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Abstract. A class of quasi-variational inequalities (QVI) of the elliptic type is studied
in reflexive Banach spaces. The concept of QVI was ealier introduced by A. Bensoussan
and J. L. Lions [2] and its general theory has been evolved by many mathematicians, for
instance, see [6,7,9,13] and a monograph [1]. In this paper we give a generalization of
the existence theorem established in [14]. In our treatment we employ the compactness
method along with a concept of convergence of nonlinear multivalued operators of mono-
tone type (cf. [11]). We shall prove an abstract existence result for our class of QVI’s,
and moreover, give some applications to QVI’s for elliptic partial differential operators.

1. Introduction

Let X be a real reflexive Banach space and X* be its dual. We assume that X and X*
are strictly convex and denote by < -, - > the duality pairing between X* and X. Given
a nonlinear operator A from X into X*, an element g* € X* and a closed convex subset
K of X, the variational inequality is formulated as a problem to find u in X such that

u e K, (1)
<Au—g*,u—w><0, for "weK.

This has been studied by many mathematicians, for instance see [4,5,10] and their refer-
ences.

The concept of quasi-variational inequality was introduced by A. Bensoussan and J.
L. Lions [2] in order to solve some problems in the control theory. Given an operator
A: X — X* an element ¢* € X* and a family {K(v);v € X} of closed convex subsets
of X, the quasi-variational inequality is a problem to find v in X such that

{ u € K(u), 2)

<Au—g*u—w><0, for “we K(u).

The constraint K (u) for the quasi-variational inequality depends upon the unknown u,
which causes one of main difficulties in the mathematical treatment of quasi-variational
inequalities.

The theory of quasi-variational inequality has been evolved for various classes of the
mapping v — K (v) and the linear or nonlinear operator A : X — X*; see for instance
[6,7,13], in which two approaches to quasi-variational inequalities were proposed. One of



them is the so-called monotonicity method in Banach lattices X (cf. [13]), and for the
mapping v — K (v) the monotonicity condition

min{wy, ws} € K(v1), max{wy,we} € K(vg), if vy, vo € X with vy <wy,  (3)

is required, and an existence result for (2) is proved with the help of a fixed point the-
orem in Banach lattices. Another is the so-called compactness method in which some
compactness properties are required for the mapping v — K (v) such as K(v,) converges
to K(v) in the Mosco sense, if v, — v weakly in X as n — oco. In the later framework,
an existence result for (2) was shown in [7].

However there results seem not enough from some points of application. Therefore
their generalizations were established in [14]. In that paper, assume that A : X — X*
is a pseudo-monotone operator, Au = fl(u,u), generated by a semimonotone operator
A: X x X — X*. In such a case our quasi-variational inequality is of the form: Find
u € X and

u€ K(u), u* € Au, ()
<ut—g-u—w><0, for "we K(u).

In this paper, we discuss about the following quasi-variational inequality which is a
further generalization of the case treated in [14]. For a given function ¢ : X x X — R,
our quasi-variational inequality is written by

e(u,u) < oo, u* € Au; (5)
<u* =g u—v>+puu) < p(u,v) for "ve X.

The above abstract result is applied to a quasi-variational inequality arising in the
elastic-plastic torsion problem for visco-elastic materials: Find v € H}(Q2) and @ € L*(Q)
satisfying

|Vu\<k( )a.e. on ), u€ [(u)ae on Q,
ou 0
Z/azja:u du Ou = >dzv+/ a(u —w dx</fu—
= Ox;
Ywe HI(Q) with |Vw| < ke(u) ae. on £,
where  is a bounded smooth domain in RY, f is given in L?(Q), k.(-) is a positive,

smooth and bounded function on R and f(+) is a maximal monotone graph in R x R. In
this case our abstract result is applied to

o(v,u) = /QIK(V)(u)d:c + B(u)

with K( ) :=={w € Hj(Q); |Vw| < k.(u) a.e. on Q} and indicator function I (,) of K(v),
where ﬁ is the premitive of [, i.e. df = A3, and to

Awi= = Y o (o ) + )



It should be noted that the family {K(v);v € H}(2)} does not satisfy the monotonicity
condition (3), and that the term ((u) is in general multivalued.

