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81. Introduction.

An algebraic curve C in an algebraic manifold X is called exceptional or contractible, if
there exists a birational projective morphism ¢: X — Y whose exceptional set is C, here Y may
be an algebraic space or an analytic space. The morphism ¢ is called a small contraction, and
the singularity (¢(X), p(C)) is called a small singularity, if dim X = 3.

When X is an algebraic surface, C' is exceptional if and only if its normal bundle N¢,/x is
negative. We consider the case dim X > 3. Grauert has shown that if N/ x is negative, then C
is exceptional. But we know many exceptional curves whose normal bundles are not negative.
In the case dim X = 3, the author and Nakayama have proved the following: (See [1], [2] and
(14])

Theorem 1.1. If C is an exceptional rational curve, then its normal bundle N¢/x =
Oc(a) ® Oc(b) (assume a < b) satisfies a + 2b < 0 and (a,b) # (—1,0). Conversely, for every
pair of integers (a,b) which satisfies the above conditions, we can construct such exceptional

rational curves.

In this paper, we aim to generalize the above theorem to the higher dimensional case. Our

results are the following:

Theorem 1.2. Let C be a smooth exceptional curve of genus g, and let M be a subbundle
of N¢,x of the maximal degree. Put b = degM and a = deg No,x —degM. Then a +2b <0

and a +b < 0. Moreover if g=0, thena+b< —n + 1.

A

Theorem 1.3. If (dy, - -+, d,,—1) are integers such that dy < -+- S dp <0< dpyg S -+

dp—1 and that (dy +---+dp) + 2(dp41 + -+ + dn—1) £ —n+ 1. Then we can construct an
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T. Anxpo: Normal bundle of Exceptional curve

exceptional smooth rational curve C' whose normal bundle is Noyx = Oc(d1)®---®O0¢(dn—1).

In the case of surfaces, the singularity obtained by contracting a rational curve is at worst
a rational singularity. This is no longer true if dim X = 3. Related to this, the following facts
are known.

(1) (Laufer[10]) A small singularity obtained by contracting a smooth rational curve whose
normal bundle is semi-negative (i.e. d; < 0 for all ¢) is a rational singularity.

(2) There exists the natural surjection R'¢.Ox — H'(C, I /I2), here I¢ is the defining
ideal of C = P! in Ox. Note that Ic/IZ = NE/X. Therefore if d; = 2 for some ¢, then
Rlp,Ox #0.

(3) We can constract (X, C) with H'(C,I¢/12) =0 and R'p.Ox # 0. (See §3.)

(4) A small singularity is rational if and only if it is Cohen-Macauley. But a rational small

singularity need not be Gorenstien. (Proposition 3 in p.363 of [16]is not true.)

§2. Proof of Theorem 1.2.

We summarize some results which have been proved in some preceding papers. Some
results are quoted in slightly extended form. So, we give proofs of them, though they are based
on the original papers.

Let I¢ be the defining ideal of a non-singular curve C' in Ox.

Definition. (Saturation) An ideal 3 of Oy is called saturated if Ox /I has no embeded
primes. Under the condition SuppOx/J = C, J is saturated if and only if there exists a
filtration Ox = Fy D Fy D --- D F, = J such that every F;_1/F; is an invertible O¢c-module.
For any ideal § C Ox and SuppOx/J = C, there exists the unique saturated ideal J such
that J D J and that J/J is a zero-dimensional sheaf or J = J. We call this ideal J to be the
saturation of J, and represent as Sat(d). A filtration of ideals included in I¢ is called saturated

if every successive quotient is a locally free Oc-module.

Definition. (Degree and length) For two ideals J and J with I > J D J and Supp Ox /3 =
C, there exists a filtration 3 = Fy D F; D -+ D F, D J such that every F;_1/F; is a lo-
cally free O¢-module and that F,/J is a zero-dimensional sheaf. Then we define degd/J =
Yoi_degFi1/F; + degF,/J, and lengthI/J = > rank F;_1/F;. Clearly these are inde-

pendent of the choice of a filtration.

Definition. (f-base) Assume that J and J are ideals with I D J D g, and that 3/7 is a
locally free O¢c-module. Let F: 3 =F; D F; D --- D F,. = J be a filtration such that F;_; /F;
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are invertible Oc-modules. A set of functions g1, - -, g on a open set U is said to be an f-base
(filtration base) corresponding to F, if g; € T'(U,F;_1) and if the class of g; modulo F; is a
local base of the invertible sheaf F;_1/F;. We say hy, ---, h, is an f-base, if it is an f-base

corresponding to a suitable filtration.

Definition. (Numerical equivalence) Two vector bundles F and G over a curve C' is called

to be numerical equivalent (denoted F & G), if rank F = rank G and deg F = deg G.

Theorem 2.1. (Vanishing Theorem, Ando[2].) Assume that the ground field is an alge-
braically closed field of any characteristic. Let p: X — Y is a surjective morphism such that the
general fibers of p are at most one-dimensional. (Hence, dim X = dimY or dim X = dimY +1.)
If C' is an irreducible component of an one-dimensional fiber of ¢, then there exists a divisor
A (independent of the choice of T ) such that H'(T',Or(A)) = 0 for any subscheme I" whose

support is C.

Proof. Since the argument is local, we can assume that Y is an affine neighborhood of
y = ¢(C). Put m = dimY = n — dimp. Let By, ---, B,, C Y be divisors such that
y € ByN---NB,, and that By N---N B,, is zero-dimensional. Let H; = ¢*B;. Then we choose
r1," ,"m € Nsothat I' C mH; N---NrypH, as a scheme. Put g = 0 or r;. Since ¢ is

projective morphism, we can choose a sufficiently ¢-ample divisor 4 such that Rép,Ox (A4) =0

fori > 0. Then Rip,Ox(A—q Hi— - —qmHy) = Rip,Ox(A) @0y (—q1B1— - —qmBm) =0
for i > 0. Since Y is affine, H (Y, o« A — 1B1 — -+ — q¢Bm) = 0 for i > 0. Thus H(X, A —
qHy — = qnHy) =0 for i > 0. Therefore H (r1Hy N -+ N7y Hp, A) = 0 for i = 1. Since
dim(Supp(Ker(Oy, zr, -, 11, — Or))) < 1, we have HY(T, Or(4)) = 0. U

Theorem 2.2. (Existence of an ample ideal, Nakayama[l4].) If C is an exceptional curve,
then there exists an ideal A included in Ic such that C is a component of Supp(Ox/.A) and
that A/IcA is an ample O¢-module. Conversely, if there exists such an ideal A, then C is

exceptional.

