0,1,..., M, where gpr41 is understood as qo.

Let o be the action of ZV~! generated by as,as,...,ayn. By the induction hypothesis,
o’ has the Rohlin property. We are given M € N and € > 0. By applying Lemma 4.6, we
obtain a natural number L € N. Let K be a very large natural number. By Lemma 4.5,
we can find non-zero projections eg,eq,...,erp—1 in A, such that

ailej) = e;
foreachi=2,3,...,Nand j=0,1,...,LM — 1, and
ai(ej) = ej1
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for each j = 0,1,..., LM — 1, where the addition is understood modulo LM. Set e =
Z]Li%*l ej. If e =1, we have nothing to do, so we assume e # 1.

Take €9 > 0 and a finite subset Fy of A arbitrarily. By using Lemma 4.4 for o/,
n =1, g and Fy, we get m’ € N¥=1 § > 0 and a finite subset G. Define m € NV by
m = (KLM,m'). By Lemma 4.1, we can find a non-zero projection p in egA,eq such that
pog(p) = 0 for all g € Z,, \ {0}. Then, by applying Lemma 4.4 to each coordinate of a
representing sequence of p in />°(N, A), we can construct a non-zero projection f in A“

satisfying the following.

o [|f(1=>_, ag(p))| < eo, where the summation runs over all g = (g1, 92, ..., gN) € Zm
with g1 = 0.

o ||[f,a]]l <eo for all a € Fy.
o |[a;i(f) — fll <eo foreachi=2,3,..., N.

Notice that, from the first condition, one has || f(1 —eg)|| < €9 and ||fa{(f)|| < 2¢eq for all
i=1,2,...,KLM — 1. Since ¢y > 0 and Fy were arbitrary, by the reindexation trick, we
may assume that there exists a non-zero projection f € A, such that f < e,

ai(f)y=f foreachi=23,...,N
and '
fad(f)=0 foreachj=1,2,...,KLM — 1.

By applying Lemma 4.2 to o/, 1 — e and f (note that o’ has the Rohlin property), we
obtain a partial isometry v € A, such that v*v = 1 — e, vo* = f and a;(v) = v for all
1=2,3,...,N. We let
=
kLM
w=—= « V).
\/F kgo 1 ( )
Then, w is a partial isometry in A, satisfying w*w = 1 — e and ww* < ey. In addition,
ai(w) =w for all i =2,3,..., N and ||ofM(w) — w| < 2/VK.
We consider a C*-subalgebra D of A, defined by

D = C*(w, a1 (w), . .., oM~ (w)).

It is easy to see that D is isomorphic to the matrix algebra My r4+1(C) and its unit is

LM—-1

Ip=1—e+ww* +aj(ww*)+---+aj (ww*).

By choosing K so large, we may assume that there exists a unitary

1
0 0 1
10 0

u=| 01
: 0 1 00

0 1 0]
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in D such that
a1 (z) — uzu™| < eflz||

for all x € D. By the choice of L, we can find a unitary «’ in D such that

Sp(u'):{expmij,l,...,(L—l)M—l}

2y —1j
U{exp;\rij:O,l,...,M}

and |lu — /| < e. It follows that there exist non-zero mutually orthogonal projections
D0, P1s - - -y PM—1540, 91, - - - »qpr in D satisfying the following.

° Z] o' D) +ij‘io%‘ = 1p.

e o;(pj) =pj and oy(q;) = gj foreachi=2,3,...,Nand j=0,1,...,M — 1.

e ||a1(pj) — pj+1]l < 3e for each j =0,1,..., M — 1, where pjs is understood as po.
e ||a1(gj) — gj+1]] < 3e for each j =0,1,..., M, where gp41 is understood as qo.

Finally, we define projections p} in A, by

L—1
IM+j5 *
+ E <61M+j —af 7 (ww )) .
1=0

Then, we can check
M-

,_.

=0

.

foralli=2,3,...,Nand j=0,1,...,M — 1 and
loa(sh) ~ Pyl < 3¢ + =
alpj pj+1 € \/E

for each j = 0,1,..., M — 1, where p, is understood as p{,. This completes the proof. [

5 Classification

In this section, we would like to prove our main result Theorem 5.2 by using the Evans-
Kishimoto intertwining argument ([I/1<]).

Lemma 5.1. Let A be a unital C*-algebra which is isomorphic to Oy and let o and (3 be
actions of ZN on Oy. When « has the Rohlin property, we have the following.

(1) There exists an a-cocycle {uy }n in A such that B,(a) = Aduyoay(a) for alln € ZN
and a € A.
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(2) For any e >0 and a finite subset F of A, there exists an a-cocycle {up}rn in A such
that

||/8£1(a) - Adu& OO‘&'(a)H <é
foreachi=1,2,...,N and a € F.