2. Main results

Let X be a real Banach space and X* be its dual space, and assume that X and X*
are strictly convex. We denote by < -,- > the dualty pairing between X* and X, and by
| - |x and | - |x+ the norms of X and X*, respectively. For various general concepts on
nonlinear multivalued operators from X into X*, for instance, monotonicity and maximal
monotonicity of operators, we refer to the monograph [1,4]. In this paper, operators are
multivalued, in general. Given a general nonlinear operator A from X into X*, we use
the notations D(A), R(A) and G(A) to denote its domain, range and graph of A. Now we
formulate quasi-variational inequalities for a class of nonlinear operators, which is called
semimonotone, from X x X into X*.

Definition 2.1. An operator A(-,-) : X x X — X* is called semi-monotone, if D(A) =
X x X and the following conditions (SM1) and (SM2) are satisfied:

(SM1) A(v,-): X — X* is maximal monotone, and D(A(v,-)) = X for every v € X.
(SM2) {v,} € X and v, — v weakly in X as n — o0

~ * 9y v
— Yu* € A(v,u) , *{u,*} C X* such that { un” € Afvn,u) for n €N,

u,* — u* in X*.

Definition 2.2. If a sequence {p,} of proper l.s.c. convex functions on X satisfies the
following (MC1) and (MC2), then we say that ¢, converges to a proper Ls.c. convex
function ¢ on X in the sense of Mosco [11].

(MC1) Yz € D(p), *{z,} C X suchthat z, — zin X and @,(z,) — ©(2).

(MC2) If {¢n, } C {¢¥n} and {zx} C X such that z;, — z weakly in X,
then lign inf o, (z1) > ©(2)

Let A : D(A) := X x X — X* be a semimonotone operator. Then we define
A: D(A) = X — X* by putting Au := A(u,u) for all v € X, which is called the
operator generated by A. B

Now, for an operator A generated by semimonotone operator A, any ¢* € X* and a
mapping v — K (v) we consider a quasi-variational inequality, denoted by P(g*,¢), to find
u € X and u* € X* such that

. plu,u) < oo, u' € Au;
P(g" ) { <u*— g u—v>+puu) < o(u,v) for "veX (6)

Our main results of this paper are stated as follows.

Theorem 2.1. Let A : D(Z) = X x X — X* be a bounded semi-monotone operator,
A X — X* be the operator generated by A, Ko be a bounded closed convex subset of
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X, and g* € X*. Assume that p:X x X — RU{oo} satisfies that ¢(v,-)is proper l.s.c.
convex on X for each v € Ky, and Ky contains effective domains D(¢(v,-)) for all
v € Ky. Moreover, assume the following condition (K):

(K) {vn} C Ky and v, — v weakly in X
= ©(vn,") — p(v,) on X in the sense of Mosco.

Then, the quasi-variational inequality P(g*,p) has at least one solution w.

The following theorem is a slightly general version of Theorem 2.1.

Theorem 2.2. Let A: D(A) = X x X — X* be bounded and semi-monotone, A : X —
X* be the operator generated by A. Assume that ©: X x X — RU{o0} is a function such
that @(v,+) is a proper l.s.c. convex function for each v € X, and there exists a bounded
set Go C X such that D(p(v,-)) NGy # 0 for all v € X, and the following boundedness
and coerciveness conditions are satisfied:

R >0 such that incg o(v,2) < R(|v|x +1) for we X (7)
z€lo

<wt,w—v>
inf < wLr=e +gp(w,w)> — 00 as |w|x — oo wuniformly inv € Gy (8)
w*€Aw |w|X

Moreover, assume the following condition (K’):

(K’) {v,} C X, v, — v weakly in X
= ©(n,") — ©(v,-) on X in the sense of Mosco.

Then, the problem P(g*,p) has at least one solution w.

In our proof of Theorems 2.1 and 2.2 we use some results on nonlinear operators of
monotone type, which are mentioned below.

Proposition 2.1. Let A : D(A) = X x X — X* be a semimonotone operator and let

A X — X* be the operator generated by A. Then, the following two properties (a) and
(b) hold:

(a) Foranyv, u € X, A(v,u) is a non-empty, closed, bounded and convez subset of X*.

(b) Let {u,} and {v,} be sequences in X such that u, — u weakly in X and v, — v
weakly in X (asn — oo). Ifu), € A(vy,un), uy, — g weakly in X* andlimsup,, ., <
ul,u, ><< g,u >, then g € A(v,u) and lim,,_o < u',u, >= < g,u >.