Proof. Since the argument is local, we can assume that Y is a (formal or an analytic)
neighborhood of y, and that X is a (formal or an analytic) neighborhood of C. Since ¢ is
projective, we can find effective Cartier divisors Dy, -+, D,,_1 such that (D;-C)x <0 for 1 <
i < n—1, and that dim(DyN---ND,_1) = 1. Let A be the ideal Ox(—D1)+---+Ox(—Dy_1).
Since (D; - C)x <0, C C D;. Hence A C I¢. Since A/IcA 2 AQR0Oc =2 0Oc(—D1)@ - ®
Oc(—Dp-1), A/IcA is ample.
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Conversely, assume that there exists such A. We can suppose that A is saturated and
Supp Spec Ox /A = C. We can apply the contractible criterion of Artin[3], Fujiki[5] to Spec(Ox
JA). 0

Corollary 2.3. Assume that there exists a birational projective morphism p: X — Y
whose exceptional set is a union of curves U;C;, and if C' is an irreducible component of U;C;.

then C' is contractible.

Theorem 2.4. (Jiménez[6] Theorem 1.) If C is an exceptional curve of genus g, then
there exists a line bundle £ on a neighborhood of C in X such that deg(L|c) = g — 2 and
dim HI(X,ﬁ;) < +o00. Here X is the formal completion of X along C, and L is the formal
completion of £ along C. Conversely, if there exists such £, and if the ground field is C, then

C' is contractible.

Let Ic =Jo2d1 D D Jn1 = I% be a filtration such that all J;_;/J; are invertible
sheaves. We can find such a filtration, by Atiyah[4]. For some 1 £ h < n — 2, we put J = Jj,.
Let a; =degdi-1/3i, a = —(apy1+ -+ an—1) and b= —(ay + - - - + ap). We can find a f-base
x1, -+, Tp—1 corresponding to the above filtration on a sufficiently small neighborhood U of

p € C. Clearly,
Icly = (w1, Tp_1),
Jo = (z1,--- ,ﬂﬂh)2 + (Th1, 5 Tno1)-

We can easily check the following:

Proposition 2.5.
(J" /M)y = (@ - ray [ (ma + o b my) + 2(mpgr + - ) = 27)
(IcJT/JT+1)|U = <$T1 x;n_wl_l | (’ITL1 + -+ mh) + 2(mh+1 + -+ mn_1) =2r + 1>

Here (q1,- -, gr) implies the Ocny-module whose base is g1, -+ -, gp.

By the above proposition, we recognize that J" and IoJ" are saturated. If we read carefully

the proof of Theorem 3.2 in Ando [2], we obtain the following results.
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Theorem 2.6.
[h/2] .
. h—1 n+r—1—2
T ] 7:_
deg J" /1oJ b;<%1>( Lo )

. ()i,

i=0
[h/2] .
Z h n+r—1i—2
k TI ’l‘:

[(h—1)/2] .
h—1\/n+r—i—2
r r+1 _
degIcJ"/JTT =—1b ZE:O <2i )( n—9 )

(h/2) ‘
h n+r—i—2
(“+2b)z(2i+1>( n—1 >

=0

[(h—1)/2] .
h n+r—i—2
r r+1 __
rank IoJ" /J" ! = ; (2i+1>( Yo )
h .
. h—1\(r—1[i/2]+n—2
deg Ox /J _—b;<i_1>( o )

(H?b)zh:@) <r[i/211+n2>’

=0
h

length O /J" =3 (i‘) (r - [i{l 2]_+1n - 2).

=0
Here, [x] implies the round down of real number x.

Proof. We start by proving the following;:
Claim 2.6.1. 35 /(Icd,35") R D)o S (Ic/dq) @ ST F(@p/1E) for 1< q<p<n—1.

Proof. Put G = IgF 33,351 + 12F907F, and Hy, = 1223575+ N 1c3,d57", here we
formally put J° = J~! = J=2 = Ox. First we prove Gy D H}. It is enough to show this on U.
Let 2* be a monomial in 1, - -, z, of degree o, y” be a monomial in ZTq41, ", Tp Of degree 3,
and 27 be a monomial in zpy1, -, 2,1 of degree v. Since G} and Hj are generated by the
monomials in the form 2%y”27, it is enough to show that if 2%y®27 € H} then z%y%2Y € Gj.
Note that z%y°27 € Iéf]g, ifand only if a+8+~v 2 i+ 7and a+ 3+ 2y 2 i+ 2j. Assume
x2yP27 € Hy, and 2°yP27 & Gy,. Since z%yP27 ¢ I(ijﬂg_k and since 2%y%27 € I%k_Qﬂg_k“, we
have a+8+~v=r+k—1and a+ 8+ 2y 2 2r. Since G D Iék_?’f]qﬂg’k*l D Iék_33;*k+2,
z2yP2 ¢ Iékf‘gﬂ;_k“. Thus a+ B+ 2y < 2r+1. Therefore y=r—k+1, a4+ 8 =2k—2. If
B =1and a+ =2k — 2, then 2%y° € Iék_?’ﬂq. Hence z%y%27 € Iék_?’ﬂqﬂg_kﬂ C G}. Thus
B =0. But g?k=2,7—k+1 ¢ 1c3,3;". Thus we have Gy D Hj,.

