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1 Introduction

Let m be a square-free integer. Throughout this paper Em will denote the
elliptic curve given by the equation y2 = (x + m)(x2 + m2).

Stroeker and Top [StTo] have consider the Mordell-Weil group Em(Q) when
m is a prime by computing Selmer groups. Schmitt [Sch] also use the same
method to obtain an upper bound for the rank of Em(Q) for square-free m.
Lemmermeyer [Lem] has shown that the 2-ranks of the Tate-Shafarevich groups
of Em can be arbitrarily large. MacLeod [MLe] computes some Heegner points
for rank 1 curves in the case where m is prime congruent ro 7 (mod 8).

In this paper, first, we will use Heegner points to obtain the rank of Em(Q)
is 1 for various m which contains the truth of the conjecture in the paper of
Stroeker and Top [StTo]. Secondly, we will give an analogue result of Tunnell
[Tun]. All the methods used in this paper have already appeared in [Yo1], [Yo2].

Some of our results are stated as follows.

Theorem 1.1. (1) Let p be a prime with p ≡ −1 (mod 8). Then the rank of
the Mordell-Weil group Em(Q) is 1 for m = p,±2p.
(2) Let formal power series in the variable q be given by

Φ1,3 =
1
2

 ∑
x,y,z∈Z

q3x2+16y2+43z2−2xz −
∑

x,y,z∈Z

q11x2+12y2+16z2−4xy

 .

Set Φ1,3 =
∑∞

m=1 a1,3(m)qm. Let d be a square-free positive integer ≡ 3 (mod 8).
If a1,3(d) ̸= 0 then Ed(Q) is finite. Moreover, under the conjecture of Birch and
Swinnerton-Dyer [BiSw], the converse is also true.

The paper is organized as follows. In Section 2, we will use Heegner points to
prove Theorem 1.1(1). In Section 3, we will introduce several theta series and
give its properties. And then, we will show an analogue of the result of Tunnell
[Tun] on the congruent number elliptic curve y2 = x3 − m2x. As a corollary,
we will obtain Theorem 1.1(2). In Section 4, using the results in Section 3, we
will give some finiteness result of Em(Q) for various m. In particular, we will
obtain a stronger result of [StTo].
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2 Heegner points

At first, we give some notation and recall some facts.
Given a positive integer N , let Γ0(N) be the group of matrices in SL2(Z)

which are upper triangular modulo N . It acts as a discrete group of Möbius
transformation on the Poincaré upper half-plane H. The group Γ0(N) also acts
on cusps Q ∪ {i∞} in the same manner. Let H∗ denotes H ∪ Q ∪ {i∞}. The
modular curve X0(N) = Γ0(N)\H∗ is defined over Q. For a τ ∈ H∗, let [τ ] be
its corresponding point of X0(N). The cusps [i∞] and [0] are Q-rational points
of X0(N). (See [Shi1], [Ogg].)

Let S2(N) denote the C-vector space of cusp forms of weight two and level
Γ0(N) with the trivial character. Let φ(τ) be a normalized newform in S2(N).
Suppose that all the Fourier coefficients of φ are integers. Then the function

Iφ : H∗ −→ C

τ0 7→ 2πi

∫ i∞

τ0

φ(τ)dτ

is well-defined. Also, the map

Pφ : Γ0(N) −→ C
M 7→ Iφ(τ1) − Iφ(M(τ1))

is well-defined (independent of τ1 ∈ H∗) and is a group homomorphism (see
Knapp [Kna]). The image Λφ of Pφ defines a lattice of rank two in C. By an
assumption on φ, the elliptic curve Eφ = C/Λφ is defined over Q and the map
Iφ induces a morphism

Ĩφ : X0(N) −→ Eφ

defined over Q. By definition, we have Ĩφ([i∞]) is the zero of Eφ and Ĩφ([0])
is in Eφ(Q). (Moreover, the point Ĩφ([0]) is a torsion point, but we do not use
this fact since we use only newforms φ such that the groups Eφ(Q) are finite.)