For a proof of Proposition 2.1, see [14].

Proposition 2.2. Let A; : D(A;) € X — X* be a mazimal monotone operator and
Ay : D(Ay) = X — X* be a mazimal monotone operator. Suppose that
<] +v5,v— vy >

v:’(eAnl;,nE;esz lv|x — 00 as |v|x — 0o, v € D(4;).

Then R(Al + Ag) = X",



For a proof of Proposition 2.2, see [4,5,8].

3. Proof of main theorems
We begin with the proof of Theorem 2.1.

Proof of Theorem 2.1: The theorem is proved in the following two steps. In the first
step (A), we prove the case when A(wv,-) is strictly monotone from X into X* for every
v € X, and the second step (B) is the general case as in the statement of Theorem 2.1.

(In the case of (A))
At first, we solve the following problem for each v € K.

p(v,u) < 0o, u* € Z(v,u);
<u*—g-u—w>+pvu) <p,w) for YweX

9)

Now A(v, -) is maximal monotone with D(A(v, -)) = X, and the operator d¢(v, -), which is
the subdifferential of (v, ), is maximal monotone. Futhermore, for each v € D(p(v,+)),

< wj 5, W — Wp >
inf W W W W0 Z | g lw|x — o0, w € D(dp(v,-)) (10)
wi€dp(v,w), wieA(v,w) |w|X

is trivially satisfied because D(dp(v,-)) C Ko. From Proposition 2.2, R(d¢(v, )+ A(v, -))
= X*, so that

Yue D(p(v, ), u' e Alv,u) st. g" —u* € dp(v,u). (11)

Therefore,
<u* =g u—w>+pv,u) < plv,w) for Tw e X, (12)

and the problem (9) has a solution w. By the strict monotonicity this solution is unique.

Now we consider the operator S : Ky — Ky which assigns to each v € K the solution
u € K of (9). We shall show that S is weakly continuous in Ky. Assume that {v,} C K,
v, — v weakly in X, and Sv, = u,. Then, since Ky is weakly compact in X, there exist
a subsequence {u,, } of {u,} and u € K, such that u,, — v weakly in X (k — oo). For
each k, we have

(U, Uny,) < 00, Ul € A(Vpy, U,y ); 13)
< u:lk - g*’unk —w > _'_Sp(vnkaunk) S gO(Unk,w) fOI' V/u] [ X.

This means v € D(p(v,-)) by (MC2). By (MC1), we can see that there exists a
sequence {uy} C Ky such that p(v,,, ux) — ¢(v,u) and 4 — w in X. Moreover,
< Uy Uy, — U >S< G5 Uy, — Up > —P(Uny, Uny, ) + (g, Ug) forall ke N by
(13), and lim sup(—p(vp,,, Un,)) < —p(v,u) by (MC2), so that

k—o00
: *
limsup < u, ,

Up, > = limsup (< Uy s Uy — Up > + < Uy U, >)
k—o0 k—o0

Nng?

<limsup (< ¢", Up, —up >+ < u, ,up >
< limsup (< g7 tn, — i Uk (14)

_(p(vnk7unk> + QO(’Unk,ﬁk))
<<u*,u>



Next, by (SM2), for any w € X and any w* € A(v, w), there exists some sequence {w}}
in X*, such that wy € A(vy,,w) and wj, — w* in X*. In addition, < u;, —wy, tp, —w >> 0

for all k£ € N, because Z(Unk, -) is monotone. Hence

0 < limsup < u, — Wy, Up, —w >

k—oo

<<uf—wu—w> (15)

and g(v, -) is maximal monotone, which implies that u* € E(v, u). For these u and u*,
we use (SM2) to get a sequence {w;} C X* which satisfies that w} € A(v,,,u) and
wy, — u* in X*. Futhermore, since < uy, ,u,, >>< uy ,u > + < Wy, Uy, —u > by the
monotonicity of A(vy,,-), we see that
li}gr_lglf < Uy s Uy > > h,?iiofif (<up u>+ < Wi, Uy, —u>) (16)
=< u",u>.