Since I C J, C 3, C Ic, we have ng—?’gqg;;*k“ C Hy and Hyyq = ngﬂg’k N Hy,. Thus
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G = I%kﬂg_k + Hy. Put F, = Gy/Hy. By the isomorphism theorem, Fj 2 I%kﬂ;_k/HkH.
On the other hand
S0 /dy) © S (@p/12) = 1288, 7" | Gr.
Thus
0— Fpy1 — Fp — S%(IC‘/Hq) ® Sr_k(ap/—%) —0

is exact for 0 £ k < r. By similar arguments, we have Fy = J;/ICHQJ;;‘l and F,4q &

1313/ (IE N 1cdg 1t =0. O

Claim 2.6.2. (34/3q+1) ® (3;/[03q+13;_1) =3,3;,/3q413;, for 0 S g<p<n—1.

Proof. There exists the canonical surjection from the left hand side to the right hand side.
Thus it is enough to show that the both have the same rank at a general point of C. We use
the same notations as above. J,d;, is generated by the monomials %yl 27 with (a, 3,7) which
satisfy @ + 8+ 2y 2 14+ 2r and o + 28 + 2y = 2 + 2r. Thus ,d;,/3,+13), is generated by
xo‘xqﬁ+1z"’ which satisfy a 4+ +2y =14 2r and § = 1. On the other hand, J7 /Icdq113; " is
generated by xax§+1z7 with o+ 8+ 2y = 2r. Thus (J,/d4+1) @ (J;"/IcﬂqulH;_l) is generated

by x®z, 27 which satisfy a« + 3 +2y=1+2r and 3 = 1. O

Put

andm; 20for0<i<n-1
If we apply Claim 2.6.1 with p = ¢ = h, then we have

Z(r) {( ) ezn! (m1+"'+mh)+2(mh+1+"'+mn—1)=7“7}
r)= My, -, Mp—1

T [TeJ" 8 @S (le/]) @ S (/) 12)
k=0

& @ Oc(miar + -+ -Mmp_1a,-1).
(ma,;mp_1)€Z(2r)

Here O¢(d) means an invertible O¢-sheaf of degree d. (O¢(d) is unique up to numerial equiv-

alence, though it need not be unique up to isomorphisms.) Consider the coarse filtration
IcJ" D 310" Do " D D Jp_rJ" D J

By Claim 2.6.2, we have

h
IcJ" )T 8 @ Oc(ag) ® (J7/1cda ).

qg=1
By Claim 2.6.1, we have
h h
IeJ" [T & D ED Oc(ag) ® $** (Ic/3,) © 8" (T/12)
q=1 k=0
N @ (‘)C(mlal +~-~mn_1an_1).

(M1, ymp—1)EZ(2r+1)
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For each element & = (e1,---,¢5) € (Z/2Z)", we put
Z(r,e) ={(my, -, mp_1) € Z(r) | m; = g;(mod 2) for 1 < i < p}.

Let rk(r,€) be the number of elements in Z(r, ¢), and let

d(r’g) = Z (m1a1+~~~+mnf1an71)~
(mlf",mn*l)ez(ha)
Note that
rank J" /1o J" Z rk(2r,e),

c€(Z/22)h

rankIcJ"/J T = Y rk(2r+1,¢),
c€(Z/22)h

deg J"/IcJ" = Y d(2re),
e€(z/22)"
degIcJ™/J™H = > d(2r+1,e).

e€(z/22)"

When e contains p pieces of 1 and (h — p) pieces of 0, we denote v(e) = p. We consider the
case: ¢ = (1,---,1,0,---,0), v(e) =p. fwe put mq =20 +1, -+, my = 20, + 1; mpy1 = 2,41,

o mp = 2lp; mpy1 = lpy1, -0, Mp—1 = lp—1, then we can denote as
Z(r,e)={(my, - ,mp_1) €EZ" | 2(l1 + -+ 1_1) =7 — p}.
Thus, if 7 — p is an odd number, then Z(r,e) = ¢. If r — p is an even number: r — p = 2k, then
n+k—2 k+mn—2
k = = .
o= )= (00
Let’s calculate d(r, ) in this case.

d(r,e) = > (20 + 1)ay + -+ (20, + Da,

(ma, - mp—1)EZ(r,e)
+ 2lp+1ap+1 + o4 2pan + lh+1ah+1 +-+ ln—lan—l)

- Z ((ll(Qal) + -+ lh(za'h) + lh+1ah+1 +-- ln—lan—l) + (al +--- Clp))

litln_1=k
kt+n—2 k+mn—2
= " (2(041+"'+ah)+(ah+1+..-+an,1))+ " (a1+...+ap)
n—1 n—2
kE4+n—2 k+n—2
< ne1 )(aQb)+< n_9 )(a1+'--+ap).

Now we vary ¢ under the condition v(g) = p = r — 2k. The number of such ¢ is (Z)

S dire) = ()("j”;? o)+ (’;)(’“:”;2)(@1+...+ah>

)
v(e)=p
:<)<k:ﬁz ) —a—2b) + (@:D(kZigﬂ@h+”.+%L

= o= ()352)

v(e)=p
Varying 0 < p < h, we have the conclusions. U
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Proof of Theorem 1.2. Let M be a subbundle of N¢,x of the maximal degree. Since
Ic/I% is the dual sheaf of N¢/x, we can find the ideal Ic O J D IZ% such that (Ic/J)* =2 M. Let
h = rank I/ J. Note that Ic/J and J/IZ are locally free Oc-modules, deg Ic/J = — deg M =
—b and that deg J/I% = —a. By Atiyah[4], we can find a filtration Ic =39 D g1 D - D Jpn =
JDOJrh41 DD Jn-1 = I% such that all J;_1/d; are invertible sheaves.

Let £ be the line bundle in Theorem 2.4. By Theorem 2.6, we have

x(Ox/J" @ L) = —bg (?:;) (T_ [if]—in_2> - (a+2b)zh: (?) (T_ [i/2L+n_2>

=0

| (deg e +x(0c))zh: (h) (r —[i/2+n— 2)1

, ) n—1
1=0

Since deg L]c < g — 2, we have deg L|c + x(O¢) < 0. Moreover —b < 0 by assumption. Since
dimH'(X,0x/J" @ L) < dimH (X, L),

we have
x(Ox/J" @ L) = —dimH (X, L)

for any r > 0. Thus —(a + 2b) must be positive. Therefore a + 2b < 0.

