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Introduction

Let (0,7) C R be a bounded time-interval with the terminal time 0 < 7" < oo, and
let Q := (—L,L) C R be a one-dimensional spatial domain with the boundary points
+L € R. Let Qr := (0,T) x Q C R? be the product set of the time-space coordinates.

In this paper, a system, denoted by (S), of two parabolic initial-boundary value prob-
lems is considered. This system is formally described as follows.

(S):
(7]15 — Nz + 9(77) + O/(n)’De‘ =0 in QT7

ne(t,£L) =0, t € (0,7T), (0.1)
(17(0,2) = no(z), =€

¢

o (n)s — (a<n>|g—§|) ~0 in Q.

a(n(t, iL))%(t, +1) =0, te(0,7), (0.2)

L0(0,2) = 0p(z), = €.

The presented system (S) is motivated by the phase field model of grain boundary
motion, known as Kobayashi-Warren-Carter model (cf. [20, 21]). According to [20, 21],
the original Kobayashi-Warren-Carter model is supposed to represent two-dimensional
grain boundary motion in a polycrystal, as in Silicon-Carbide. Hence, the system (S)
is supposed to be a model case of Kobayashi-Warren-Carter model, and from physical
viewpoint, the spatial domain  is supposed to be a two-dimensional (or more higher-
dimensional) one.

In Kobayashi-Warren-Carter model, the phase of grain is represented by the following
vector field of crystal orientation:

(t,x) € Qr — n(t,z)(cosb(t, z),sinb(t, x));

with the use of two unknowns 7 and 6. In the context, the unknowns n = n(t,z) and
0 = 0(t, x) are two order parameters, which describe the orientation order and the mean
orientation angle, respectively, at any point (¢, z) € Q7 in polycrystal. Notably, the order
parameter 7 is supposed to satisfy 0 < n < 1 in @7, and then the threshold values 1
and 0 are supposed to indicate the completely oriented phase and the disorder phase
of orientation, respectively. In addition, the integrant parts a = «a(n), ag = ap(n) and
g = g(n) are all given functions under suitable assumptions, and «’ is the derivative of «.
The functions 1y = no(z) and 0y = y(z) are given initial values.
The system (S) is derived from the following governing energy, called “free energy”:

b= #0.0) =5 [ Infde+ [ aaos [ atipal 03

and the initial-boundary value problems (0.1) and (0.2) are L2?-gradient flows of this free
energy, with respect to order parameters n and 6, respectively, where ¢ is a nonnegative
primitive of g. Then, the PDE expressions in ((0.1)-(0.2) are just formal ones, including
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the homogeneous Neumann type boundary conditions, and their rigorous meanings are
going to be given by means of appropriate variational inequalities.

One of characteristics of the free energy .# is in the point that it includes the integral
part of the weighted total variation measure «(n)|D0| of 6. Indeed, due to this term,
the spatial regularity of angle 0 is within the range of BV-functions, and it implies that
the system (9)) is equipped to deal with the representation of sharp interfacial phase of
grain, as in polycrystal. But, on the other hand, this term also makes the mathematical
treatment be quite difficult, and then the major difficulties appear in two non-standard
situations, listed below.

(Stn. 1) Mathematical treatment of the term o'(n)|D0| as in (0.1).

For measure theoretical approach, the weight o/(n) (and the unknown 7) is expected
to be continuous on Q7. However it seems to be not favorable within the range of
general parabolic regularity, involved in the term «'(n)|D0| of measure.

(Stn.2) Mathematical treatment of the singular diffusion —(a(n)‘g—&)z as in (0.2).

Under fixed situation of time-variable, a number of existing theories, such as [2} 3|
4,112, [13], 19, 22 25, 26], enable to give the representation of the singular diffusion,
by means of the subdifferential of the weighted total variation. However, in view of
the expected regularities of  and 6, the time-dependence of the energy, caused by
the weight a(n(t)), would not be in the applicable scope of existing theories, such
as [17, 24, 27] (see Remark Ap.6 in Appendix, for details).

In order to avoid such non-standards, the authors of [20), 21] also proposed another
mathematical model, by using a relaxed free energy. Specifically, under one-dimensional
situation of €2, the relaxed free energy is formulated as:

0.0 = Z0.0)i= F0.0)+ 5 [ . d (04)

with the use of small relaxation constant v > 0.

Now, for any v > 0, let us denote by (5)), the system of gradient flows, derived from the
relaxed free energy .%,. Then, the system (S)),, for each v > 0, can be called a relaxation
system for the original one (S). Also, from the other point of view, the system (S) can
be regarded as a limiting system for the sequence {(S),|v > 0} of relaxation systems,
as v \, 0. Furthermore, it is notable that the study results on relaxation models have
been reported, recently, from various approaches: the numerical approach [20) 21] and
the theoretical approach [14] 15, 16, [18§].

In view of such background, let us set the goal of this paper to give a meaningful
definition of the solutions of our system (S), which can respond to the non-standards,
pointed in (Stn. 1)-(Stn.2). To this end, the relaxation systems (S),, for v > 0, will be
treated as some kinds of approximation problems for (S). Consequently, the existence of a
certain solution of our system (S) will be demonstrated through the limiting observation
for (S),, as v \, 0.

The demonstration argument for the existence result will be proceeded according to
the following content.

In the first Section 1, the main result of this study will be stated. Although the
conclusion is stated in the form of Main Theorem, the essential of this study is not only



in the proof of this theorem, but also in the definition method of solution, provided in
Definition 1.1. In the next Section 2, the outline of the proof of Main Theorem will be
shown. Roughly summarized, the proof will be divided in the following two verification
parts.

(Part ) Compactness of the approximation sequence.

More precisely, this part is concerned with finding a limit [n, 6] (cluster point) for the
sequence {[n,,0,]|v > 0} of solutions of approximation problems (5)),, for v > 0, in
appropriate topologies, as v \ 0.

(PartIT) Compatibility of the limit [, 6] with the system (S).

More precisely, this part is concerned with the verification whether two components
n and 6 of the limit [n, 8] solve the initial-boundary value problems (0.1) and (0.2),
respectively, or not.

In either part, some important matters will be stated in forms of key-lemmas. On that
basis, the verifications of (PartI) and (Part II) will be completed in the following Sections
3land 4} respectively, by giving the proofs of those key-lemmas. Moreover, some technical
topics, specific to this study, will be collected in the last |Appendix with supplemental
remarks.

1 Statement of the main result

Let us begin with the preparation of notations, that are needed for rigorous formula-
tions in mathematics.

Abstract notations. For an abstract Banach Space X, we denote by | - |x the norm of X.
In particular, when X is a Hilbert space, we denote by (-, -)x the inner product of X.

Notations for simplicity. Throughout this paper, let us set:

C:=C((Q),
C.(€2) (the space of functions in C, with compact supports),

C. =
Co := Cp(2) (the closure of C. in the topology of C(2));
and
Cm = C™(Q), CM = O™ G,
LP = LP(Q), WmP = WmP(Q), WP =W (Q),
H™ = H™(Q) (= W2(Q)), HP = H'(Q) (= WI(Q)),
for 1 <p<oo and m € NU {oo}.

Also, let us denote by (-, - ), the duality pairing between H'! and its dual (H')*. Besides,
let F': H' — (H')* be the duality mapping, defined as:

(Fw,v), = (w,v)m = (w,v) 2 + (We, vy) 2, for allv,w € H. (1.1)
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Notations in basic measure theory. For any dimension d € N, the d-dimensional Lebesgue
measure is denoted by .#?, and the measure theoretical phrases, such as “a.e.”, “dt” and
“da”, and so on, are all with respect to the one-dimensional Lebesgue measure £?, if not
otherwise specified.

For any open set U C R?, we denote by M(U) the space of all Radon measures on U,
and in particular, we simply denote by M the space M(£2) of all Radon measures on the
one-dimensional domain € = (=L, L). In general, the space M(U) is known as the dual
of the Banach space Cy(U), for any open set U C R%

Notations in BV-theory. (cf. [1, 10,10, 11]) Let d € N be any number of dimension, and
let U C R? be any open set. Then, a function v € L*(U) is called a function of bounded
variation, or simply BV-function, on U, if and only if its distributional differential Dv is
a Radon measure on U, namely Dv € M(U ).