Combining this (14), we get klim < Uy Uy, >=< U U >

For any w € D(¢(v,-)), by (MC1) we are able to find a sequence {wy} such that
wy, — w in X and @(vy,, wr) — @(v,w). Moreover, note from (13) that < uy — g*, u,, —
wi > +¢(Up,, Un, ) < @(Vn,,, wy). Therefore,

o(v,w) = li;n inf (v, , wi)

> liminf (< uf un, > — <), wp > — < g5, Un, — W > +9(Vgy, Uny))

k—o0

=<u" — g, u—w>+p(v,u). (17)

This shows that Sv = u and S is weakly continuous. By the fixed point theorem for
compact operators (Leray-Schauder type), S has at least one fixed point u in Kj, namely
Su = u, which is a solution of P(g*,y).

(In the case of (B))

We approximate A by A.(v,u) = A(v,u) + eJ(u) for every u,v € X, ¢ € (0,1], and
the duality mapping J from X into X*. Then A, is semi-monotone and A, (v, -) is strictly
monotone. Applying the case (A) for the operator A. generated by A., we see that

<u+e-Ju. — g ue —w > +o(us,u) < plu,w) for Ywe X
(18)
Now choose a sequence {¢,} and a subsequence {u.,} of {u.} such that e, converges
to 0, and wu,, converges to some u weakly in X. Then ¢(u,u) < oo by condition (K’).
According to (MC1), there exists a sequence {u,} which satisfies p(u.,,u,) — @(u,u)
and u, — w in X. For this sequence, we can choose a subsequence {“an} of {u } such

Fu. € Ky s.t. { us € D(p(ue,-)), ul € A(ue);

that {u;nk} converges to some u* weakly in X, because A is bounded. We now observe



by using (MC2) and (18) that

. *
hzn sup < u, -, Ue,, —U>
—00

. . ~ N ~
= lim sup << U, +é&n, Juank,ugnk —Up, >+ < U, +En, - Juank,unk —U >>

k—oo

< lim sup (< 9*7 usnk - ank > —QD(UEnk ) uank) + 90<u€nk ) ﬂnk) (19)

k—oo
N ~
+ < u,, +éen, - Juank,unk —u >>

<0

From Proposition 2.1-(b) and this inequality, we get klim <UL, U, >=< U u >,

Moreover, as in seen from (MC1), for each w € X

3 P(Ue,, , wi) = p(u,w),
{wp,} € X s.t. { 0w m X,

With these sequences and (18), we have

p(u,w) = lim p(u, ,w)

k—o00
: * *
Z k?ll—>r£10 << U'Enk + gnk ’ Juank - g 7u5nk - wk > _I_(p(uank ) uank)>

><ut— g u—w > +p(u,u)
for all w € X, namely u is a solution of P(g*,p).

(Q.ED.)

Next, we show Theorem 2.2 using the result of Theorem 2.1.

Proof of Theorem 2.2: At first, we put

dy = sup |w|x
weGy

dy :=sup < |w|x

w e X, inf <<w*’w_v>+w(w’w)> <lg

w*€Aw lwlx

(L+dy) for v € Go}

and My =d;+de+1,and By = {w € X | |w|x < M} for M > M,. Now we define the
function ¢y, on X x X by

onr (v, 1) = { (v, u) if Julx <M

00 otherwise.

Then ¢y (v,-) is a proper Ls.c. convex function on X for each v € X.
Next we show that {¢n(vy, )} converges to (v, -) on X in the sense of Mosco. In
fact, for any w € D(¢p(v,-)), we use (MC1) to find a sequence {w,} such that w, — w
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in X and ¢(v,,w,) — ¢(v,w). If lw|x < M, then |w,|x < M is satisfied for all large
n > Ny for a certain Ny € N. Now putting

P { any w € D(pu(vn, ")) (n < Np),
! Wn (n > NO)?

we can see that (MC1) holds for {w,}. If lw|x = M, we approximate w by

1 1
w™ = <1 - —) w+ — (m=1,2,---), vy € D(e(v,-))NGp.
m m

It is clear that w(™) — w as m — oo, w™ € D(p(v,-)), and |w™|x < M for all m € N.
By the above result with |w|x < M, we see that

wﬁlm) —w™ in X,

(m

20
ort (1 0S™) = g (0, 0. (20)

meN, Hw™} st {
Futhermore, for each m € N, there exists n(m) € N such that
1 1
™ —w™|x < 5, and [ons (U, ™) = @ (v, 0™ x < o, o “n > n(m).