Similarly, we have a + b < 0, by

«Ox/1p58) =@+ (") e le +x@a)(TH"T?)

n—1
Assume that C' = P!, The dimension of the Hilbert scheme Hilbo/x at [C] is not less
than h°(N¢,x) — h'(Neyx) = deg Noyx + (n — 1). Since C is exceptional, the dimension of

the Hilbert scheme at [C] must be zero. Thus a + b = deg N¢yx = —n + 1. O

Remark. Jiménetz[6] Proposition 4.1 insists the similar inequality a + (h+1)b < 1 instead
of a4+ 2b < 1. But this is incorrect. Theorem 1.3 gives a counter example for it. He have made

an error in calculation of x(J"/J" 1 @ L).

§3. Examples of exceptional rational curves.

Proof of Theorem 1.3. It is convenient to fix better notations. We shall thereby prove
the following:

Let g and r are non-negative integers with ¢+r =n—1, and let ny, ---, ng and p1, - -+, pr
be any integers such that —n; < 0,p; 20 for1 £i<¢q, 1 < j < r, and that
31 —(mi+--+ngy)+2pr+---+p)S-—n+1
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T. Anxpo: Normal bundle of Exceptional curve

Then, there exist an n-dimensional algebraic variety X and an exceptional curve C in X whose

normal bundle is

(3.2) Ngyx =0c(—m1) ® -+ ®Oc(—ng) ®Oc(p1) & - & Oc(pr).

Let U and V are C™ with coordinates (t1, ..., tq, $1, .-, Sr, w) and (21, ..., Zg, Y1, -- -,
Yr, x) respectively. Let P; =2(pr+---pj)) +7 (02 j<r, B =0), Ny =n+---+n; —1
(0<i<q, No=0), and

o=yi+alyi+ oy

(if = 0 then o = 0). Note that N; = 0. We construct X by patching U and V by the following

transition functions:

ti=atiz + a2l Ni-ig (1Zi<q)

sj=x Piy; (I=j=r)

w= a1
Let C be the curve in X defined by t; = -+ =t; =51 =---=5,=0in U, and 21 = --- =
zg=wy1=---=1vy = 0in V. Clearly C is a non-singular rational curve which satisfies (3.2).

We shall show that C is an exceptional. We shall directly construct the contraction morphism

of C. For that purpose, let’s find some holomorphic functions on X which vanish on C. Let

w — t1=x™z1 +x0 ifi=1,
Tt — ’wm’_l_lti_1 =az —xzi_q if 2 é ) § q.

U1, ..., uq are such functions. Let
-
L
k=j
for 1 £ j < r. Formally, put 0,41 = 0. Note that 0y = 0. For 1 < j < r, let I(j) be an integer
such that Ny +1 > P; 2 Nyy—1 (I(j) is not always unique). Since N, = P, by (3.1), we
have 1 S I(1) £ --- S I(r) < g. Let
J
v = ij-N}(j)—ltI(j) _ Zij—PkSi _ x1+N1(j)—PjZI(j) + 2041

k=1
Then vy, ..., v, are holomorphic functions on X which vanish on C. Moreover, u; and v; can

be divided by z on V. Thus wu,;, wv,, spul* and skvf’“ are also such functions (1 £ i < g,

1<j<r1<k<n)

Now we have (¢-+7)(2+r) holomorphic functions u;, vj, wu;, wvj;, syu;* and sgvf*. Aligning
these functions, we have the holomorphic map h: X — C(*=D@+7) | Let X -2,y -L,C(n—D(2+7)
be the Stein factorization of h. Clearly, ¢(C) is a point. We shall show that X —C 2 Y —¢(C).

It is enough to show that h is finite map on X — C. It is elementary (and somewhat tiresome)

9
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work to check it. These details are similar to the last part of the proof of Theorem 3.1. Thus

we omit it. N

Theorem 3.1. For any positive integer m, there exists an 3-dimensional algebraic variety

X and an exceptional rational curve C in X with

Neyx =0c(=2m —1) @ Oc(m).

Proof. Let U and V be C? with coordinates (¢, s, w) and (z, y, ). We construct X by

patching U and V by the following transition functions:
t= a2y g2 4 p2meB

s=ax™ ™My

w= !
It is clear that the curve C' C X defined by t = s =0in U and z = y = 0 in V is a rational
curve with Ic /I3 = Oc(2m +1) & Oc(—m) where I¢ is a defining ideal of C' in Ox. We shall
show that this (—2m — 1, m)-curve C is exceptional. The first step is to find five holomorphic
functions v, - -, vs on X. Let v; =t = 22Tz + 42 + 22™y3 and vy = W™t — 5% = 2z + 3°.
v1 and vy are holomorphic functions on X. Since u = v3 — v$ = 22932 + 2222 + 2*™ug(z, 2, y)
can be divided by x, vs3 = su™ and v4 = wu are also holomorphic functions on X. For r 2 0,
let

for = {wmtr/2 if r is even
" str=1/2if r is odd.

g—1
Inductively, for ¢ = 1, let f,, = fo,v3 — E (q) fi3g—3i+r-
i

=0
Claim. é(l)ia (i’) (;) _

Proof. Let r =b— a. Then

Let

Uz(qﬂ")

wmtBatr=30/248 if g 47 + i is even
stBatr=3i=1)/240 if g + r 44 is odd.

q
Claim. fyr = (~1)7 (q) asatd

< 1
=0

10
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Proof. Note that ng’3q73k+r) = qu’r). Let 0, = qu’T). We shall show that
k

(kK
k—1i
Jr3q—3k+r = ;(*1) (Z.)O'i-
Note that when we put k = ¢, we have the claim. If £ = 0, the above equality trivially holds.