On that basis, we denote by BV (U) the space of all BV-functions on U, and in
particular, we simply denote by BV the space BV (Q2) (= BV (—L, L)) of one-dimensional
BV-functions on Q2 = (=L, L). For any v € BV (U), the Radon measure Duv is called the
variation measure of v, and its total variation |Dv]| is called the total variation measure
of v. Additionally, the value |Dv|(U), for any v € BV (U), is calculated as:

|Dv|(U)zsup{ /vdivgpdm e CHU) and |p|<1onU }
U

In general, the space BV (U) is known as a Banach space, endowed with the norm:
v svw) = [v|pw) + |Dv|(U), for any v € BV(U);

and in principle, it takes over the embedding property of W11(U) into the Lebesgue spaces
(cf. [1, Corollary 3.49], or [6, Thorems 10.1.3-10.1.4]). Specifically, the space BV of one-
dimensional BV-functions is continuously embedded into L* and compactly embedded
into L?, for any 1 < p < oo.

Moreover, for any v € BV, the both one-sided limits:

v(l —0) =limov(z) and v(r +0) = limv(z);

z N\

exist, for all =L < r < ¢ < L (cf, [I, Theorem 3.28]), and hence a natural extension
v™* € L*(R) of v, with Dv** € M(R), can be defined as follows:

v(z), fzeQ=(-L,L),
v¥(z) =< v(L—=0), ifx>1L, for a.e. z € R. (1.2)
v(—=L+0), ifx <-—L,

Incidentally, in the light of coarea formula (cf. [1, Theorem 3.40], [6, Theorem 10.3.3],
[10, Section 5.5], or [11], 1.23 Theorem)),

/|Dv| :/\DUQXL for any v € BV.
Q R



Other specific notations. For any positive-valued function 3 € C(R) and any w € C(Q),
let us define a functional ®5(w; -) on L?, by putting:

/ﬁ(w)wm, if v e BV,
Q

oo, otherwise.

v € L? — Dp(w;v) :=

As it is easily seen, the above functional is proper l.s.c. and convex function on L?. In
view of this, we denote by 0®s(w; - ) the subdifferential of each convex function ®g(w; -)
in the topology of L2, for any positive-valued 8 € C'(R) and any w € C(Q) (see Sections
Ap.1{Ap.2 of Appendix, for details of the subdifferential).

Next, here are listed the assumptions, imposed to the integrant parts in (0.1)-(0.2).

(A1) The perturbation g, as in (0.1), is settled as a locally Lipschitz continuous function
on R, such that ¢ < 0 on (—00,0] and g > 0 on [1,00), and g has a nonnegative
primitive g.

(A2) The weight ap, in front of 6, in (0.2)), is settled as a locally Lipschitz continuous
function on R.

(A3) The weight « of the singular diffusion —(a(n)%)m, as in (0.2), is settled as a C'-

function, such that « is convex on R, and the graph of the derivative o/ of o passes
the origin, namely o/(0) = 0.
(A4) There exists a positive constant d,, such that:

ap(T) > 64 and (1) > 6,4, forall 7€ R.

(A5) The pair [no, O] of initial values, as in (0.1)-(0.2), is assumed to belong to a range
Dy C H' x BV, defined as:

Dy:={ [wv] e H' xBV |[0<w<1onQ } CC(Q) x L.
Remark 1.1 (Possible choice of integrant parts) Referring to [20, 21], the setting:
g(1) =7 —1 with §(r) := %(T —1)* and ap(7) = a(r) = 7° +6,, for 7 € R;
will provide a possible choice, that fulfills the above (A1)-(A5).

Remark 1.2 (Exact formulation of free energy) Under the one-dimensional setting 2 :=
(=L, L) of spatial domain, the Sobolev space H' is compactly embedded into C(f).
Therefore, with the use of the prepared notations and assumptions, the rigorous formu-
lation of the free energy .# in (0.3)) can be given by:

1
5/9|wx|2d.iﬁ+/9§(w)d$+q>a(w§v)a
[w,v] € L? x L* — Z(w,v) := if [w,v] € H' x BV,

oo, otherwise.



On the basis of the above notations and assumptions, the solution of the system (S)
is defined as follows.

Definition 1.1 (Definition of solution) A pair [n, 6] € L*(0,T; L?) x L*(0,T; L?) of func-
tions is called a solution of (5)), if and only if the components n and 6 fulfill the following
three conditions.

(S1) n € WY2(0,T; L*) N L>=(0,T; H') C C(Qr), and 0 < n < 1 on Qr;
6 € Wh2(0,T; L), |DO(-)|(R2) € L>(0,T) and ' (n)|DO| € L*(0,T; (H')*).

(S2) n solves the following Cauchy problem of evolution equation on (H')*:

{ ne(t) + Fn(t) = n(t) + g(n(t)) + o' (n(t))[DO()| = 0 in (H')*, t € (0,T), (13)
n(0) =mno in (H')". .
(S3) 6 solves the following Cauchy problem of evolution equation on L
ap(n(t)0:(t) + 0P, (n(t);0(t)) 20 in L%, t e (0,T), (1.4)
0(0) = 6y in L% '

The solutions of Cauchy problems (1.3))-(1.4) are prescribed according to the definition
method, mentioned in Section [Ap.1 of Appendix.

Remark 1.3 (Treatments of the non-standards) The continuity of 7, mentioned in (S1),
comes from the one-dimensional setting of €2, and also, it successfully responds to the
non-standard situation, pointed at (Stn.1) in Introduction. Besides, as a consequence of
(S1)-(S2), it is inferred that o/(n(t))|DO(t)| € (H')* while it belongs to M (= (Cp)*),
for a.e. ¢t € (0,7). Additionally, the subdifferential term 0®,(n(t);0(t)) will be the
mathematical representation of the singular diffusion —(a(n)%)m, as in (0.2). Nowadays,
we can check the adequacy of this representation method, by re%erring to some literatures,

such as [2 13, 4, 12} [13], 19, 22, 25| 26] (see Section Ap.2|in Appendix| for details).

Now, the conclusion of this paper will be summarized in the following Main Theorem.
Main Theorem (Existence of solution) Under the assumptions (Al)-(A5), the system
(S) admits at least one solution [n), 6].

Remark 1.4 (Comment on uniqueness) The uniqueness problem for our system (S) is
still open, even in one-dimensional setting of €2. The bottle-neck of this problem appears
in the monotonicity pairing for the diffusion:

DUl D'U2
(v] — vy, v1 — va) 2 ( /Qa(w) (|Dv1| !DUQI) (v Ug)) :

for [v;,vi] € 0P, (w; ) in L2 x L2, i = 1,2, with w € C(Q).

More precisely, in many of diffusions (e.g. p-Laplacians for 1 < p < 2), the above types
of pairings are supported by some norms of the gradient D(v; — v9) with some orders,
but such supporting property is not available for our case of singular diffusion (relative
to 1-Laplacian).



2 Proof of Main Theorem

In this section, we briefly see the outline of the proof of Main Theorem. As it is
mentioned in Introduction| the relaxation system, denoted by (S)),, is going to be adopted
as the approximation problem for the system (5)). Also, the system (S), is supposed to be
derived from the relaxed free energy .%,, given in (0.4).

In view of this, let us first clarify the exact formulation of the relaxation system (S),,
for any v > 0. To this end, we add the following notations, for the sake of convenience.

Mazximal monotone relative to Laplacian. Let us set:

DNZ:{ ZEHQ‘Z:E(:EL):O }7
to define an operator Ay : Dy C L? — L2, by putting:
v € DN = ANU = Vg + U E L2. (21)

As it is easily seen, Ay has a maximal monotone graph in L? x L2, and it coincides with
the restriction F|p, of the duality map F : H' — (H")*, onto Dy C H'.

Notation for the approrimation approach. Let us fix any v > 0. Here, for any positive-
valued function 3 € C(R) and any w € L?, we define a proper l.s.c. and convex function
@, (w; - ), by putting:

/ﬁ(w)]vz|dx+z/\vx]2dx, if v e HY,
Q 2 Q

oo, otherwise;

vE L*— ®g,(w;v) = (2.2)

and we denote by 9P, (w; -) its subdifferential in the topology of L.