Proof. To simplify notation, we denote ag,, B¢, by «;, 3.

(1). We prove this by induction on N. When N = 1, the assertion is clearly true,
because aj, 51 € Aut(A) are approximately unitarily equivalent ([R1, Theorem 3.6]).
Suppose that the assertion for N — 1 has been shown. Let us consider the case of ZN-
actions. Let o/ be the action of ZV¥~! on A generated by a9, as,...,ay. By using the
induction hypothesis to o, we can find unitaries usg, us, ..., uy in A“ such that

Bi(a) = Ad u; o aj(a)

and

ujovi(uj) = ujou(u;)
for all 4,57 = 2,3,...,N and a € A. Since two automorphisms a; and (1 on A are
approximately unitarily equivalent, there exists a unitary u € A“ such that

B1(a) = Aduo ai(a)
for all a € A. For i =2,3,...,N, we define x; € A“ by
x; = uoy (u;) (o (w))™.

It is easy to see that x; belongs to U(A,). Let & be the perturbed action of o’ by the
a/-cocycle {ug,us,...,un}. Then, we can verify, for every i,5 =2,3,..., N,

(wi)avi(w) " avi (ua (ug) g (u) u)
(u)ovi (o (ug) o (u) wf)ug

= wa (wioy (ug)) oy (o (w)™) (wic (uj))*
( ))ex

= wa (uja(u)) oy (o (u) ) (wjo(ug)”

and so the family of unitaries {x9,x3,...,2x} is a a-cocycle on A,. It follows from
Theorem 3.5 that there exists a unitary v € A, such that

x; = vay (V")
foralli=2,3,...,N. Put u; = v*u. It can be easily checked that
ﬁl(a) = Ad U1 © a1 (a)

for all a € A and
uran (u;) = uiog(uq)

for each i = 2,3,..., N. Therefore, the family of unitaries {u1,us,...,uy} induces the
desired a-cocycle in A%.
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(2). From (1), there exists an a-cocycle {uy}, in A“ such that
Bn(a) = Ad uy, o ap(a)

for all n € ZN and a € A. It follows from Theorem 3.5 that there exists a unitary v € A
such that
Up = Vo, (V)

for every n € ZV. Hence, for any € > 0 and a finite subset F of A, we can find a unitary
w in A such that
18i(a) — Ad(va;(v?)) o ai(a)]| <&

for every : = 1,2,...,N and a € F. Therefore, {va, (v*)}, is the desired a-cocycle. [

Now we are ready to give a proof for our main theorem. We make use of the Evans-
Kishimoto intertwining argument ([FI<, Theorem 4.1]). See also [N2, Theorem 5] or [I2,
Theorem 3.5].

Theorem 5.2. Let a and 3 be two outer actions on the Cuntz algebra Q. Then, they
are cocycle conjugate to each other.

Proof. We denote the Cuntz algebra Oy by A. Set S = {£1,&,...,6n} C ZV. Note that,
by Theorem 4.7, both « and 3 have the Rohlin property. We choose an increasing family
of finite subsets Fi, Fa,... of A whose union is dense in A. Put a® = « and ' = 5. We
will construct ZV-actions o?f and $?**1 on A, cocycles {uk}, ez~ in A and unitaries vy,
in A inductively.

Applying Corollary 3.6 to 8, 271 > 0 and Fj, we obtain §; > 0 and a finite subset G;
of A. We let

g1 = J BLG) uF.
geSs

0

By Lemma 5.1 (2), there exists an a’-cocycle {ud}, in A such that

0
184(a) = Adug o ag(a)]l < (5.1)

for every g € S and a € G}. Let a? be the perturbed action of a® by the a’-cocycle {u },.
By using Corollary 3.6 for a and u°, we can find a unitary vg in A such that

Hug — vgag(vo)*H <1

for each g € S.
Applying Corollary 3.6 to o, 272 and

fé = FyUAd ’U()(fg),

we obtain do > 0 and a finite subset Go of A. We may assume that §o is less than §; and
272, We let

Gy = J a2y(G2) U | BLy(G1) U Fo.

geSs ges

20



By Lemma 5.1 (2), there exists an 3'-cocycle {u.}, in A such that

||Adu;oﬁé(a) —aﬁ(a)” < 5} (5.2)
for every g € S and a € Gj. Let 32 be the perturbed action of 8! by the 3'-cocycle {ul},.
From (5.1) and (5.2), one has

g, alll < &1

for every g € S and a € G;. By using Corollary 3.6 for 3! and !, we can find a unitary
v1 in A such that
g — 018y (1) < 27

and
I[v1,a]l| <27

for each g € S and a € F;.
Applying Corollary 3.6 to 53, 273 > 0 and

Fiy = F3UAd v (F3),

we obtain d3 > 0 and a finite subset Gz of A. We may assume that d3 is less than o and
273, We let
G5 = J B24(Gs) U [ a24(Ga) U Fs.
ges geSs

