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Goal

Goal

Classify outer actions of poly-Z groups on Kirchberg algebras
up to K K-trivial cocycle conjugacy (as much as possible).

e A (C*-algebra A is called a Kirchberg algebra if A is separable,
nuclear, simple and purely infinite.

e A poly-Z group is a group of the form
((ZXZ)x...)XZ)xZ.

e o, : G~ A are said to be K K-trivially cocycle conjugate
if 3 a-cocycle (ug)y, 3 6 € Aut(A) such that
KK(0)=1and Adugoa, =6003,06071 holds for all g € G.



Overview

v @ Conjecture and partial answers
v/ @ Equivariant version of Nakamura's theorem
v @ Uniqueness of outer G-actions on O
v @ Absorption of outer G-actions on O
® Stability

® Classification



Stability
Theorem (poly-Z stability)

Let o : G ~ A be an action of a poly-Z group G on a unital
separable C*-algebra A, which accepts (Ouo, ).

Let I C A be an ideal. Suppose that a family (x4)g4cc of
continuous maps from [0, 1] x [0, 00) to U(I) satisfies

24(0,8) =1, tlgrol%rg[gf]ll[ﬂfg(s,t),a]l\ =0 VgeG, a€ A4,

Jim srg[gﬁ]l\wg(s,t)ag(xh(s,t)) —zgn(s,t)| =0 Vg,heG.

Then there exists a continuous map y : [0,00) — U(I) such that

lim |[[y(t), )l =0 Va € 4,

t—o0

Jim 24(1,6) = (g (y(t))] =0 Vg€ G,
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Cocycle actions (1/2)

Let A be a unital C*-algebra and let G be a group.
A pair (o, u) of a map a : G — Aut(A) and
amapu:G x G — U(A) is called a cocycle action of G on A if
agoap =Adu(g,h) o ag,
and
U(g, h)u(gh7 k) = ag(“’(ha k'))u(.% hk)
hold for any g, h,k € G. We write (a,u) : G ~ A.
We always assume ay = id, u(g,1) = u(1l,g) = 1 for all g € G.

When ay is not inner for any g € G\ {1},
(cv,u) is said to be outer.

When u =1, a: G ~ A is a genuine action.
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Cocycle actions (2/2)

Two cocycle actions (o, u) : G ~ A and (5,v) : G ~ B are said
to be cocycle conjugate if there exist a family of unitaries (wg)4ec
in B and an isomorphism 6 : A — B such that

Hoagoﬁ_l = Adwg o fy
and
0(u(g, h)) = wyBy(wn)v(g, h)wyy,
hold for every g, h € G.
Our eventual goal is

e to classify («,u) up to (K K-trivial) cocycle conjugacy and

e to determine when (o, u) is cocycle conjugate to a genuine
action.

6
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Stability

Let G be a poly-Z group and fix a finite generating set S C G.
Let 8 : G ~ O be an outer action.

Theorem (H?-stability)
For any € > 0, there exists § > 0 such that the following holds:

Let (o,w) : G ~ A be a cocycle action which accepts (Ow, 3).

If |w(g,h) —1|| < 6 for all g,h € S, then there exist unitaries
(vg)g in A such that |lvy — 1|| < € for all g € S and

UJ(g, h) = Ug(vlt)v;vgh v97 h € Gv

that is, w is a coboundary.

We can prove H '-stability and H*-stability by induction on the

Hirsch length:
H?-stability for G = H'-stability for G

=  HZstability for G xZ = H'-stabilityfor GXZ = ...
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Conjecture

Let us recall our conjecture.

Conjecture (lzumi 2010)

Let A be a unital Kirchberg algebra and let G be a poly-Z group.
Let «: G~ A and B : G ~ A be outer actions.
The following are equivalent.
@ o« and [ are K K-trivially cocycle conjugate.
® There exists a base point preserving isomorphism
between Py and Pj.

The second condition is equivalent to the following:
there exists a continuous map ® : EG — Aut(A ® K)o
such that ®(zp) = id and ®(g.7) o ag = B o ®(x).
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Intertwining argument

For a poly-Z group G, we let u& : G ~ Oy be an outer action.

Theorem (Intertwining argument)

Let G be a poly-7Z. group and let A be a unital separable
C*-algebra. Let (a,u) : G ~ A and (B,v) : G ~ A be cocycle
actions which accept (Ouo, n%).

Suppose that there exists a family (x4), of unitaries in A° such that

(Adzgoay)(a) = By(a) Vae A,

zgog(@p)u(g, h)zg, = v(g,h) Vg,h€G.

Then (c,u) and (8,v) are cocycle conjugate via an asymptotically
inner automorphism.

v
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Asymptotically representable actions
As an immediate corollary, we get the following.
Theorem (Izumi-M)

Let A be a unital Kirchberg algebra and let G be a poly-Z, group.
All asymptotically representable outer actions of G on A are
mutually K K -trivially cocycle conjugate.

Proof.

Let o : G ~ A be an asymptotically representable outer action.
By definition, there exist z4 : [0,00) — U(A) (g € G) such that

zg(t)xn(t) — xgn(t) = 0, x4(t) a z4(t)" — ay(a).

Let u% : G ~ Oc be an outer action. Then (z, ® 1)gec is
thought of as a family of unitaries in (A ® Os)°. Thanks to the
previous theorem, we can conclude that o ® u& is K K-trivially
cocycle conjugate to id @u&. O

v
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Obstruction (1/4)

Let o, 8 : G ~ A be outer actions of a poly-Z group G on a unital
Kirchberg algebra A such that KK (ay) = KK (B,) for all g € G.