By using the above notations, the relaxation system (S),, for any v > 0, is formulated
as a system of the following Cauchy problems of two evolution equations.

(S).:

{ (m)e() + Anm (t) = mu () + g (0 (8)) + o' (, () (0,)2(H)] = 0 in L2, € (0,T),
. (2.3)
7]1/(0) =TMNo, M L2a
aO(nu<t))(9u>t(t) + aq)a,u(ﬁu(t); gu(t)) =/ 0 in L27 te (07 T), (2 4)
6,(0) =6, in L* '

In each system (S),, the solution is defined as a pair [n,, 0,] € L?(0,T; L*)x L*(0,T; L?)
of functions, such that:

{ n, € W20, L?) N L*(0, 5 HY) N L*(0, T; H?) € C(Qr), 0 < my < Lon Qr, (2.5)

0, € W2(0,T; L*) N L>*(0,T; H') C C(Qr);



and 7, and 6, fulfill the Cauchy problems (2.3) and (2.4), respectively. Also, the rigorous
expression of the relaxed free energy .%, in ((.4)), can be given as follows:

1
5/|w$|2da:—|—/Q(w)dm—l—@aw(w;v),
Q Q

[w,v] € L* x L* — F,(w,v) == if [, 0] € B x HY, (2.6)

oo, otherwise.

Now, the proof of Main Theorem! will be divided into two parts (PartI) and (PartII),
mentioned in Introduction.

(PartI) Compactness of the approximation sequence

As previous studies for the relaxation system (S),, we can now refer to several papers,
such as [14, 15, 16, 18]. In either study, the domain of the free energy .7, is settled
by L? x Hj, so that the homogeneous Dirichlet boundary condition is imposed to the
Cauchy problem, corresponding to the second one (2.4). However, from (2.2)) and (2.0),
it is inferred that the homogeneous Neumann type boundary condition is inherent to the
Cauchy problem (2.4).

In view of this, we have to start with checking some basic properties for the relaxation
system (S)),, as in the following key-lemmas.

Lemma 2.1 (Solvability of the relaxation system) Let us fix any v > 0. Let us assume
the conditions (Al)-(A4), and instead of (A5), let us assume:

[UO,WQO,V] € DO N (Hl X Hl) C C(ﬁ) X C(ﬁ)
Then, the relazation system (S), admits a unique solution [n,,0,].

Lemma 2.2 (Dissipation of the relaxed enerqy) Under the same assumptions and nota-
tions with Lemma 2.1, the both functions:

t€[0,T] — Pu,(n,(t);0,(t) €R, and t€[0,T] — F,(n(t),0,(t)) € R;
are absolutely continuous, and furthermore:

3 | (100 + 1V aoln D) 6D dr + 2, (,(0),6,(0)

=.Z,(n,(s),0,(s)), foralls,tel0,T].

(2.7)

In addition to the above, we need to prepare the following lemma, concerned with
continuous dependence of convex energies, in the sense of Mosco [23].

Lemma 2.3 (Mosco convergence) Let 3 € C(R), such that 3 > 03 on R for a certain
constant dg > 0, let wy € C(N2), and let {w, |v > 0} C C(Q2) be a sequence, such that:

w, — wy i C(Q) as v\, 0. (2.8)

Then, the sequence {®g,(w,; -)|v > 0} of convex functions converges to the convex
function ®5(wo; -) on L?, in the sense of Mosco, as v\, 0. More precisely:
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(m1) lim\iglf s, (w,;0,) > Pglwo; o), if {0, |v >0} C L2, 09 € L? and ©, — vy weakly
in L? as v\, 0;

(m2) for any vy € D(®g(wo; -)) (= BV), there exists a sequence {0, |v > 0} C H', such
that ©, — 0o in L? and ®p,(w,;0,) — Pg(wo; 0o), as v\, 0.

After the proofs of the above Lemmas 2.142.3| the verification of (Part I) will be demon-
strated as follows.

The first, we fix any [no, 0] € Do. Then, applying (m2) of Lemma 2.3 to the case
when:

B =ain C(R), w, =wy=mnin C(Q) for v >0, and ¥ = O in L
we can prepare an approximation sequence {, |v > 0} C H' of 6, € BV, such that:
0o, — 0o in L? and @, (1n0;00,) — Pu(0;60), as v\, 0. (2.9)

Hence: -
yu(n(ﬁ 90,11) - ng(n(h 00) as v \4 0)

and we may assume that:

Ro:= sup Z,(n,0,) < oo, fora certain small 0 < vy < 1. (2.10)
O<v<ig

Secondly, let {[7,,6,] | v > 0} be a sequence, consisting of the solutions [7,,6,] of (S),

when [19.,,60.,] = [0, 60, for v > 0. Then, by virtue of (Al)-(A4), (2.7) and (2.10), it is
deduced that:

1 _ _
5 (18 osn + sup 11O

0<t<T

(2.11)

1, - _
+0a (_|<0y)t|%2(0 7.r2) T SUp |(Qy)m(t)|L1) < 4Ry, forany 0<v <.
2 o 0<t<T

Under the one-dimensional setting of €2, we see from (2.5) and (2.11) that:

(o {7,]0 < v < 1} is a bounded sequence in W1'2(0,T; L?*) N

L>=(0,T; HY) C C(Qr), satisfying 0 < N, < 1 on Qr for all
0 < v < 1, and hence it is compact in C(Qr); (2.12)

e {0,]0 < v < 1} is a bounded sequence in W4%(0,T; L?)
L>=(0,T; Wht) € L*°(Qr), and hence it is compact in C([0, T]; L?).

Consequently, for a certain decreasing sequence {v, |n =1,2,3,---} C (0,1p), having
the zero-convergence property:

v, \, 0 as n — oo; (2.13)
we find a pair [n,0] € L*(0,T; L?*) x L*(0,T; L?) of functions, such that:

{ n € WH2(0,T; L*) N L*(0,T; H') € C(Qr) with 0 <n <1 on Qr, (2.14)

0 € W2(0,T; L?) N L>®(Qr) with |DO(-)|(Q) € L=(0,T):;
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and the approximation sequence {[n,, 0,]} := {[A,,,0,,] |n=1,2,3,---}, fulfills:

N — N in C(Qr), weakly in W2(0,T; L?), (2.15)
and weakly-x in L>(0,T; H'),
0, — 0 in C([0,T]; L?), weakly in W12(0,T; L?), (2.16)
and weakly-x in L®(Qr),
Fn, (= Ayn,) — Fn weakly in L*(0,T; (H")*), (2.17)
(1) — n(t weakly in H!,
alt) = 1(?) Y . for any ¢ € [0, T7; (2.18)
0.(t) — 0(t) weakly-* in BV,
as n — 00.
Thus, we conclude the compactness of the approximation sequence {[n,,6,]} in the
topologies, shown in (2.15)-(2.18). n

(Part IT) Compatibility of the limit [n, 8] with the system (S)

Throughout this (Part IT), we fix the (decreasing) sequence {v,} C (0, 1), the sequence
{0, 0,]} € L2(0,T; L?) x L*(0,T; L?) and the pair [n,0] € L*(0,T; L?) x L*(0,T; L?) of
functions, found in (2.13)-(2.18). On that basis, the discussion will be proceeded in the
order of verifications, from the compatibility with the second Cauchy problem (1.4) to
that with the first one (1.3).

Verification of the compatibility with (1.4]). For the sake of convenience, we start
with adding some more notations.

Notation for the limiting observation. Let vy € (0,1), {v,} < (0,10), {m} C
Wh2(0,T; L*) N L*>(0,T; H') and n € W'2(0,T; L?) N L>(0,T; H') be the same as in
(2.10)-(2.15). Also, let I C (0,7") be any open interval. Here, we define a functional

b

®(-); on L*(I; L?), by putting:

€ I 1) o $(0) [ Ratnterc dt, it vun(-)i¢(-)) € '), 210

oo, otherwise.

As well as, for any n € N, we define a functional ®,,(-); on L2(I; L?), by putting:

[@WA%@mu»ﬁ
(€L L?) — &,(¢); = if @y, (ma(-):C(+)) € LMD, (2.20)
oo, otherwise.