For t = ±1,±2, let φt be the normalized newform such that the corresponding
elliptic curve Eφt is isogenous to our elliptic curve Et. In fact, each of φt’s is
in S2(128) and the corresponding elliptic curve Eφt is isomorphic to the elliptic
curve Et from Table 1 in [Cre]. Also we have the following table. (Here we use
the codes in [Cre].)

t Eφt
∼= Et Et(Q)

1 128A1(C) Z × Z/2
−1 128C1(A) Z/2

2 128D1(G) Z/2
−2 128B1(F) Z/2

Let Ω(φt) be the least positive real period of Λφt . Since Et(R) ∼= Eφt(R) is
connected, we see that Ω(φt) is also the real period Ω(Et) of Et.
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Let L(Et, s) denote the L-series of Et, which is defined on Re(s)> 3/2.
(cf. App.C of [Sil]). Since Et is modular, L(Et, s) has an analytic continuation
to all C.

From the Table 4 in [Cre] and using the fact that

L(Et, 1) = −
∫ i∞

0

2πiφt(τ)dτ = −Iφt
(0)

(cf. [Cre], p.30, 37), we have

Iφt(0) =

{
−Ω(φt)/2 if t = −1,±2.

0 for t = 1.

In particular, we have proved

Lemma 2.1. The point Ĩφt([0]) is a torsion point of exact order two in Et(Q).

We also use the following lemma.

Lemma 2.2. Let W128 be the involution of X0(128) induced by τ 7→ −1/128τ .
Then, for any τ0 ∈ H∗, we have

Ĩφt([τ0]) = Ĩφt([0]) − Ĩφt(W128[τ0])

for t = −1,±2.

For a proof, we can use the same argument as Lemma 4.3 of [Yo1]. 2

Proof (of Theorem 1.1(1)). Since p ≡ −1 (mod 8), the prime 2 splits in the
quadratic field K = Q(

√
−p). Write 128 = nn with (n, n) = 1, where n is an ideal

of the ring OK of integers in K and the bar denotes the (complex) conjugation.
The inclusion OK ⊂ n−1OK induces an isogeny C/OK → C/n−1OK whose kernel
is OK/n ∼= Z/128. Hence the pair (C/OK , C/n−1OK) represents a ‘Heegner’
point [τp] (say) of X0(128) (τp ∈ H). Moreover, by the theory of complex
multiplication, [τp] is rational over the Hilbert class field K(1) of K. Set

Q =
∑

σ∈Gal(K(1)/K)

σĨφt([τp]) ∈ Et(K).

By using the well-known fact that the involution W128 induces the complex
conjugation on Et, Lemma 2.2 gives

Q =
∑

σ∈Gal(K(1)/K)

σĨφt(W128[τp])

= h(−p)Ĩφt([0]) − Q,

where h(−p) = [K(1) : K] is the class number of K. In particular

Q − Q = h(−p)Ĩφt([0]) − 2Q.
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Since p ≡ −1 (mod 4), the class number h(−p) is odd. By a direct com-
putation, we can easily check that every rational torsion point of exact order
two in Et is not divisible by two in Et(K) if t = −1,±2. Therefore the point
h(−p)Ĩφt([0]) ∈ Em (t = −1,±2) is not divisible by two in Et(K) by using the
duplication formula, and then we obtain that the point Q − Q of Et(K) is of
the form (u0, v0

√
−p) with u0, v0 ∈ Q, v0 ̸= 0. Hence we have the point

(−pu0, p
2v0) ∈ E−tp(Q) (t = −1,±2)

of infinite order. So we have a rational point of E−tp which is not torsion
(t = −1,±2). Since it is known that rankE−tp(Q) ≤ 1 ([StTo]), we obtain that
the rank of E−tp(Q) is exactly 1. Moreover, the result of Gross and Zagier [GrZa]
gives ords=1L(E−tp, s) = 1. This completes the proof of Theorem 1.1(1). 2

3 Analogue of the result of Tunnell

As in the previous section, for each t = ±1,±2 let φt ∈ S2(128) be the
newform corresponding to the (modular) elliptic curve Et. In particular, φt is
a common eigenfunction of the Hecke operator T2(p) for all odd primes p (say,
T2(p)φt = λt,pφt).