For each g € G, there exists u, : [0,00) — U(A) such that
Adug(t) oag — By as t — 0o. Then the unitaries

w(g, h) = ugag(un)ugy

belong to A, = A’ N A’. Define o, € Aut(4,) by o, = Adu, oy
for each g € G. Then it is easy to check that (o, w) is a cocycle
action of GG on A,.

Lemma

If w is a coboundary, o and 8 are K K -trivially cocycle conjugate.

Proof.
If 3 vg € U(A;) such that w(g, h) = vg04(vs)vy 1, then (vgug)g is
an a-cocycle satisfying (Advgug 0 ag)(a) = B4(a) fora e A. [

v
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Obstruction (2/4)

For outer actions o, 8 : G ~ A satisfying KK (o) = KK (8y),
we have chosen u, € A” so that (Aduy o ay)|A = By|A and
defined a cocycle action (o, w) : G ~ A, by

0g = (Adugoay)|4,, w(g,h)= Ugag(uh)uzh'

We denote the cohomology class of the 2-cocycle

o*(a, B) € H*(G, K1(4,)) = H*(G,KK'(A, A)),

which does not depend on the choice of (ug),.
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Obstruction (3/4)

Suppose 0%(a, ) = 0.

By replacing (ug)q if necessary, we may assume Ki(w(g,h)) =0
forall g,h € G.

Choose a continuous path @w(g,h) : [0,1] — U(A;) from 1 to
w(g,h). Then

og(w(h, k))w(g, hk) (d(g, h)w(gh, k)" g.h.k € G
are unitaries in S(A;), and their K;-classes form a 3-cocycle in
K1(5(4)) = Ko(45).

We denote its cohomology class by

o¥(a. B,u) € HY(G, Ko(A,)) = HY(G, KK (A, A)),

which does not depend on the choice of the path (w(g,h))g.n,
but may (a priori) depend on the choice of (u,), C U(A).
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Obstruction (4/4)

For a,B: G ~ A,
o if KK(ag) = KK(B,), then 0*(a, 8) € H*(G, KK*(A, A))
is defined,
o if 0*(a, B) = 0, then 03(a, B,u) € H3(G, KK (A, A)) is
defined.

Lemma

If there exists a base point preserving isomorphism
between Pg, and Py, then KK (ay) = KK (), 0*(a, ) = 0
and o*(a, B,u) = 0 for some (uy),.
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Hirsch length two (1/2)

Let G be a poly-Z group with Hirsch length two and
let a,, B : G ~ A be outer actions on a unital Kirchberg algebra.
Assume KK (a,) = KK(j,) and 0*(a, 8) = 0.

We want to show that « and 8 are K K-trivially cocycle conjugate.

Let 0y = Adug 0 g € Aut(A,) and w(g, h) € U(A,) be as before.

By replacing (ug)y, we may assume Ki(w(g,h)) =0 Vg,h € G.
Let G = N x (§). By assumption, N is Z, and so we may assume
that o|N is a genuine action. Then, there exists a o|N-cocycle
(vg)g in A, such that

O¢ 0 Og—1g¢ oag1 =Advgoo, VgeEN,

and Ki(vg) = 0. Since N = Z, the | N-cocycle (vy), can be
approximated by coboundaries. By the H2-stability, we can
conclude that the 2-cocycle w is a coboundary.

Then, by the lemma mentioned before, o and 3 are K K-trivially
cocycle conjugate.

16
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Hirsch length two (2/2)

Theorem (lzumi-M)
The conjecture is true for any poly-7Z. group with Hirsch length two.

Example

Let A be the Cuntz algebra O,,. Then KK'(A, A) = Z,, .
e When G = Z2, H*(Z?,Z—1) = Zy—1, and so there exist n—1
outer actions Z? ~ O,, up to K K-trivial cocycle conjugacy.
e When G = (a,b | bab=a" '), H* (G, Zp_1) = L1 @ Za,
and so

1 ne2N

ter actions G ~ Op}/ ~) =
#({ou er actions G }/ ) {2 n € 2N+1.
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Hirsch length three (1/2)

Now, let us consider a poly-Z group G with Hirsch length three.
Let o, B : G ~ A be outer actions on a unital Kirchberg algebra.
Assume KK (ay) = KK(f,), 0*(a, 8) = 0 and

03(av, B,u) = 0 for some (ug),.

We want to show that « and 8 are K K-trivially cocycle conjugate.

Let oy = Adug 0 ay € Aut(A,) and w(g, h) € U(A,) be as before.

By replacing (ug)y, we may assume Kq(w(g,h)) =0 Vg, h € G.
Let w(g,h) : [0,1] — U(A,) be a path from 1 to w(g, h). Since
0*(a, B,u) = 0, we may assume that the loop

oq(w(h, k))d(g, hk) (d(g, h)d(gh, k))*

in U(Ay) is homotopic to 1 for every g, h,k € G. Let G =N x (£). By
assumption, N is a poly-Z group with Hirsch length two. As Ki(w(g,h)) =0,
we may assume that |V is a genuine action. Moreover, ......... SO, wis a CObOUndary l
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Hirsch length three (2/2)
Theorem (Izumi-M)

The conjecture is true for any poly-Z group with Hirsch length
three.

Let G be a poly-Z group with Hirsch length three.
Example
Let A be O,,. Then KK*(A, A) & Z,_4 fori=0,1, and

{outer actions G ~ A}/ ~ = H*(G,KK'(A,A)).

Example

Let A be the Cuntz standard form of ,,. Then, there exists a
natural bijection between the set of K K-trivial cocycle conjugacy
classes of outer actions e : G ~ A such that KK (ay) =1 and

H*(G,KK'(A,A))® H3(G,KK(A, A)).

v
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