2

By Lemma 5.1 (2), there exists an a?-cocycle {u2}, in A such that

5
155 (a) — Adug o af(a)| < 5 (5.3)

for every g € S and a € Gj. Let a? be the perturbed action of o by the a?-cocycle {u2},,.
From (5.2) and (5.3), one has
g, alll < &

for every g € S and a € Gy. By using Corollary 3.6 for o and w2, we can find a unitary
v9 in A such that
||ué2, — UQO[?](’UQ)*H <272

and
vz, a]l| < 272
for each g € S and a € F.
Applying Corollary 3.6 to a?, 274 and
Fiy = Fy U Ad(vovo)(Fy),

we obtain d4 > 0 and a finite subset G4 of A. We may assume that d4 is less than d3 and
24 We let

1= |J aty(Gn) Ul B2,4(G3) U Fu.

ges ges
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By Lemma 5.1 (2), there exists an (33-cocycle {u2},, in A such that

1Adug o 55(a) = agla)]l < o (5.4)

for every g € S and a € G). Let 3° be the perturbed action of 32 by the 33-cocycle {u3 },.
From (5.3) and (5.4), one has
g, alll < d3

for every g € S and a € G3. By using Corollary 3.6 for 3% and u3, we can find a unitary
vg in A such that
lug — w38y (vs)*|| < 27°

and
[vs, a]|| <27

for each g € S and a € Fj.
Repeating this argument, we obtain a sequence of ZV-actions a?, 5!, a2, 33, ..., cocy-
cles {u®},, {uL},, ... and unitaries vg,v1,. ... Define o9 and gopyq by

oor = Ad(varvar—2 - . . Vo)
and

ook+1 = Ad(vopq1vop—1 ... v1).

Since we have
[o a]|| < 27%

and
[ve, or—2(a)]|| < 27F

for any a € Fi , we can conclude that there exist automorphisms vy and 7; such that

Y0 = lim oy
k—o0

and
m= klgalo O2k+1
in the point-norm topology (see [[2, Lemma 3.4]).
Define wgk, wgk‘H € U(A) by

wgk = ngagk(vgk>’l);k

and
T B e

for every k = 0,1,2,... and g € S. Then ||w§ — 1| is less than 27%. Furthermore, we
define @’5 € U(A) by

{Eg = wg, @; = w;
and

wy = w?vmﬂf‘%*



inductively. We would like to see that {@gk}k converges to a unitary for each g € S. From

f@zk = wgk . Ad(vgk)(wgkd) 'Ad(vgkvgk,g)(wgk*‘l) ----- Ad(vorvog—2 . .. Ug)(wg),

we get,

—1,~% _
Uzkl(w2 )= 021372(“’

k— — k— —
; 2 2) o 1 2 4) ..... O_Ol(wO)'

9 - Oop—a(Wg
It follows from ngk —1]| < 47" that the right hand side converges. Hence @gk converges
to a unitary Wg0 in A, because o9 converges to . Likewise, @3’”1 also converges to
a unitary ng in A. We can also check that the unitaries {fﬁgk}g are a cocycle for the
ZN-action g 0 a0 a;kl and that the unitaries {@gkﬂ}g are a cocycle for the Z"-action
ookt 0 B0 02_k1+1. In addition, we can verify

~2k -1 __  2k+2
Ad(wg ) 0 09 0 Qg 00y, = ag

and

B2k+3

~2k+1 —1
Ad(ty" ) 0 k110 By 0 oy = B

Since
824 (a) = 2++2(a) | < 2723

for all a € Fopyo, we obtain
Adeloyloﬁgoyl_l :AdW;oyooagOfyo_l

for every g € S. Furthermore, {W;}g is a cocycle for the ZN-action ypoaor, ! and { ng g

is a cocycle for the ZN-action 71 o 8 o v 1 Therefore, we can conclude that o and 3 are
cocycle conjugate to each other. ]

Remark 5.3. From Theorem 5.2 and Theorem 3.5, one can actually show the following:
Let « and 3 be outer actions of Z on Oy. For any € > 0, there exist v € Aut(0;) and
an a-cocycle {uy,},cz~ such that

Aduy o ay(a) =vy008,0 ’7_1(a)7

lug, = 1] <e

foranyn € ZV, a € Aandi=1,2,...,N.
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