Remark 2.1 (Key-properties for &(-); and O, (-);) Let I € (0,T) be any open interval.
Then, clearly, ®(-); and ®,(-);, n € N, are proper functionals on L*(I; L?), because:

O,(n(t);0) = oo, (Me(t);0) =0, forallt el andn=1,2,3,---.
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Subsequently, according to Remark Ap.6 in Appendix, the lower semi-continuity and
convexity of functionals ®,(-);, n € N, are guaranteed by [17, Lemma 1.2.2]. But, as it
is also mentioned in Remark Ap.6, the functional (iD( -)7 is not in applicable scope of the
general theory [17], and hence the lower semi-continuity and convexity of ®(-); are not

derived, so immediately.

On the basis of the above notation and remark, we next prepare the following key-
lemmas.

Lemma 2.4 (Preliminaries) Let us fix any open interval I C (0,T), and let us take any
function & € L?(I; L?), such that £(t) € BV for a.e. t € I. Then, the following three
items hold.

(1) If p € C(I x 2), then the function t € I — / Y(t)|DE(E)| € R is measurable on .
0

(11) If |DE(-)[(€2) E_Ll(]); and if v € C(I x ), then a continuous linear functional
(Y| DE|] on C(I x Q), defined as:

DE[) - i € CTX Q) / / SO DE()| dt € R: (2.21)

forms a Radon measure on I x €0, such that:

Y| DENNU) = /Iv(ﬂlDf(t)l({I €Q|(t,z) €U} dt, (2.22)

for any open set U C I x Q.

Lemma 2.5 (Auziliary observations) Let I C (0,T) be any open interval. Let 1o €
C(I xQ), and let {¢,|n =1,2,3,---} C C(I x Q) be any sequence of functions, such
that:

Up — oo in C(I X Q) asn — oco. (2.23)

Let & € L*(I; L?), and let {&,|n = 1,2,3,---} C L*(I; L?) be a sequence of functions,
such that:

{5 (® (1) " forae tel. (2.24)

D&, (t) — DExo(t) weakly-+ in M as n — oo,

Then, the following two items hold.
) tminf [ [ 010601 = [ [ o)l IDeco)]
(1v) If:

D€ ()I(Q) € LYI), |D&()I(Q) € LH(I), n=1,2,3,--,
Yoo EC(I X Q), {yn|n=1,2,3---}CC xQ),
Yoo =00nIxQ, and v, >0on I xQ, n=123---, (2.25)

-
[ J

® Yy — Yoo in C(I X ) asn — o0,

timsup [, (106 (D), < () 1DE( 1)

\ n—o00

)
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then:

i [ [ @D O = [ [ 6altyie) | De(O]dr

n—oo

Lemma 2.6 (A]gproximation for time-dependent BV—functign) Let I € (0,T) be any open
interval, and let ¢ € L*(I; L?) be any function, such that [DC(-)|(Q) € L'(I). Then, there
exists an approzimation sequence {1;|i =1,2,3,---} C C®(R?) of the function C, in the

sense that: 5 5
i = Cin L*(1; L?),

y y as i — 00; (2.26)
[ [1@0.oldza— [ [ péeia
1Ja 1Ja

and } y
i(t) — ((t) in L* and strictly in BV asi — oo, for a.e. t € I. (2.27)
Lemma 2.7 (I'-convergence) Let I C (0,T) be any open interval, and let &(-); and
()1, n = 1,2,3,---, be the functionals, defined in (2.19) and (2.20), respectively.
Then, the functional ®(-); is a proper l.s.c. and convex function on L*(I; L?), such that:
D(®(-)r) ={ ¢ e LX(I; L%) | IDS()|(Q) € LM(T) }. (2.28)

Moreover, the sequence {®,()r|n =1,2,3,---} of convex functions on L2(I;L?) con-

verges to ®( - ) on L*(I; L?), in the sense of I'-convergence [9], asn — oco. More precisely:

(v1) iminf @, ((.); > (Co)r, if oo € LA(I;L2), {Go|n = 1,2,3,-+} € L*(I;L?) and
Cp — Coo in L2(I; L?) as n — oo;

(v2) for any QA’OOAG D(fi)(-)l), there exists a sequence {§n |n=1,2,3,---} C L*(I; H'),
such that (, — (oo in L*(I; L%) and ©,(C.)1 — ®(Coo)1, as n — oo.

Now, let us see the verification argument, after we obtain the above key-lemmas. We

~

first take any open interval / C (0,7") and any z € BV (z € D(®(-);)), to find a sequence
{¢u|n=1,2,3,---} C L*(I; H') of functions, such that:

Cp — zin LA(I; L?) and ,(C,); — P(2);, asn — .
Such sequence {(,} can be obtained by applying (72) of Lemma 2.7, to the case when
(oolt) = zin L? for t € [0,T].
On the other hand, since the pair [n,, 6,], for each n € N, fulfills the Cauchy problem
(2.4) in the case of v = v,

(0 (1 (8)) (On)e(£), On(t) = Cu(t)) L2 + Pa, (M0 (£); 0n(t)) < Pa, (0 (1); Ca(2)),

(2.29)
forae.telandn=1,23,---.

Here, let us integrate the both sides of (2.29) over I. Then, taking into account of (2.13))-
(2.18)) and (y1) of Lemma 2.7, we deduce that:

/ (o (1(6))u(8). B(t) — =)z dt + / Ban(t); 0(1)) dt

1 1

< lim [ (@(e(®)(00)i(8), 0n(t) — Cu(t)) 12 dt + liminf / B (10(8); 00 (1)) dt

< lim (G = (2); = /I Do (n(t); 2) dt. (2.30)

n—oo

13



Since the selection of the open interval I C (0,7) is arbitrary, it follows from (2.30)

that:
(ao(n(t))0:(t),0(t) — 2)12 + Pa(n(t); 0(1)) < Pu(n(t); 2),
for any z € BV = D(®,(n(t); -));

and for a.e. ¢t € (0,7), that is the Lebesgue point of densities in (2.30)). Moreover, by
(2.9) and (2.16),

(2.31)

0,,(0) = 0y, — 0(0) = 0y in L2, as n — oo. (2.32)
(2.31) and (2.32) imply that the pair [n, 0] solves the second Cauchy problem (1.4). =
Verification of the compatibility with (1.3). With regard to the compatibility

with (1.3)), the principal part of the verification argument will be reduced to the following
lemma.

Lemma 2.8 (Convergence of time-integrals of weighted total variations) Let I C (0,T) be
any open interval, let Yo € C(I X Q) and {¢, |n =1,2,3,---} C C(I x Q) be the same
as in Lemma 2.5, and let [n,0] € L*(I; L?) x L*(I; L?) and {[nn,0.]|n = 1,2,3,---} C
L*(I; L?) x L*(I; L*) be the same as in (2.14)-(2.18). Then:

/I/Q@/)n(t)oz(nn(t) (0 |dzdt—>//zpoo ))|DO(t)|dt asn — oo. (2.33)

On the basis of this lemma, the compatibility with the first Cauchy problem (1.3) will
be verified as follows.

From (Al), (2.15) and (2.17), we immediately see that:
/vL: = a/(nn)|(8n)$| = _(nn)t - ANT]” + 0 = g(nn)
— W= —Fn+n—g(n) (2.34)
weakly in L?(I; (H')*) as n — oo, for any open interval I C (0,7).
In the meantime, applying Lemma 2.8, to the case when:

wm:¢% in C(Tx Q), and ¢n:¢o‘a/((g:)) inCTxQ),n=123,

with any open interval I C  and any ¢ € C(I x Q);

we also have:

//2/1 o (t d:cdt—>//2/1 t))|DO(t)| dt as n — oo, (2.35)

for any open interval I C (0,7") and any ¢ € C(I x ).
On account of (2.34)-(2.35),
o (n(t)|DOE)] = p(t) = —m(t) — F(t) + n(t) — g(n(t))

in D'(Q2) (in the distribution sense), for a.e. t € (0,7).
Thus, noting that:

n.(0) =n(0) =no in HY, forn =1,2,3,---.

we can conclude that the limit [, 6] solves the first Cauchy problem (1.3). ]
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3 Verification of (PartI) in proof of Main Theorem

In this section, we complete the verification of (PartI), by giving the proofs of Lemmas
2.142.3.