We also use the following notation.
By χc, we denote the Dirichlet character corresponding to Q(

√
c )/Q (c ∈ Z, c ̸=

0).
Let N be a positive integer divisible by 4 and χ a quadratic Dirichlet character
modulo N such that χ(−1) = 1. Let S3/2(N, χ) denote the C-vector space of
modular cusp forms of weight 3/2 with character χ, S◦

3/2(N, χ) the subspace
generated by the forms of types

θψ,c(τ) =
∑
m∈Z

ψ(m)mqcm2
,

where c is any positive integer and ψ is any quadratic character with conductor
rψ such that 4r2

ψc | N and χ = ψχcχ−1.(See [Shi2].) Let S⊥
3/2(N, χ) denote

the orthogonal complement of S◦
3/2(N,χ) with respect to the Petersson inner

product and S⊥
3/2(N, χ, φt) the subspace of S⊥

3/2(N, χ) which consists of elements
Φ such that T3/2(p2)Φ = λt,pΦ for all primes p - N , where T3/2(p2) is the p2-th
Hecke operator which acts on S3/2(N,χ) (see [Shi2]).

Definition 3.1. Let us define several quadratic forms Q
(k)
t,α = Q

(k)
t,α(x, y, z) as
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follows.

(1) Q
(1)
1,3 = 3x2 + 16y2 + 43z2 − 2xz, Q

(2)
1,3 = 11x2 + 12y2 + 16z2 − 4xy

(2) Q
(1)
1,5 = 5x2 + 5y2 + 44z2 + 4yz + 4xz + 2xy,

Q
(2)
1,5 = 8x2 + 12y2 + 13z2 − 4yz − 8xz

(3) Q
(1)
−1,1 = x2 + 16y2 + 128z2, Q

(2)
−1,1 = 4x2 + 16y2 + 33z2 − 4xz,

Q
(3)
−1,1 = 9x2 + 16y2 + 16z2 − 8xy

(4) Q
(1)
−1,7 = 7x2 + 7y2 + 44z2 − 4yz − 4xz − 2xy,

Q
(2)
−1,7 = 12x2 + 15y2 + 15z2 + 14yz + 4xz + 4xy

(5) Q
(1)
2,1 = x2 + 10y2 + 26z2 − 4yz, Q

(2)
2,1 = 4x2 + 9y2 + 10z2 − 8yz − 4xy,

Q
(3)
2,1 = 3x2 + 9y2 + 11z2 + 6yz + 2xz + 2xy

(6) Q
(1)
2,3 = 3x2 + 7y2 + 27z2 + 6yz + 2xz + 2xy,

Q
(2)
2,3 = 7x2 + 8y2 + 12z2 + 8yz + 4xz + 4xy

(7) Q
(1)
−2,1 = x2 + 8y2 + 128z2, Q

(2)
−2,1 = 4x2 + 8y2 + 33z2 − 4xz,

Q
(3)
−2,1 = 8x2 + 9y2 + 16z2 − 8yz

(8) Q
(1)
−2,3 = 3x2 + 5y2 + 19z2 − 2yz − 2xz − 2xy,

Q
(2)
−2.3 = 5x2 + 6y2 + 10z2 − 4yz − 4xz

From Preposition 3 and Proposition 4 of [Leh] (see also [Dic], [Jon]) we can
check the following lemma by using a computer.

Lemma 3.2. The quadratic forms in each of (1) ∼ (8) of Definition 3.1 form
a genus.

We use the abbreviation Θ(Q) for the Θ-series corresponding to a positive
definite quadratic form Q. For (t, α) = (1, 3), (1, 5), (−1, 1), (−1, 7), (±2, 1) or
(±2, 3), set

Φt,α =
{

Θ(Q(1)
t,α) − Θ(Q(2)

t,α)
}
×

{
1/4 if (t, α) = (1, 5), (−1, 7),

1/2 otherwise.

Theorem 3.3. With the above notation, we have the following.

(1-1) Φ1,3 ∈ S⊥
3/2(512, χ2, φ−2).

(1-2) Φ1,5 ∈ S⊥
3/2(512, χ1, φ−1).

(2) Φ−1,1, Φ−1,7 ∈ S⊥
3/2(512, χ2, φ2).

(3-1) Φ2,1 ∈ S⊥
3/2(512, χ1, φ−2).

(3-2) Φ2,3 ∈ S⊥
3/2(512, χ2, φ−1).

(4) Φ−2,1, Φ−2,3 ∈ S⊥
3/2(512, χ1, φ2).
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Proof. We use the notation from section 1 of [Yo2]. Each statement of this
theorem can be proved similarly, so we only give the proof for the part (1-1).