We choose a sequence {n/(m)} which satisfles n'(m) < n’(m + 1), n(m) < n'(m), and
m < n/(m) for every m € N. Then for all n € N there exists ¢ € N such that n'(i) <n

n'(i + 1). We choose w as @,. Then,

@ — wlx <l = w]x + [0l —w|x

— 0

Moreover, we easily see @as(v, w™) — ©a(v, w) and @M(vn,w,(lm)) — (v, w™),
so that

| oar (Vs W) — @ar(0,0)| < [oas (v, W) — ar (v, 0| + [oas (v, WD) = s (v, w)]

— 0

From these results, we can see that {¢(vy, )} has property (MC1). The verification of
(MC2) is easy. We are now in position to apply Theorem 2.1 for By and ¢, for all M,
and we see that

3 om(unr, unr) < 00, uyy € Auyy,
un € X st { <uy — g5 un —w > +op(un, unr) < plup,w) for Yw € X; (21)

note that condition (K) for Ky = By and ¢ = ¢y, follows from (K’). From (7), it follows
that

v]\4 Z M(), 3’w]w & D((,DM(UM, )) N G[) S.t. gp(uM,wM) S R(|UM|X + 2)

Now, we obtain from (21) that,

< whp,upy — wy > (U, upg) lg

|y« + 2R
|UM’X .

<|g*|x- + R+
|UM|X



Hence, our coerciveness assumption (8) implies that {was}ar>n, is bounded in X. There-
fore,
up, — u weakly in X

uy, — ut weakly in X*, (22)

UMY C {M}prsnsy st {

and u € D(¢(u,-)) by (MC2). On account of (MC1), for the weak limit v and any element
w of D(SO(U, ) s

I~ I~ U, —u, W, — w in X,
Unp, 1y Wy s.t. . R 23

Using (21), we see that limsup < uy; ,up, ><< u*,u > in the same way as in Theorem

n—oo

2.1. Now by Proposition 2.1-(b), we have < u}, ,u, >—< u*,u >, and hence

o(u, w) = liminf p(uy, , Wy)

n—oo

> lim inf (< Uy s Ung, > — < Uy Wy > — < g upg, — Wy > +go(uMn,uMn))

n—oo

><ut— g u—w > +p(u,u)
This means that wu is a solution of P(g*,p).
(Q.E.D.)

4. Applications
Let Q C RY be a bounded domain with smooth boundary, ag : © x R — R and
ai(, ) AxRxRY =R (i=1,2,---,N). We assume the following conditions hold.

al) ag(-,n), a;(-,n,&) are measurable on Q for "neR, "¢ e€RY  i=1,2,--- N.
n n

(a2) ag(x,-) is continuous on R for a.e. x € Q and,
a;(x,-,-) is continuous on R x RY for ae. v €Q , i=1,2,--- N.

(a3) There exists positive constants c¢g and ¢; such that
{ co([P7 = 1) < ai(x,m, §) < er (€~ + 1)
co([nfr=" = 1) < ao(x,m) < er([nfP~" + 1)
for i=1,2,--- N , "peR, "¢eRY andae x€Q

(a4) Z(al(‘rvn7§> - az(xﬂ%g))(fz - g) >0

forae. 1 €Q, " eER, "E=(£,&, -+, &), €= (&, ,&N)

Our applications are fomulated with these functions.

4.1 Application 1 (Gradient obstacle problem)
Let X = W,?(Q) with 1 < p < co. For any u, v, and w € X, let us define the operator

A by

ow

N
< Alv,u),w >= Z/Qai(x,v,Vu) (91:-dx +/an(a:,v)wdx
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and write simply A(u) = A(u,u) for each u € X. We put K(v) = {w € X | |[Vw| <
k.(v) a.e. on Q}. Let k.(-) : R — R be a positive function which is Lipschitz continuous
and bounded with upper bound £}, and ¢ be defined by

o(v,u) = /QIK(U)(u)dx (v,u € X)

Lemma 4.1
(i) The operator A : X — X* is bounded and semi-monotone.

(ii) ¢(-,-) and Ko ={w € X | |Vw| < k! a.e. on Q} satisfies the assumptions of
Theorem 2.1.

This Lemma is proved in [14].

By Lemma 4.1, all the assumptions of Theorem 2.1 are checked. Applying Theorem
2.1, we can get a solution u of the following quasi-variational inequality for any f € L%(2).