Proof of Lemma 2.1. As it is already mentioned, the difference between our study
and the previous ones [14], [15, 16] 18] is found only in the boundary condition, inherent
in the second Cauchy problem (2.4). So, in principle, we can prove this lemma just as in
[14, Proofs of Theorems 2.1-2.2|, and all we have to care is in the situation such that we
essentially rely on Poincaré’s inequality.

In order to make clear such situations, let us first overview the outline of the proof.
Referring to [14, Sections 3-5|, the proof of Lemma 2.1 will be largely divided in three
steps, summarized below.

(Step1) Study of an auxiliary problem, denoted by (P1;6),:
(m)e(t) + Ann (t) = 0, (t) + g(m (1)) + o' (0, (1)) 10.(t)| = O
(PLH_)V n L27 te (O,T),
n,(0) = 70, 1 L?
under given setting of the function § € W2(0,T; L>)NL>(0,T; H') C C(Qr). The
discussion in this step is proceeded through the following two small steps:
(step 1-1) the existence and uniqueness of solution n, € W12(0,T; L?) N L>(0,T; H');
(step 1-2) the range constraint property, described as 0 < 7, < 1 on Qr.

(Step2) Study of an auxiliary problem, denoted by (P2; ag, 7),:

o ao(t)(0,):(t) + 0P, (7(1); 6,(t)) 2 0 in L2, t € (0,T),
(P2; a0, 7). I
91,(0) = 907,, in L )

under given setting of the function &g € L>®(Qr), satisfying &g > dq L% ae. in Qr,
and the function 7 € W20, T; L*)NL*>(0,T; H') C C(Qr). The solution 6, of the
auxiliary problem (P2; ag, 77),, is found in the range of W2(0, T; L*)N L>(0,T; H').
On that basis, this step is further subdivided in the following small steps:

(step 2-1) the existence and uniqueness of solution in case of &, € C?(Qr);
(step 2-2) the existence and uniqueness of solution in case of (ag); € L*(Qr);
(step2-3) the existence of solution in general case of &y € L>(Qr).

(Step3) Study of coupled system {(P1;6,),, (P2;a,7,),}, under the setting such that
the function g also depends on the unknown 7,. More precisely:

(step 3-1) the existence of solution in the case when &y is given as

Qp(t) = ap (/R 0-(t — 7)n, (min{T, max{r,0}}) dT) in L2, t€[0,T],

by using the unknown 7,, and the usual (one-dimensional) mollifier p. with a small
constant € > 0;
(step 3-2) the existence of solution in the required case when &g = ag(n,) € L= (Qr);
(step 3-3) the uniqueness of solution of (5),.
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In these steps, Poincaré’s inequality will be involved only in the proof of (step 2-1)),
and the proofs of all other steps will be slight modifications of those, found in the previous
study [14], Sections 3-5].

Hence, we give here only the proof of (step 2-1)). The existence and uniqueness problem
in this step will be a direct consequence of one of general theories, e.g. [24], 27], which is
kindred to the study of Kenmochi [17] (see Section Ap.3 of Appendix, for details).

Let us begin with the preparation of some auxiliary notations, for the application of
the general theory. Let us fix any large constant Ay > 0, such that:

540 > 1(@0)a g
and for any ¢ € [0,77], let us define a proper Ls.c. and convex function ¥! on L? by
putting:

veEL*— U (v):=d,, (ﬁ(t); 61@)) AO] 7. (3.1)

Then, the auxiliary problem (P2; &g, 1), will be reformulated, as follows:

M

uy(o) — d0(07 : ) 90,1/ in L ;

(@), -) 1o
+A0> u,(t) 20 in L t e (0,7), (32)

by using an equivalent transform:
0, € W0, T; L*) N L>(0,T; H') +— u, := /ap 0, € WH(0,T; L*) N L>(0,T; H');

where OW! is the subdifferential of U in the topology of L?, for any ¢ € [0, T]. Additionally,
by basic (but technical) calculations, we will find a large constant A; > 0, to realize that:

) - vl <A (14 )| [ @t ae) a0 )
for all s,t € [0,7] and all z € H* (= D(¥*)).

(3.3)

Thus, taking into account of Lemma Ap.2 and Remarks Ap.4{Ap.5 in Appendix, we
can apply some certain general theories, such as [24, 27|, to conclude the existence and
uniqueness of solution of (P2; ag,7), in (step 2-1)). [ ]

Proof of Lemma [2.2.  We can prove this lemma, by using almost the same demon-
stration method, as in [14, Section 5]. Incidentally, the absolute continuity of the energies
will be direct consequences of (B)) of Lemma |[Ap.3/ and Remark Ap.6 in Appendix. [ ]

Proof of Lemma 2.3. First, we verify the condition (ml). If liminf,\ g <I>3y( 0,) =
00, then it is trivial, otherwise, there is a decreasing sequence {7; |i = 1,2,3,---} C (0, 1),
such that:

7; \, 0 asi— oo, and hm\}nf Qs (w,;0,) = Im Pgp, (wy,; Uy,).

1—00

Besides, let us note that:

1
Ry = sup [(05,)2] 210 < = sup P, (wp,; Up,) < 00.
ieN 0p ieN
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Thus, by virtue of (2.8) and the lower semi-continuity of ®g(wy; - ), it is deduced that:

liminf @5, (w,;0,) = lim (6(w,;i) (03,)2| + =z (ﬁyl)x|2> dx
Q

v\,0 1—00

> liminf @g(u; 0,) — Ry Jim [5(ws,) — B(wo)lcqm)

1—00
Z (135(11)0; flo)

Secondly, we verify the condition (m2). For any 0y € D(®g(wo; - )) = BV, let us take
a sequence {@; |1 =1,2,3,---} C H', such that:

i — Bp in [2 and /[(@i)ﬂda:%/[D@O], as i — 00:
Q Q

by using the usual regularization method of BV-function (cf. [I, Theorem 3.9], [0, Theo-
rem 10.1.2], [10, Section 5.2.2], or [11}, 1.17 Theorem)).

Next, for any i € N, let us take a decreasing sequence {7; |i = 1,2,3,---} C (0,1),
such that:

1
v; \, 0 as i — oo, and g/ 1(p3)z|?dx < = for any i € N and any 0 < v < ;.
QO 1
Now, the required sequence {9, | v > 0} will be obtained in the following way:

Uy,

{@i, if 041 < v <1y, for some i € N,
@1, if v > U1.

In fact, we immediately see from the definition of {v, |v > 0} that:

Ry := Sup/ ‘(@V)z’ dx < oo,
Q

v>0

(3.4)
0, — 0 in L, / |(0y) 2] dz — / | Dvg| and z/ |(6,)2]* dz — 0, as v\, 0.
Q Q 2 Jo
Also, by the lower semi-continuity of the total variation,
lim inf/ |(0y)z| dz > / |Dtg|, for any open set W C €. (3.5)

On account of (2.8) and (3.4)-(3.5), we can apply [1, Proposition 1.80] to calculate that:
[P 5. (wy; 0) = a(wo; Do)

< mww»—m%mmuﬁém%wmmm—lﬁWMDm
— 0, asv \,0.

+3/ 1(60)a]? da
2 Jq
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4 Verification of (PartII) in proof of Main Theorem

In this section, the proofs of Lemmas 2.4-2.8 are going to be given, to complete the
verification of (PartII).