If k > 0, we shall prove this by the induction on k. Since fo 34—3k+rv5 = o’,gq’r),

fr,3q—3k+r=f0,3q—3k+rV5 — Zi:ol () fian—sitr
= o= 2o (5) Xm0 (§)o;
=or = Y0 (Ui (D (5) () o
=ox+ 0o (1) (H)o;
= Yo (=1 (%)

Trivially, fq- is a polynomial with respect to w, ¢, s. On the other hand, by construction,
for(z, 2, y) = 297 ™2%" + a™g(x, z, y), where g is a suitable polynomial. Especially, fy, o is
also a polynomial with respect to z, z, y. Thus, vs = fy, 0 is a holomorphic function on X.

Now we have a holomorphic mapping h = (vy, ---, v5): X — C%. Let XY -2.CP
be the Stein factorization of h. Since C = h71(0), ¢(C) is a point. We shall show that
X -C2Y —p(C). Since g is a finite map, and since every fiber of ¢ is connected, it is enough
to show that h is finite except the origin 0.

Let v = (v, -+, v5) € K(U) — {0}. If v3 — v} # 0, then t = vy, s = v3/(v3 — v})™ and
w = vy/(v3 — v}). Thus h~1(v) is just a point.

Assume v3 — v3 = 0. If vy = 0, then we can derive v; = vy = v3 = vy = v5 = 0. Thus

vg # 0. Since fi, 0 = vs, we have aw™ — s = vs, where

m/2
(m) v£3m_63)/2v§j if m is even
2j
a=1{7=°
(m—1)/2 ' .
]Z (2] N 1) 3m76]73)/2v§]+1 if m is odd
and
(m/2) m ‘ 4
jz:;) (2j N 1) p3mTOITN/20 25 it s even
p= (m=1)/2 _ ‘
Z ( ) p{3m =T 1/2, 25 if m is odd.
, 27
7=0
Since v3 = v} and since vy # 0, we have (a, 3) # (0, 0). Thus the equations on w and s
aw™ — [Bs= vy
v w?™ — $2= vy

11



T. Anxpo: Normal bundle of Exceptional curve

have at most 2m common solutions. Thus h|y_¢ is finite.
Let v = (vy, -++, v5) € h(V —U) —{0}. Then x = 0. Thus v; = y?, v = y>, v3 =
2m My mtl gy, = 2293, and vs = 2™. Therefore h|y_y_c is finite.

Thus we have h|x_¢ is finite. Therefore C' is exceptional. O

Lemma 3.2. Let ¢:(X,C) — (Y,y) be a small contraction of C = P!, and m, be the

maximal ideal at y in Oy. If IZ C p*m, and H'(C, I¢/I%) = 0 then R'¢,Ox = 0.

Proof. Let my = (y1,..., yr), J = ¢*my and z; = p*y; (1 =i < 7). Define g: OF" — J by
glai,..., ay) = arz1 + - + arz.. Since R%*p,(Kerg) =0, 3: R'p, 0% — Rly.J is surjective.
Since H'(C,Ic/I%) = 0, :R'p. I2 — Ry, Ic is surjective. Since IZ C J, T factor through
the surjection Rly,J — Rlp.Ic. Since H!(C,0¢) = 0, Rl'p.Ic = R'p,Ox. Thus we have a
surjection h: R, 0% — Rlp,Ox.

Assume that R'¢,Ox # 0. Let &1,...,&; be basis of R1p,Ox. Since h factors through g,
&; can be written as

T d
&= 2 aijré,

k=1 j=1

-

here a;j;, € C. The matrix (Z aijkzk> must be invertible. But values of z; are zero on C.
k=1 irj

This is a contradiction. Thus R'y,Ox = 0. 0

By the above Lemma, the small singularities obtained as in the proof of Theorem 1.3 are
rational, if H'(C,Ic/I%) = 0. But the following are examples with H*(C, Ic/IZ) = 0 but
Rlcp*(f)x 7& 0.

Example 3.3. Let U and V be C? with coordinates (¢, s, w) and (z, y, ). We construct

X and C by the following transition functions as the proof of Theorem 3.1.
t= a2’z + xy?’

S= :r:_ly

w=x"!
C' is contracted by

=t =22+ 2y’
vo= wt = xz + y3

V3= wit — 3 =zxz

vg= Wt —wsd = z

Since I¢/I2 = Oc(5) & Oc(—1), H(C, I¢/I2) = 0.

12
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We shall show that Rl'¢,Ox # 0. Note that H'(X,0x) = R!'¢,Ox An elementary
calculation of the Cech cohomology show us that the class of =y is not zero in H' (X, Ox).

Thus R'p,Ox # 0. (A careful calculation lead us to dimR'p,Ox = 1.)

Example 3.4. Let n = 3. Let U and V be C? with coordinates (¢, s, w) and (z, y, z).

We construct X and C by the following transition functions as above.
t= anrlZ + yn + InynJrl

S= x_ly

w=x"!
C is contracted by

V= t= xn+12 + yn + xnyn+1
Vo= w"t — 8" = xz + y" !

va= Wt — ws™ — st = z — "yz — "Ly t?

1

va=svy ~ — wt”

Note that vy is a polynomial with (z, y, 2). Since I¢/I% = Oc(n+1)®O0c(—1), HY(C, Ic/13) =
0. Onthe other hand,

n—1

R1<,0*OX — @ da@ . x—jyi—&-l

i=1 j=1
. Thus dimR'¢,Ox = (n — 1)(n — 2)/2.

Remark. By the above exsamples, we conclude the following: A three dismensional small
singularity obtained by contracting (a,1)-curve is a rational singularity if « = —3. But if

a < —4, we can construct both examples that are rational and that are irrational.

84. Moving Fiber.

Consider the case that ¢: X — Y is a morphism such that the general fibers of ¢ are at
most one-dimensional. We choose a and b as in Theorem 1.2. Then we can prove that a+2b < 0
holds, similarly to the proof of Theorem 1.2 using Theorem 2.1 and 2.6. We shall consider the
case a + 2b = 0. Let C be an irreducible component of an one-dimensional fiber of p. We
expect that some multiple of C' is movable. The following theorem gives a partial answer to
this. This argument play one of the important roles in the classification theory of the extremal
ray (Mori[11]).

We choose the ideal J of Ox as in the proof of Theorem 1.2. That is, J is the ideal such

that Ic D J D IZ%, and that I/.J gives the quotient bundle of Ic/I% of the minimal degree.