From Lemma 3.2, one sees that Φ1,3 is an element of S3/2(512, χ2). More-
over, by comparing the Fourier coefficients of T3/2(p2)Φ1,3 with those of Φ1,3,
we see that Φ1,3 is eigenfunction of T3/2(p2) for p = 3, 5 with eigenvalue −2, 2,
respectively.

S◦
3/2(512, χ2) is generated by θχ−1,2, θχ−1,8, and θχ−2,1. In the same way, we

obtain that θχ−1,2, θχ−1,8, θχ−2,1 are eigenfunctions of T3/2(32) with eigenvalue
−4,−4, 4, respectively.

Therefore Φ1,3 is in S⊥
3/2(512, χ2) since the adjoint of T3/2(32) with respect

to the Petersson inner product (on S3/2(512, χ2)) is χ2(3)T3/2(32) = −T3/2(32).
From Table 3 of [Cre], the newform φ−2 ∈ S2(128) has eigenvalues λ−2,3 =

−2, λ−2,5 = 2 for T2(3), T2(5), respectively. Hence Φ1,3 is an elements of
S⊥

3/2(512, χ2, φ−2) by the algorithm of Antoniadis, Bungert and Frey [ABF],
[Fre] (see also the last remark in the section 2 of [Yo2]). This proves (1-1). 2

Remark. There are various relations between theta function. For instance, we
can find that

Φ̃2,3 =
1
4

{
Θ(Q̃(1)

2,3) − Θ(Q̃(2)
2,3)

}
,

where

Q̃
(1)
2,3 = 2x2 + 3y2 + 26z2 + 2yz + 2xy,

Q̃
(2)
2,3 = 2x2 + 7y2 + 10z2 + 2yz + 2xy.

Let Φt,α =
∑∞

m=1 at,α(d)qm (q = e2πiτ , τ ∈ H) denote the modular form
defined as above. Using the theorem of Waldspurger [Wal], we obtain the fol-
lowing.

Theorem 3.4. Let d > 0 be a square-free odd integer. Then we have

(1) L(Ed, 1)/Ω(Ed) =


a1,3(d)2 if d ≡ 3 (mod 8)

2a1,5(d)2 if d ≡ 5 (mod 8)

0 otherwise,

(2) L(E−d, 1)/Ω(E−d) =


1
2a−1,1(d)2 if d ≡ 1 (mod 8)

4a−1,7(d)2 if d ≡ 7 (mod 8)

0 otherwise,

(3) L(E±2d, 1)/Ω(E±2d) =


1
2a±2,1(d)2 if d ≡ 1 (mod 8)

a±2,3(d)2 if d ≡ 3 (mod 8)

0 otherwise,
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Proof. (1) From Theorem 3.3(1), the main theorem of Waldspurger [Wal] in our
case says that

L(Ed, 1)
Ω(Ed)

× a1,α(α)2 =
L(Eα, 1)
Ω(Eα)

× a1,d(d)2

if d ≡ α (mod 8) for α = 3, 5. By a computer calculation, we obtain that
L(E3,1)
Ω(E3)

= 1 and L(E5,1)
Ω(E5)

= 2. It is easy to see that a1,3(3) = a1,5(5) = 1. If
d ≡ 1, 7 (mod 8) then L(Ed, 1) vanishes from the fact that the sign of functional
equation for L(Ed, s) is −1 by Theorem 1.3 of [Sch]. Hence (1) of the theorem
is proved. (2) and (3) can be proved by the same argument. 2

Let d be a square-free positive odd integer. Put

u1(d) = ♯{p : prime| p | d, p ≡ 1 (mod 4)}
u3(d) = ♯{p : prime| p | d, p ≡ 3 (mod 4)}.

We also denote

(1) Xd =

{
a1,3(d)2/22u1(d)+u3(d)−1 if d ≡ 3 (mod 8)

a1,5(d)2/22u1(d)+u3(d)−2 if d ≡ 5 (mod 8),

(2) X−d =

{
a−1,1(d)2/22u1(d)+u3(d) if d ≡ 1 (mod 8)

a−1,7(d)2/22u1(d)+u3(d)−3 if d ≡ 7 (mod 8),

(3) X±2d =

{
a±2,1(d)2/22u1(d)+u3(d) if d ≡ 1 (mod 8)

a±2,3(d)2/22u1(d)+u3(d)−1 if d ≡ 3 (mod 8).

As a corollary, we have the following by the result of Kolyvagin [Kol1], [Kol2]
with Tate’s algorithm [Tat].