Proof of Lemma 2.4. First, we give the proof of the item (I). Let us fix any
¢ € L*(I;L?). Besides, let us set t, := infl and t* := supI, and let us prepare a
class {A,, |m = 1,2,3,---} C 2! of equal-partitionings A,, := {tz(-m) =ty + ithy,|i =
0,1,---,2™} C I with the constant partition-widths h,, = (t* —t,)/2™, m =1,2,3,---
Then, it is inferred from [7, Proof of Proposition 2.16] (or [8, Proposition 7 in Section 5
of Chpater IV]) that the functions:

tel—A"() = / (W (™) + 1) | DE(t)| — / (¥~ (t"™) + 1) | DE(t))|
Q
/1/1 ™) ) DE)| € R, form=1,2,3,---,andi=1,---,2™;

are measurable, where the superscripts “*” and “~” denote the positive part and the

negative part of functions, respectively. Here, for any m € N, let us define a step function
U 1 I — C(Q), by putting:

teTm Pnt) = D X ooy (U(E™) € C(Q);
=1

where for any Borel set B C R, xg : R — {0,1} is the characteristic function of B.
Then, the functions:

tel— M\, ZXt(m)t(m) m)(t) :/@Em(t)|D§(t)| eR, m=1,2,3,--;
Q

1—17"1

are also measurable on I.
In the meantime, by the uniform continuity of ¢» € C'(I x ), it is easily checked that:

Um(t) — () in C(Q) as m — oo, for any t € I.

Hence, applying Lebesgue’s dominated convergence theorem, we calculate that:

t):/ﬂﬁbm(tﬂDf(tﬂ —>/Q77/J(t) |IDE(t)| € R as m — oo, for ae. t € 1.

It implies the validity of the item (I).

Secondly, let us look toward the remaining item (II). Since:
Y| DEJ € C(I x Q)" C Co(L x Q) = M(I x Q);

we can immediately regard [y|DE|] as a Radon measure on I x €.

On that basis, let us take any open set U C I x €2, and let us take an approximation
sequence {Y;|i = 1,2,3,---} C C>*(I x Q) of the characteristic function yy : R* —
{0,1} of the open set U C I x 2, such that:
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X1<--<x << xp oon R?
Xi(t,x) / xu(t,x) as i — oo, for any (t,z) € I x €.

Then, we can apply Lebesgues’s dominated convergence theorem, to deduce that the
function:

tel — ~(BIDEW)|({x € Q| (te) € U})
:/ o () (8| Dt |—hm/xz ()| DE(t)] € R:

is measurable on I, and:

MDENU) = /1 v dyIDg] = Jim [ dpiel

IxQ

- 1im//xz (O DE( >|dt=/Iv<t>|D5<t>|<{er|<t,x>eU})dt

1—00
as it is asserted in (II). n

Proof of Lemma 2.5. This lemma is obtained by means of the general measure theory,
as in [1, Chapter 1].

Let us start with verifying the item (III). By virtue of (2.23)), (2.24) and the uniform
boundedness theorem, we have:

[ unlt) D)~ [ o0l Dsooa)\

< elomltn — Velo s ID6OLu + | [ ¢0nlt) DlE - ()
— 0, asn — oo, forany ¢ € Cy and a.e. (fixed) t € I. (4.1)

Also, by [1, Proposition 1.23]:

oo () DEuo(t)] = [0t BEL | D ()] = [ 8)| DE (1))

n () DE(D)] = [1a(6) BN | DE, ()] = [ (DI DE ()], n=1,2,3,---,  (42)
in M, fora.e. tel;

Déoo (1) D& (1) . , .
where for a.e. t € I, Dt (0] and Dep € N, are the Radon-Nikodym densities of

Déo(t) and DE,(t), n € N, respectively, for their total variations.
By virtue of (4.1), (4.2) and [, Theorem 1.59],

im nf / (1)1 D&, (0)] = Timinf [,(8) D& 1))
> 0O = [ WO 1DE (D, for ac. te 1

Hence, the item (III) is obtained by taking into account of (I) of Lemma 2.4/ and Fatou’s
lemma.
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Next, let us assume (2.25) to verify the item (IV)). In (4.1)), we can replace the functions
oo and ¥,, n € N, by v, and ~,, n € N, respectively. So, we easily see from [I,
Propositoin 1.62] that:

lim inf ,, ()| DE ()| (W) 2 7oo (1) Déeo ()| (W),

(4.3)
for any open W C 2 and a.e. t € I.

Besides, let [Yoo|DEx|] € M(I x Q) and [y,|Dé&,|] € M(I x Q), n € N, be the Radon
measures, that are defined according to (2.21)) in Lemma 2.4l Then, it follows from (4.3),
(IT) of Lemma 2.4! and Fatou’s lemma that:

liminf [, DE,[)(U) = liminf / () DED|({z € Q| (t.2) € U dt

> / lim inf 4, (1) | D&, (1)|({x € | (.)€ U}) dt

1

> [OIDE®I({z € 2 (t.0) € UY) dt = bl DEI)V),
T
for any open U C I x €. (4.4)

In particular, combining (2.25) and (4.4), it follows that:
Tim [, D6 (7 ) = [l DE 11 x ). (4.5)

Now, on account of (2.21), (4.4), (4.5) and [I, Proposition 1.80], we deduce that:
lim G dm| D& = | ¥ dlyee| DEcl], for any ¢ € C(I x Q);
N0 JIx0 IxQ

and hence:

[ [ nomive i [ [ vmnaivesoia]

wmm%wmwwmw@m\

< [t = Vuclogem SpDul D& x ) +

— 0, asn — oo0.

IxQ

Thus, we conclude the item (IV)). ]

Proof of Lemma 2.6. Let us fix any ¢ € L2(I; L?), satisfying |[D((-)|(Q) € L*(I).
Then, by Lusin’s Theorem [10, Theorem 2 in Section 1.2], we find a class {J, | > 0} C 2/
of compact sets J,, C I, such that:

LN J) <k, € C(Js L2, |DC()I(Q) € O ()

and A, := sup |C(t)|~ < oo, for any k > 0.
tedx

On that basis, let us define a sequence {&, |k > 0} € L®(RR?) of bounded functions, by
putting:

y (1) in L®(R), ift € J,,
{C() o (R), 1 for a.e. t € R;

&xlt) ==
() 0 in L*(R), otherwise,
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where C(t)™ € L(R) is the natural extension of () € BV, prescribed in (1.2), for a.c.

t € I. Additionally, for any x > 0, let us define a sequence {{" | > 0} C C*(R?), by
putting:

wé”)(t,x) = / / 0:(t — 7)o (x — y) g,{(T, y) dydr, for all (t,x) € R?;
R JR

where for any € > 0, g, is the usual (one-dimensional) mollifier.
Hereafter, we prove this lemma by applying some diagonal argument to the class
(¥ |k > 0,6 > 0} € C=(R?).
First, for the sequence {&, |~ > 0}, it is immediately seen that:
¢ P T2(T- T2
{gf—)CHjL (5 L7), as K\, 0. (4.6)
£.(t) — C(t) in L?, for ae. t €1,

Besides, since:

/Q D) < Timint / D] and sup / DE,(1)] < / DE(t)™| = / DE().
for a.e. t € I,

we can apply Lebesgue’s dominated convergence theorem, to deduce that:

J

Secondly, for any x > 0, the sequence {zbéﬁ) |e > 0} can be supposed to fulfill that:

[&oi- [ |D5<t)|' dt 0 as 5\ 0. (47)

[ (¢, 2)| < A and @) (¢, 2) — £.(t,2) in pointwise sense, as e \, 0,
for £2-a.e. (t,x) € R

So, due to Lebesgue’s dominated convergence theorem and the lower semi-continuity of
the total variation,

Y — & in L2(1; L2) as £ \, 0, for any x > 0, (4.8)

£

and

W (1) = £.(t) in L? as e \, 0,
lim inf Y (8)] d DEL(t)],
mint [ |0),0)]de > [ DE(0)

e\0

for a.e. t € I and any x > 0. (4.9)

Here, for any k > 0, any € > 0, any ¢ € [ and any ¢ € C! with |¢|C(§) < 1, Fubini’s
theorem enables us to calculate that:

[oanear = [ ([ [ o=t - e dr) do

— [ate=n) [t ([ 0tv- oo i) dyar

= [ett=7) [ Emple < oht) dyar (4.10)
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Therefore, noting that:
|0c * lo < 1, for any ¢ € CF with || < 1; (4.11)

we have:

Lol =sw{ [ o050 do
< <§2£A|D§H(g)|> </R 0-(T — 1) dT) < ‘|D5(')|(Q)‘C(Jn), (4.12)

for any € > 0, any t € I and any x > 0.