Theorem 4.1. Assume that a + 2b = 0 and that C = P!, then J¢/IcJ¢ and IcJ¢/J¢T!

are semi-negative for any positive integer e.

13
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Proof. We shall show that J¢/IoJ¢ is semi-negative for any positive integer e.

Assume that J¢/IcJ¢ is not semi-negative. Let’s derive a contradiction. Since J¢/IJ¢ is
not semi-negative, we can find an ideal L such that J¢ D L D I J¢ and that L/I¢J¢ is an ample
invertible Oc-module. Let f =2e+1 and let L, = >, 5.y, ILJIL!. We take a divisor A
of X as in Theorem 2.1. We want to derive the contradiction h®(X,0x /L, ®o, Ox(4)) =
X(Ox/L, @0, Ox(A)) < 0 for r > 0. We have to calculate degOx /L, and lengthOx/L,.

Let’s construct a saturated filtration between L, and L, 1.

For an integer ¢ with 0 < ¢ < [r/f], we define numeric functions y(r,i) = [r/f] — 4,
B'(r,i) = (r%f + fi), B(r,i) = [8(r,4)/2] and «a(r,i) = B (r,i)%2, where [ ] is the Gaussian
symbol, and % is the remainder operator (adopted in the programming language C). Note that

B'(r,i) + fvy(r,i) = a(r,i) + 26(r,i) + fv(r,i) = r. Using these symbols, we define L, ; as the

following:
J = J[l/2]IlC%27
P = ]g(r’i)Jﬁ(T,i)L’Y(ﬁi) _ Jﬁ’(r,i)LW(r’i))
(/)
Ly =1L,y + Z P .
k=1
/)
Note that L, = Y I5J7L'= ) Py We have the filtration L, = Lyg D Ly D -+ D
i+25+fl=2r k=0

Lyir/y) O Lry1. Put Ly /5141 = Lyyq for convenience’ sake. We shall introduce an another

filtration. Let

Ulr Ll,i + ']T"

This definition is valid if 0 = i = [I/f] + 1. But U], have significance, only if r +1 = | <
[(fr —1)/(2¢)] and if 0 = i@ < r — 1+ [l/f]. Consider the coarse filtration L, . 5 = U ;¢ D

T

Ulboo D Uliso D -+ D Jy, and the fine filtration Uy D U/; D Ujy D -+ D Ul ,. By the

following claim, we consent that the conditions r+1 <1 < [(fr—1)/(2¢)] and 0 < i < r—I1+4[l/f]

are reasonable.

Claim 4.1.1 If 1 = [(fr — 1)/(2e)], then U, C J,. Ifi Z v — 1+ [/ f], then U], C U]\, ,.

Proof. Note that Py; C J, if and only if #'(,7) + 2ev(l,i) = r. Hence Uy, C Uf,, , if and
only if B'(1,1) + 2e7(1,i) = r. Note that 3'(1,4) + 2ev(L,i) = (1%f + fi) + (f — D([I/f] — i) =
U%f + /1) = (/) =) = 1= [1/f] + 4. Thus U, C U7y, if and only if i = r — 1+ [I/f].

Assumel 2 [(fr—1)/(2e)]. Sincel > [(fr—1)/(2¢)]-1 = [f(r—1)/(2¢)],1 > f(r—1)/(f-1).
Hence I — (I/f) > r — 1. Thus 3'(l,d) + 2ev(1,i) = 1 — [/ f] = r for i Z 0. Therefore U], C J,.

14
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With the symbol U", we denote the filtration Ly /51 = U 1o DUl 11 D - DU D
co D Jp. For 054 < [r/(2e)], let Jpy = Jp_9e; L' + Jpy1, and let Jrr/2e)41 = Jr1. Then
we have a filtration J. D Jy1 D -+ D Jy[r/(2¢)) 2 Jr+1. Consider the natural surjective map
SUL/1cd®) ® Jr—2ei) Tr—2ein — Jrif Trit1-

Claim 4.1.2 Jy.;/Jri+1 s a locally free Oc-module for 0 < i < [r/(2¢e)], and

Jrif Jriv1 =2 SUL/IcT®) @ Jr—seif Jr—2ei1-

Proof. To begin with, we shall show that .J,;/J;+1 are locally free Oc-modules. We
show this Subclaim by an induction on r. Put r = 2ep + ¢ (0 < ¢ < 2e). Since J¢/IoJ¢ =
J¢/L& L/IcJ¢, we obtain an injection fo: Jy/Jgs1 ® SP(J¢/L) — Jo/Jgsr @ SP(J¢/IcJ¢). Let
90: Jq/Jq41 ®@SP(J¢/IcJ®) — J./Jr41 be the natural surjection, and let M, o = Image(go © fo).
M, is a locally free O¢-module, and it have a canonical surjection mg: M, o — Jp./Jr1. We
assume that My o = Ji/Jk1 for k < r as an induction hypothesis. By this assumption, we
obtain the canonical injection, f;: M, _e;0 ® SHL/IcJ®) — Jr—2ei/r—2ei+1 ® SH(J¢ /1) for
1 <4 £ [r/(2e)]. There also exists the canonical surjection g;: J,—2ei/Jr—2ei+1 @S (J¢/IcJ¢) —
Jr/Jry1. Let M, ; = Image(g; o f;). M, is a locally free Oc-module, and it have a canonical
surjection m;: My ; — Jyi/Jyiqp1. Since M, ; N (Zﬁéi M, ;) = 0, we have Zy:/éze)] rank M, ; <
rank J,./Jy11. Thus rank J,./J.41 = ZET:/O(%)] rank J,;/Jr i1 S Zgrz/é%)] rank M, ; < rankJ,./
Jr4+1. Therefore we have M, ; = J,;/Jr ;41 for 0 £ i < [r/(2e)]. Thus we have proved that
Jri/Jrit1 are locally free Oc-modules. Since the natural injection S(L/IcJ®)®Jr—2ei/Jr—2¢i1
— Jy/Jry1 can be factored as S*(L/IcJ®) ® Jr—2¢i/Jr—2ei1 — My; — Jp/Jri1, we have that
SUL/IcT®) @ Jr—9ei/Jr—2ei1 — Jri/Jrit1 is injective. Since Jy_oei/Jr—2ein = My_oe; 0, this

map is surjective, therefore isomorphic.