Corollary 3.5. Let (t, α) = (1, 3), (1, 5), (−1,±1), (2, 1) or (2, 3). Let d > 0
be a square-free integer with d ≡ α (mod 8). Assume that at,α(d) ̸= 0. Then
both the Mordell-Weil group Etd(Q) and the Tate-Shafarevich group X(Etd) are
finite. Moreover, assuming the Birch and Swinnerton-Dyer conjecture [BiSw],
we have ♯X(Etd) = Xtd.

Theorem 1.1(2) follows from this corollary at once.

4 Application

In this section, we will give various non-vanishing results of L(Em, 1).

For a positive definite quadratic form Q and a positive integer d, let N(d,Q)
denote the number of representations of d by Q. As before, let h(D) be the
class number of Q(

√
D) of discriminant D < 0.
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Theorem 4.1. Let p is a prime such that p ≡ 3 (mod 8). Then L(Ep, 1) ̸= 0
Therefore Ep(Q) and X(Ep) are finite. Moreover, the 2-torsion part of the
conjecture of Birch and Swinnerton-Dyer is true.

Proof. By Lemma 3.2 and Theorem 86 of [Jon], one can obtain that

N(p,Q
(1)
1,3) + N(p,Q

(2)
1,3) = h(−8p).

Therefore we have

2a1,3(p) = N(p,Q
(1)
1,3) − N(p,Q

(2)
1,3)

= 2N(p,Q
(1)
1,3) − N(p,Q

(1)
1,3) − N(p,Q

(2)
1,3)

= 2N(p,Q
(1)
1,3) − h(−8p).

by definition of a1,3(p). From a result of Pizer [Piz], we see that h(−8p) ≡ 2
(mod 4) since p is prime congruent to 3 (mod 4). It is trivial that N(p,Q

(1)
1,3) is

even. Therefore a1,3(p) is odd. In particular, L(Ep, 1)/Ω(Ep) = a1,3(p)2 ̸= 0 and
both Ep(Q) and X(Ep) are finite. On the one hand, by two-descent method
(see [StTo]), the 2-torsion part of X(Ep) is trivial. On the other hand, we
see that Xp = a1,3(p)2 is odd by Corollary 3.5. So the 2-torsion part of the
conjecture of Birch and Swinnerton-Dyer is true. 2

Remark. By the same argument, we also obtain the same result holds for all
primes p ≡ 5 (mod 8). Hence, we have a generalization of [StTo].

Theorem 4.2. If p is a prime such that p ≡ 7 (mod 16), then a−1,7(p) ̸= 0. (So
L(E−p, 1) ̸= 0.) In particular, both E−p(Q) and X(E−p) are finite. Moreover,
the 2-torsion part of X(E−p) is non-trivial.

Proof. The same argument as the proof of Theorem 4.1 gives

N(p,Q
(1)
−1,7) + N(p,Q

(2)
−1,7) = h(−8p).

Therefore we have

4a−1,7(p) = N(p,Q
(1)
−1,7) − N(p,Q

(2)
−1,7)

= N(p,Q
(1)
−1,7) + N(p,Q

(2)
−1,7) − 2N(p,Q

(2)
−1,7)

= h(−8p) − 2N(p,Q
(2)
−1,7)

by definition of a−1,7(p). From a result of Pizer [Piz], we see that h(−8p) ≡ 4
(mod 8) since p is prime congruent to 7 (mod 16). Since
N(p,Q

(2)
−1,7)

=♯
{
(x, y, z) ∈ Z3 : 12x2 + 15y2 + 15z2 + 14yz + 4xz + 4yz = p

}
=♯

{
(x, y, z) ∈ Z3 : 12x2 + 15y2 + 15z2 + 14yz + 4xz + 4yz = p, x(y − z) ̸= 0

}
+♯

{
(y, z) ∈ Z2 : 15y2 + 15z2 + 14yz = p

}
≡ 0 (mod 4),
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we find that 4a−1,7(p) ≡ 4 (mod 8). In particular, a−1,7(p) ̸= 0 and the finite-
ness of E−p(Q) and X(E−p) follows from Corollary 3.5. Moreover, by two-
descent method (see [Sch]), the 2-torsion part of X(E−p) is non-trivial. We
also note that 4 || X−p since a−1,7(p) is odd. 2
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