On the other hand, it follows from (4.10)-(4.11) and Lemma 2.4/ that:

hmsup/]w(” \ala:<hm/gE (t—1) /\Df,.i |dT—/\D§n (4.13)

for a.e. t € I (Lebesgue point of |DE(-)|(R) € LY(I)) and any & > 0.

On account of (4.9) and (4.12)-(4.13), we can apply Lebesgue’s dominated convergence
theorem, to obtain that:

|dx—/|D§,€ |‘dt—>0 as € \, 0, for any (fixed) x >0. (4.14)

In the light of (4.6)-(4.7), we find a decreasing sequence {k, |m =1,2,3,---} C (0,1),
such that:

1 v v 1

0<km< om | — C‘LQ(I;LQ) < om’

D&, (I - IDEOI®), | < 5

form=1,2,3,---

Subsequently, by using (4.8)) and (4.14), we further find a decreasing sequence {g,, | m =
1,2,3,---} € (0,1), such that:

1
L) — 2m’

s

0<em< W) — & e <

27”7

y form=1,2,3,---.
\W¢W(MW—W&JN®>

IN

Now, the sequence {¢; |i = 1,2,3,---} € C®(RR?), required here, will be obtained as
a subsequence of {1/15'%) lm=1,2,3,---} C C*(R?), such that:

{ Di(t) = C(¢) in L2
| Diji (£)](2) — [DC(1)](9),

as i — 0o, fora.e. tel.

Proof of Lemma 2.7. Let 1y € (0,1), {v,} C (0,1), {n.} < WH3(0,T;L?*) N
L>(0,T; H') and n € WH2(0,T; L*) N L>(0,T; H') be the same as in (2.10)-(2.15). Also,
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let I C (0,7) be any open interval, and let i)()[ and an(-)I, n=1,23,---, be the
functionals, defined in (2.19) and (2.20), respectively.

As it is already mentioned in Remark 2.1, ®(-); is a proper functional on L?(I; L?).
Also, for any ¢ € D(®(-);), we easily check from (A4) that ((t) € BV for a.e. ¢t € I, and
we infer from (I) of Lemma 2.4 that the function:

tel 0a(n(t);C(t) € R;

is measurable on I. Hence, “the equality (2.28)”, and “the lower semi-continuity and
convexity of ®(-);” turn out to be direct consequences of “(A3)-(A4) and (2.14)”, and
“Fatou’s lemma and the triangle inequality”, respectively.

As well as, the condition (y1I) is immediately verified by taking a subsequence {(,,, | i =
1,2,3,---} C {§n|n: 1,2,3,-- -}, such that:

o (t) = Coolt) in L? for ace. t € I, and lim &, (C,,) = liminf @, (C,);

1— 00 n—oo

and applying (m1) of Lemma 2.3/ and Fatou’s lemma.

For the verification of the condition (y2), let us first apply Lemma 2.6 to prepare an
approximation sequence {t;} € C*°(R?) of the function (s € D(®(-);), in the same sense
as in (2.26)-(2.27), and secondly, let us take an increasing sequence {n;|i =1,2,3,---} C
N, such that:

N 1
Nit; > n; > 1 and g//|(¢i)$|2dmdt§—, forany O <v <y, 1=1,2,3,---.
1Ja ¢

On that basis, the required sequence {én |n=1,2,3,---} will be obtained as follows:

é 1[’2 in L*(I; L?), if iy <n < fyyq for some i € N,
" e in LA L2), if1<n < .

In fact, from the constitution method of {(,}, we immediately see that:

( (, — Coo in LA(I; L),

//|4M |dxdt—>//|DCoo Nt g n = s, (4.15)
?”/I/Q|(én)x(t)|2d:vdt—>0,

DCo(t) — DCoo(t) weakly-+ in M, as n — oo, for ae. t € I.

and

So, applying (IV)) of Lemma 2.5 to the case when:

Yoo = a(n) in C(I X ), Y, =a(n,) in C(I xQ),n=1,2,3,---,
Yoo =Vn=1lon I xQ n=12,3,---,
oo = Coo in L2(I;L2), &, =, in L2(I; L), n=1,2,3,---;
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it is also seen that:

// (0 (0)](G)a(t \d:z:dt—>// )| D ()| dt as n — oo. (4.16)

Now, the convergences, asserted in (72), will follow from (4.15)-(4.106). u
Proof of Lemma 2.8. Let {6, |n=1,2,3,---} C L2(I; H") be a sequence, such that:
0, — 0 in L2(I; L?) and ®,(0,); — ®(0);, asn — oo.

Such {f,} can be taken by applying (72) of Lemma 2.7 to the case of (o = 0 € D(®(-);).
On the other hand, since the pair [, 6,], for each n € N, fulfills the Cauchy problem
(2.4) in case of v = v,, it is deduced that:

~

/I(@O(nn(t))(en)t(t)a Qn(t) - en(t))LQ dt + (i)n(en) < (i)n(én)v n= 17 27 3a e

So, letting n — oo, with the use of (2.16) and (1) of Lemma 2.7, yield that:

A A A A

®(0); < liminf &, (0,); < limsup ®,(6,); < lim &,(6,); = D();. (4.17)

n—00 n—oo n—00

Additionally, by (2.12), (2.14), (2.15), (2.18) and (4.17), we can apply (III) of Lemma 2.5
to the case when:

Voo = a(n) in C(I x Q), ¥, = a(n,) in C(I xQ),n=1,2,3,---,
fo=01in L*([;L?), & =0, in L*(I[; L?), n=1,2,3,---;

to calculated that:

lim sup( / / 1(0,)2(t)? dxdt)

< lim ®,( I—hmmf// )z (t)] dadt
< &(0); — D(0); = 0. (4.18)

Combining (4.17) and (4.18)),

// a(n,(t |d:z:dt—>// t)|DO(t)|dt, as n — oco. (4.19)

On account of (2.12), (2.14), (2.15), (2.18) and (4.19)), the assertion (2.33) of this
lemma will be obtained by applying (IV) of Lemma 2.5 to the case when:

Voo :04(77) n C(‘[ X Q)? In :a(nn) n C(IX Q)? n= 17273a"'7
b =0in L*([;L?), &, =0, in L*>([; L), n=1,2,3,---
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Appendix

This Appendix is devoted to the summary of some specific topics, that are often used
throughout this paper. All topics are related to the notion of subdifferential of convex
function, on a Hilbert space.

Ap.1 Notion of subdifferential

Let H be an abstract Hilbert space, and let ® : D(®) C H — (—00, 00| be a proper
l.s.c. and convex function on H, with the effective domain D(®). Here, let us overview
some elemental mattes of the subdifferential of ®, denoted by 0.

Definition Ap.1 (Definition of subdifferential) The subdifferential 0® of the convex
function ® is defined as a multi-valued operator 0® : H — 27 such that any v € H
is assigned to a set 0®(v) of all elements w € H, satisfying the following variational
inequality:

(w,z —v)g + P(v) < P(2), for any z € D(P). (ap.1)
Then, the domain of 0® is denoted by D(0®), with the definition:

D(0®):={ 6 € H|0®(®) #0 };

and for any v € D(0®), each w € 90P(v) is called a subgradient of ® at v.

Remark Ap.1 In general, multi-valued mappings are often identified with its graph.
Hence, in the case of the subdifferential 0® in Definition [Ap.1, the phrase “v € D(0®P)
and w € 0®(v) in H” is often described as “[v,w] € 0P in H x H”.

Remark Ap.2 One of advantages of using subdifferential is in the point that this notion
can respond to nonsmooth situations of convex functions. Indeed, in Definition Ap.1,
the multi-valued situations of 0® will appear at the nonsmooth points of the graph of ®.
Additionally, the variational inequality (ap.1) implies that the hyper-plane of the slope
w supports the epigraph of ®, and also it is tangential at the point [v, ®(v)] € H x R.
Hence, when the convex function @ is sufficiently smooth, the subdifferential 0® turns
out to be a single-valued mapping, that can be identified with some usual differential,
such as Gateaux differential and Fréchet differential, e.t.c..