Since Ly (/5] = Jr + Lr41, we have the natural surjection J,./J,41 — Ly [/ f/Lry1. Since
Jr1 C Ly41, the above map can be reduce to the surjection J,/J.1 — Lr,[r/f]/Lr-‘rl- On the
other hand, we obtain the natural surjections
(LU-r)  Lii/Liipyr = UL UL (r+120<[(fr—1)/(2¢)] and 0= <r—1+[l/f]).
Note that, if r < f, these are isomorphisms. By induction on 7, we will afterward show that
these surjections are all isomorphisms. We proceed our argument assuming that (LU-k) are
isomorphisms for k < r. Moreover we assume that
(LF-r) “L;;/Li 11 are locally free Oc-modules if ({ S rand 0 < i S [I/f])or (r+1=51<
[(fr=1)/(2e)]and 0 S i <r—1+[I/f]).”
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Note that (LF-(f — 1)) holds trivially.

We consider two filtrations between L. [,/ and J;.41:
(F1) :Lyjry5) = Uly10 D -+ - (filtration UT) --- D J. D Jpy D --- D Jrg,

T

(Fg) :Lr,[r/f] ODL,y1DLry11 DD Lr+1,[(r+1)/f] D (ﬁltration UT'H) oD Jpg-
We can couple the successive quotients of both filtrations as the following. Any quotients

Uli1,i/Uls i1 in (F1) can be coupled with Ly 11,/ Lyt1,i41 in (F2) — (CPL-1). For [ = r+2,
any quotients U/, /U/;,, in (F1) can be coupled with U/ /U/f}; in (F3) — (CPL-2). The
quotient J,./Jy.1 in (F1) can be coupled with L,.[./5/Lr11 in (F2) — (CPL-3). J;.1/Jy 2 in (F1)
can be coupled with L, 1 (r11)/f]-1/Lr+1,[r+1)/ ) in (F2) — (CPL-4). For 2 <4 < [r/(2¢)],

Jri/Jriv1 in (Fy) can be coupled with U}

r+1 :
r+i,[(r+z’)/f]—i/Ur+i,[(r+i)/f]—i+1 in (F2) — (CPL-5). By

the above couplings, we have an one-to-one corresponding between the successive quotients of
(Fy) and (F2). We shall show that these couples are isomorphic to each other. About (CPL-1),
since (LU-r) is an isomorphism, we have U\, ; /Uy ;11 = Lyy1,i/Lry1iv1. About (CPL-2),
we have the natural surjection,

(SJ-2.r) U[,i/Ul’:iH = Lii/Liis1 — Uzr,jl/UlT,Zh

About (CPL-3), we already have the natural surjection
(SJ-?).T) Jr/Jr,l — Lr,[r/f]/Lr+1-

About (CPL-4), since Pyi1 [(r11)/f]-1 = Jr—2.L, we have the natural surjection

(SJ-d.r)  Jra/dr2 2 L/ IcI @ Jrse/Jr—2et1,0 = Liga e/ f1-1/ Les1 (1) /11

About (CPL-5), since Py [(r44)/f]—i = —2eiL?, we have the natural surjection
(SI-5.1) T Jris12 SUL/IcT®) @ Jr—oei) Jr—2ei1

= Liyi ((rti)/ =i/ Loti (i) £ =1

r—+1 r—4+1
- Ur+i,[(r+i)/f]—i/Ur+i,[(r+i)/f]—i+1'

Claim 4.1.3. The surjections (LU-(r + 1)), (SJ-2.r), (SJ-3.r), (SJ-4.r) and (SJ-5.r) are

isomorphisms. Moreover (LF-(r + 1)) holds.

Proof. We are now proving the above claim by an induction on r. Since (SJ-2.r), (SJ-3.1),
(SJ-4.r) and (SJ-5.r) are obtained as the one to one coupling between the successive quotients of
the filtrations (F;) and (Fs), we should mention that if each left hand sides of these surjections
are locally free O¢-modules, these surjections are all isomorphisms. Since (SJ-3.r), (SJ-4.r)
and (SJ-5.r) clearly satisfy this condition, it is enough to check that L;;/L; ;41 are locally free

foril 2r+2and 0 <i<r—1+4][l/f]. This condition is satisfied by the induction hypothesis
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(LF-r). Thus (SJ-2.r), (SJ-3.r), (SJ-4.r) and (SJ-5.r) are isomorphisms. Since (SJ-2.r) and

(SJ-5.r) are isomorphisms, we know that (LU-r + 1) are isomorphisms. Therefore (LF-(r + 1))

holds. Thus we complete the proof of Claim 4.1.3.
Claim 4.1.4. The natural morphism Ly (, 3y i/Lg/(ri),i+1 ® YL/ ToJ¢) — L,;/Ly 41
is an isomorphism for 0 < i < [r/f].
Proof. Since
L/IcJ® ® Jr—ze/Jr—2e1 = Lo [r+1)/ 11/ Lot [+ /115
and
Jr—se/Tr—2e1 = Ly_ac [(r—2¢)) f]/ Lr—2e,[(r—2¢)/ f]+1>
we have the following isomorphism:
L/IcJ® © Ly—se [(r—2¢)/ 11/ Lr—2¢,[(r—2¢) /1141 = Lot1, (1) /51-1/ Lrar [r41) /11
Similarly, for 2 < i < [r/(2e¢)], since
SUL/IcT®) @ Jr—gei/ Jr—sein = Ly ((r4i)) flmi/ Loti [(r4i) ) fl=i415
and since
Jr—2ei/Ir—2ei1 = Lypgi [(r4i)/ f)=i/ Lo [(r4) ) fl—it 15
we have the following isomorphism:
S'(L/IcJ®) ® Ly—aei ((r—2¢)/ 11/ Lr—2ei,[(r—2¢)/ f141 = Lris (i) f1—i] Lot [(r00) ) fl—it1-

Varying r and i, we have Claim 4.1.4.
Put rk(r) = rank L, },/4)/Ly41 and put d(r) = deg L, [y/5)/Lry1. Since Ly [ 5/Lrg1 =

Jy/Jr1, and since SY(L/IcJ®) @ Jr—2ei/Jr—2ein = Jri/Jrit1, We have ZE’;/O(%)] rk(r — 2ei) =
rank J,./J,11, and ZEZ&QE)] (d(r — 2ei) + rk(r — 2ei) -ideg L/IcJ¢) = deg J, / Jr41.