(uc X,
|Vu| < k.(u) a.e. on €,

i/{)ai(x,u, Vu) (g;i - 88;)1) dl’+/an(I7U)(U—v)dx < /Qf(U—v)da:

for Yve X, |Vo| <k.(u) ae on

\

This gradient obstacle problem is a mathematical model of vibration of string in R,
vibration of membrane in R?, and elastic-plastic torsion problem for visco-elastic materials
in R, In our model treats the case when the threshold value of |Vu| depends upon the
displacement wu.

4.2 Application 2 (Non-local constraints in the interior)
Let X = WP(Q) with 1 < p < 0o, f € L4(Q2) when ¢ is the conjugate exponent of p,

k. € CY(R) with upper bound k} > 0, p be a C'-class function on RY x RY. We define
an integral operator A as

Av(z) :/p(m,y)v(y)dy for Yo € X and Yz € Q.
Q

Let us consider the same operator g(, -):X x X — X* as in Application 1, and A be
the pseudo-monotone operator generated by A is semi-monotone on X by Lemma 4.1.
Moreover, we define a proper l.s.c. convex function ¢,

o, 0) = / Ty (1 — ke Av))di + / B(o)d

where 3 is a proper Ls.c. convex function on R such that k* € D(3) and D(3) has no-
empty interior.

10



Lemma 4.2 ¢(-,-) and Gy ={k}} satisfy all the assumptions of Theorem 2.2.

(proof) We show that the Mosco convergence property is satisfied. For every w €
D(g(v, )), we see
w > k.(Av) a.e. on €,

/Q B(w)dz < o.

~

Now, there exists numbers a and b such that D(3) = [a, b] with a < b. Next choose small

constant € > 0 such that a + & < b — €. Since k.(Av,) — k.(Av) in C(Q),
Ine st |ke(Avy) — ke(Av)| < e on Q, n>n.. (24)

We define w.(z) = min{ max{a+¢, w(x)}, b—e} for a.e. x € Q, then w. € [a+¢,b—¢|
on Q, w. — win X as € \, 0, and hence w. € D(p(v,-)) for any € € (0,2). Moreover, we
see

/QﬁA(wE)dxe/QﬁA(w)da: as ¢\, 0, (25)

because |3(w.)| < |B(w)] + By on Q, where B is a positive constant independent of ¢.
Next, we define w.,, = w. — k.(Av) + k.(Av,) for each € € (0,€) and n = 1,2,---. On
account of (24) we have for each ¢ € (0,2),

Wep — w: in X (n— 00)

~ ~

/Qﬁ(wg,n)d:v — /Qﬁ(wa)da: (n — o0), (26)
Wen € D(p(vy,-)) for "n >n..

Making use of (24) to (26), by the diagonal argument we easily constract a sequence
{w,} such that

W, — w in X, /B(@n)daz — / B(w)d.
Q 0
Hence (MC1) holds for ¢(v,,-). Also, (MC2) is shown by

liminf ¢(v,,w,) = liminf (/ IK(vn)(wn)dx+/B(vn)dx>
Q 0

n—oo n—oo

v

0+ / lim inf 3(v,,)dx
0 n—oo

= p(v,w).
(Q.E.D)

By Lemmas 4.1, 4.2, and Theorem 2.2, we are able to find a solution u of the following
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quasi-variational inequality for every f € L9(Q):

(ue X, u>kJ(Au) ae on €

N
Z/ﬂai(x,u,Vu) (gg — 88;)) dx—l—/ao(x w)(u—v) d:l:+/ﬁ
i=1 ' '

4.3 Application 3 (Non-local constraints on the boundary)

Let X = W'?(Q) with 1 < p < oo, T = 909, k() be the same function as in
Application 2, p(-,-) : RY x RN — R, be of C, Gy = {k!}, and K(v) = {w e X | w >
k.(Av) a.e. on T'}, where

Av(x) :/Fp(x,y)v(y)dl“y for Yz €T,
o(v,u) = /FI[O’OO)(U — ke(Av))dr.

It is easy to see that all the assumptions of Theorem 2.2 are satisfied in the same
way as Section 4.1 and 4.2. Now applying Theorem 2.2, we see that the following quasi-
variational inequality has at least one solution w:

ue X, u>kJ(Au) ae. on I,

N
Z/Qai(:v,u, Vu) (gg — g;) d:)c—i—/gag(a:,u)(u—v)dxg/Qf(u—v)d:t

for "v € X, v >k.(Au) ae. on T
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