Ap.2 Subdifferential of weighted total variation

Let us fix any p € C(), such that p > 6, on Q for some constant §, > 0, and let us
define a functional V, : L?* — [0, 0o] on the Hilbert space L?, by putting:

/p\DU\, if ve BV,
Q

oo, otherwise.

ve L V,(v):=

In this paper, the functionals, kindred to the above V,, are collectively called weighted
total variation functional, or simply weighted total variation.

The focus in this section is on the representation of the subdifferential dV, of the
weighted total variation V,, in the topology of L?. Nowadays, this topic has been studied
by a number of mathematicians, from various viewpoints (e.g. [2, 3 [4, 12} 13} 19, 22, 25,
20]). In such previous studies, we here quote [4, Lemma 6.4], in the form of the following
lemma.
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Lemma Ap.1 (Representation lemma for V,) For a pair [v,w] € L* x L* of functions:
[v,w] € OV, in L* x L?;
if and only if there exists a function w* € H', such that:
(a) |@*(2)| < p(x) for any x € Q;
(b) w=—(w"), in D'(Q) (in the distribution sense);

(c)/ z—v dx</w /p]DU|, for any z € BV.

Remark Ap 3 In [4, Lemma 6.4], the term [, @w*Dz, in (c), is described by an integral
form fQ * Dz) with respect to the pairing measure (w*, Dz), proposed by Anzellotti

[5]. However, since we here have w* € H' C C(Q), we infer from [5, Proposition 2.3] that
(w*, Dz) = w*Dz in M. On that basis, let us put:

1 —
w(x) = ——= w"(x), for any z € Q.
plx)
Here, if p € H!, then it is immediately checked that:
weH' ' cCQ), |w'|<1onQ, and w= —(pw*), in D'(Q). (ap.2)
Also, setting z = v in (¢) of Lemma Ap.1} it is deduced that:
/p[Dv[ < / pw*Dv, and hence / p (1 —w"- |BZ|) |Dv| <0,
Q Q )
while p>0on Q, and 1— w* |D =0, | Dvl-a.e. in €;
where 2% is the Radon-Nikodym density of the variation measure Dv for its total varia-

|Do|
tion | Dv|. It implies that:

w*(z) = \g_:j\v |Dvl-a.e. in Q. (ap.3)
On account of (ap.2)-(ap.3), we can roughly summarize that the function w = —(pw®*),

somehow give a certain expression of the singular diffusion —(p‘g—z‘)x for v € BV.

Ap.3 Evolution equations governed by time-dependent subdifferentials

Let H be an abstract Hilbert space. Let ug € H be a given element, let f : (0,7) — H
be a given measurable function, and let {®*|0 < t < T} be a class of time-dependent
convex functions @ : D(®') C H — (—o00, 0], 0 <t < T, on the Hilbert space H.

In this section, we denote by (E;ug, f|) the following Cauchy problem of evolution
equation:

u(t) + 0P (u(t)) > f(t) in H, 0 <t <T,
(E7 U, f) .
u(0) = up in H;

governed by the time-dependent subdifferentials 0®!, 0 <t < T.

With regard to this problem, we can quote the general theory of Kenmochi [17], as
one of representative studies for its mathematical treatment.

According to [17, Chapter 1], the solution (strong solution) of the problem (E; uy, f)
is prescribed as follows.
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Definition Ap.2 A function u : [0,7] — H is called a solution of (F;uy, f), if and only
if u e WhH2(0,T; H) with u(0) = up in H, and:

(f —u)(t) € 09" (u(t)) in H, for ae. t € (0,T);
equivalently:
((us — (), u(t) — 2)g + D' (u(t)) < d'(2), for any z € D(®') and a.e. t € (0,T).

Now, the following lemma is the summary of the solvability part of the general theory,
which is obtained as a consequence of [17, Theorems 1.1.1, 1.1.2 and 1.5.1].

Lemma Ap.2 (Solvability of the Cauchy problem (E;uq, f)) Let us assume that ug €
D(®°) and f € L*(0,T;H). Also, let us assume that the class {®'|0 < t < T} of
time-dependent convex functions fulfills the following condition.

(®) There exist two functions a € W2(0,T) and b € WH(0,T), and for arbitrary
s,t € [0,T] and arbitrary z € D(®*), there exists Z € D(®"), such that:

{IZ—Z|H < la(t) — a(s)|(1+]2°(2)['?),
O(2) — *(2) < [b(1) = b(s)|(1 + [@*(2)]).

Then, the Cauchy problem (E;uo, f) admits a unique solution u.

Remark Ap.4 Let {¥"|0 <t < T} be a class of the time-dependent convex functions
Ut 0 <t<T,given in (3.1). Then, we easily check the compatibility of {U*} with the
condition (®) in Lemma Ap.2. In fact, since:

D(V') = H', forall0<t<T;

namely, since the domain D(V¥*) of each ¥' is actually independent of time, we can take
just the same element z € D(¥®) as the function Z € D(¥?), required in (). From this
viewpoint, the inequality (3.3) implies that the setting:

1 t
a(t):==0 and b(t) := Ay (1 + —> / (14 |7:(7)|g2) dr, for 0 <t <T;
vJJo
provides a certain possible choice of the functions a and b, as in (®)).

Remark Ap.5 Inrigorous, the general theory, summarized in Lemma Ap.2 cannot guar-
antee the solvability of the Cauchy problem (3.2), because this problem includes a time-
dependent perturbation:

(t,v) € [0,T] x L* — — (%—FAO)veLQ.

However, we now find several papers, e.g. [24, 27], which report general theories, to
handle such situation. In particular, the theory, obtained in [27], is one of enhanced
studies, originating from [17].
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Finally, we mention a key-lemma, which is related to the measurability and absolute
continuity of the composite function ¢ € (0,7) — ®*(¢(t)), for ¢ € L*(0,T; H).

Lemma Ap.3 (Measurability and absolute continuity of composite functions) Let I C
(0, T) be any open interval. Then, under the condition (@) as in Lemma Ap.2, the fol-
lowing two items hold.

(A) For any ¢ € L*(I; H), the composite function t € I — ®'({(t)) € (—o0,00] 1is
measurable on I.

(B) If ¢ € WY(I; H), if ¢* € L*(I; H), and if:
C*(t) € 0" (¢C(t)) in H, forae teI;

then the composite function t € I — ®Y{(t)) € R turns out to be absolutely
continuous on I.

Remark Ap.6 Items (A) and (B) in Lemma Ap.3 are obtained by taking into account
of [17, Lemma 1.2.2] and [17, Theorem 1.5.1 and Corollaries of Lemmas 1.2.5 and 2.1.1],
respectively.

On that basis, let us take any 7 € W2(0,T; L?) N L>=(0,T; H') C C(Q7), satisfying
0 <7 <1on Qr, and let us consider the class {®,,(7(t); -)|0 < t < T} of time-
dependent convex functions, that appears in the auxiliary Cauchy problem (P2; &g, 7).,
with a given constant v > 0 and a given function ag € L>(Q7). Then, by using Holder’s
inequality:

al/(ﬁ(t) ) - qDa,V(ﬁ(s>; Z)l
/ (7] ((s)|ze] dz < o' (1)[0(t) — 7(s)| 22|22 |12

<a(1) (1 i ) / ()2 dr | (14 Do (7(5); 2)):
for all s,t € [O T] and all z € D(®,,(7(s); -)) = D(Pa.,(7(t); -)) = H.

So, just as in Remark |Ap.4, we verify that the class {®,,(7(t); -) |0 <t < T} is compat-
ible with the condition (®) in Lemma Ap.2.
To conclude, if v > 0, then we immediately have the measurability of the function:

telw @,,(1(t);C(t) €[0,00], forany (e L*(I;L%);

and hence we also have the lower semi-continuity and convexity of the functionals &Dn( 1,
for n = 1,2,3,---, defined in (2.20). Furthermore, if v > 0, and if we somehow find
the solution 6, of the auxiliary Cauchy problem (P2;ag,17),, then we can immediately
conclude the absolute continuity of the function ¢t € [0, T] — @, (7(t); 6,(t)).

But, we cannot apply similar arguments for the class {®,(7(t); -)|0 < ¢t < T} of
convex functions, with 7 € C(Qr), that is associated with our second Cauchy problem
(1.4), because the use of Holder’s inequality, as in (ap.4), is available only when v > 0.
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