Claim 4.1.5.
(h/2] e—1
i k+n—3
(4.1.5.a) rk(2r) = Z ( )Z (T J +n >7
k=0 7=0
[(h=1)/2] e—1 .
h r—j—k+n-—3
4.1.5.b k(2 1) = .
( ) rh@r= (2k:+1),2( n—3 )
k=0 7=0
Proof. We shall prove (4.1.5.a). By Theorem 2.6, we have 2?:0/(26)] rk(2r — 2ei) =
Ech:/g] () ("5 72). Assume that rk(2r — 2ei) = Lh:/g] () E;;é ("¢ 7E+773) holds for
i 2 1. Then it is enough to show Zgrz/e] Z[h/g () Zj;é (rreimizkAndy = Lh:/? (5) (T k=),
Note that Y77 (j'gq) = (m;ffl). Put p = 2ei + j. Then Y ;"] [r/e] POy (r_zei;j:3k+"_3) =
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Z;ZéeHe*l (r_k?ig”_?’) = Z;;g (r_k;’fg”_g) = (T_]f:g_Q). Thus (4.1.5.a) hold. Similarly

we can prove (4.1.5.b).

We shall represent »_,_, d(l) as a function on r. Let Ty(h) = Lhz/g] (2}2), and Ty(h) =
Zgﬁgl)/z] (2,;;1). Note that Ty(h) + T1(h) = ZZ:O (Z) = 2" If h is an odd number, then
To(h) = Ti(h) = 2h=1. If h is an even number, then Tp(h) = 21 + (}L};Q)/Q and Ty(h) =

2071 = (),) /2 Since ("IEETTE) ~rm7¥/(n = 3)1, we have

n—3
67“n_3
rk(2r) ~ Ty(h) CEEIk
and
ern—3
rk(2r +1) ~ T1(h) (n—3)!
Thus we have
[r/e€] -1
i=0 :
and
[r/e€] yn—1
(rk(2r+1—2ei) 1) ~T1(h)————.
; e(n—1)!

Put ¢ = deg L/IcJ¢. Recall that —b = degIc/J and —a = deg J/I%. Since deg J"/IcJ" ~
To(h)(—a —2b)r"~1/(n — 1)! and deg IcJ"/J"™ 1 ~ Ti(h)(—a — 2b)r"~1 /(n — 1)!, we have

[r/e] [r/e]
> d(2r — 2ei) = deg J"/IoJ" = Y (rk(2r — 2ei) -ideg L/IcJ°)
1=0 1=0
((—a — 2b) — c/e)rn—1
~ To(h
o(h) (n—1)! ’
and
[r/e] [r/e]
> d(2r +1—2ei) = degIcJ"/J™ = > " (rk(2r + 1 — 2ei) - ideg L/IoJ¢)
1=0 1=0
o _ n—1
~ Ty (h) ((—a —2b) —c/e)r
(n—1)!
Hence

. ((—a — 2b)e — c)r"~!
g d(l) ~ .
i=0

2n=l=h(p —1)!
Let’s calculate deg L,./L,4+1. Put r = pf +¢q (0 < g < f). Since
Lypfrai/Lpftaitt = Lifrqi/Liprqin1 © 8P~ (L/IcJ°),

we have

p
deg Lyfiq/Lpsiqrr = Y deg Lipvqi/Ligrqirr ©SP' (L)1 J¢)
=0

= (d(if +q) + (p — D)erk(if +q))
=0

p n—1 fn—3
. p" "
2401 +0)+ gy
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We sum up the above equalities on ¢ = 0, ---, f — 1, thereby we modify 7 d(if + ¢) to

Zf:(%ﬂ)_l d(i), and we consequently have
n—1 9
e Lys Ly ~ ooy (-0 = 2)e =)+ )
_(ef(=a—2b) — (f —2)c)(pf)" "
on=h=1(n — 1)If '

Finally we have
,,-.771
deg Ox /L, ~ m(ef(_a —2b) = (f = 2)o).
By Theorem 2.1, 0 < x(Ox/L, ®9, Ox(A)) ~ degOx/L,. Therefore (ef(—a — 2b) —
(f —2)c) 2 0. On the other hand, by the given condition, a + 2b = 0, ¢ = deg L/IcJ¢ > 0,
f =2e+123. This implies (ef(—a —2b) — (f —2)c) < 0. A contradiction. Thus we conclude

that J¢/IJ¢ is semi-negative for any positive integer e.

We shall show that Ic.J¢/J¢t! is semi-negative for any positive integer e.
Assume that I J¢/JT is not semi-negative. Take an ample invertible sub module M of
IcJe/Jet. Let f = 2e+ 1 and ¢:S?(IgJ¢/JeH) — Jf /1o J7. Clearly (S?(M)) # 0. But

this contradict to the fact that J//IoJf is semi-negative. O

Corollary 4.2. Under the assumption in Theorem 4.1, we assume I¢/J = O¢(—1). Then
Spec(Ox/J) is movable.

Proof. Since deg J/IcJ = —a —2b = 0 and J/I¢J is semi-negative, we have J/IoJ =
Og(nfl) and IgJ/J? =2 Ic)J @ J/IcJ = Oc(—1)®=1_ The isomorphism H°(X,J/J?) =
HO(X, (Ox/J)®(—1) = kn—1 derives the isomorphism J/J? = (O x /J)®"=1. Thus Spec(Ox /J)

is movable. O
This result will be used in Kachi[7].
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