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Abstract

We consider the problem of estimating the common regression matrix of two
GMANOVA models with different unknown covariance matrices under a certain
type of loss functions which include a weighted quadratic loss function as a spe-
cial case. Under the normality assumption, we extensively use the techniques of
Haff, Stein, and Loh to derive an unbiased estimate of risk function for a subclass
of equivariant estimators, from which we give alternative combined estimators to
the Graybill-Deal type estimator. We also show that some of the results obtained
under the normality assumption remain robust when the error matrices follow the
elliptically contoured distributions. Finally, we conduct the Monte-Carlo simulation
to show that our proposed estimators perform better than the Graybill-Deal type
estimator.

Key words: common mean, Stein’s loss, Stein-Haff identity, two-sample problem,
elliptically contoured distribution
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1 Introduction

There has been a lot of literature on estimating the common mean of nor-
mal distributions, which includes Graybill and Deal (1959), Brown and Co-
hen (1974), Khatri and Shah (1974), and Loh (1991). Of these, Graybill and
Deal (1959) first showed that the Graybill and Deal estimator, a combined
estimator for the common mean of two univariate normal distributions, has
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smaller variance than either of each sample mean when the sample size is at
least eleven.

The paper is mainly concerned with estimating the common regression ma-
trix of two GMANOVA models with different covariance matrices. Sugiura and
Kubokawa (1988) first considered this problem and proposed the Graybill-Deal
type estimator of the common regression matrix of two GMANOVA models.
Our purpose of the present paper is to propose an alternative estimator which
performs better than the estimator of Sugiura and Kubokawa in a decision-
theoretic point of view. The precise formulation of this problem is as follows.

Let Y,;, : =1, 2, be N; X p; matrices of response variables and consider the
two GMANOVA models

Y =A1EA + € and Y, =AEA + €2, (1>

where A;; and A,y are, respectively, N; x m and ¢ X p; known full-rank ma-
trices with NV; > m and p; > ¢, E is an m X ¢ matrix of unknown parameters,
and €; are N; X p; error matrices with mean zero matrices. We assume two
cases of error distributions: (i) The error matrices €; and €5 are independently
distributed as the multivariate normal distributions with the covariance ma-
trices Iy, ® €21 and Iy, ® €2y, respectively, i.e., the rows of the matrix €; are
independently and identically distributed as the multivariate normal distribu-
tions with the mean zero and the covariance matrix €2;. (ii) The error matrices
€, and €, are jointly distributed as the elliptically contoured distribution with
the density function

(072100 2g (11 (27 Meler) + tr (2 €hen), (2)

where ¢ is a nonnegative unknown function and €2;, ¢ = 1, 2, are p; X p; scale
matrices. In both cases (i) and (ii), we assume that €2; are unknown positive
definite p; X p; matrices. Here we denote by B’, |B|, and tr (B) the transpose,
determinant, and trace of a squared matrix B. We consider the problem of
estimating = under the loss function

L((E, 9, Q), )= tr {An(E — B)AQ7 A
+tr {C(E - E)AnQ; ' AL, (2 -

(11

)AL}
) C'l, (3)

where E is an estimator of E and C is an Ny x m known matrix of full
rank. When C' = Ay, the above loss function is a natural extension of an
invariant loss function of the regression matrix of the GMANOVA model,
which was used by Kariya, et al. (1996, 1999). This loss function includes a
quadratic loss which was used by Loh (1991) in estimating the common mean
of the multivariate normal distributions. Then the inaccuracy of an estimator
2 is measured by the risk function E[L((Z, Q;, ©,), 2)]. On the other hand,
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Kubokawa (1989) considered the problem of estimating the common regression
matrix of several GMANOVA models and employed the quadratic loss function
tr {(E—-E)Q(E — E)'} for a ¢ x ¢ known positive definite matrix Q.

In Section 2, we consider the estimation problem of the common regres-
sion matrix of the model (1) where the distributions of two error matrices
€, and €, are distributed independently as the multivariate normal distribu-
tions. First we derive a canonical form of two sample problem of estimating
the common regression matrix of the GMANOVA models. Next we derive a
family of fully equivariant estimators for this problem. Using the methods of
Stein-Haff-Loh, we obtain an unbiased estimate of the risk for a subclass of
equivariant estimators. In the view of the unbiased estimate of the risk, we
give an alternative estimator to the Graybill-Deal type estimator. In Section
3, we consider the estimation problem of the common regression matrix of
the model (1) where the distributions of two error matrices €; and €, are dis-
tributed jointly and uncorrelatedly as the elliptically contoured distribution
with the density function (2). We also derive a canonical form of the problems
when the error distributions are elliptically contoured. Using the extended
Haff-Stein identity due to Kubokawa and Srivastava (1999,2001), we derive
the risk representation for the subclass of equivariant estimators, which is
an extension of the results obtained under the normal assumption to the re-
sults under the elliptically contoured model. Since complex nature of the risk
representation under elliptically contoured distributions, we restrict ourselves
to the problem of estimating the common mean of the elliptically contoured
distributions, i.e., the case when Ny = Ny, p; = py in (1) and derive an alter-
native estimator from the our risk representation. In Section 4, we first carry
out Monte-Carlo simulation to show that our proposed estimators reduce the
risk substantially over the Graybill-Deal type estimator when we observe the
data (Y1, Y3) from the model (1). Next we carry out simulation related to
the results in Section 3. Since the model (2) is not i.i.d. sampling set-up of
two sample problems, we carry out Monte-Carlo simulation to show that our
proposed estimators reduce the risk under the i.i.d. sampling from two inde-
pendent multivariate elliptically contoured distributions instead of sampling
from the model (2) in order to justify our derivation of alternative estimators
under the model (2). In Section 5, we give technical lemmas and the proofs of
the main results.



2 Under normal errors
2.1 A canonical form

Assume that the errors €; and €y are independently and identically dis-
tributed as matrix-variate normal distributions. Hence we observe random
matrices Y; and Y, which are independently distributed as

Y, ~ Nyjsp (AinBAj, Iy, @ ), i=1,2. (4)

To derive a canonical form of (4), let T'; be N; x N; orthogonal matrices such
that T;A; = [(Al;A41)"2, 0, (n,—m)]’ and also let X; be p; x p; orthogonal
matrices such that ApY; = [(AnAl)"% 0, p_g]. Here we denote by B/
a non-negative definite square root of a squared matrix B. Furthermore we
write

O = (A}, A1) PE(Ap AL, (5a)

A= (AyAy) P(ALAL) T2, (5b)

A (AgaAly) 2 (A1 ALY Ogx(pa—q) | (5¢)
0(p27q)xq Ipzfq

51 52 ()
3 =00, = 211> g) : (5d)
221 222
2(2) 2(2)
Sy =AY, YA = | LT
25 26

where Eﬁ), 1 =1, 2, are g X g positive definite matrices. Then the transfor-
mations of both Y, — I''Y 1Y, and Yy — I, Y2 YsA yield the following
form: We observe that each Y,;, i = 1, 2, yields a set of random matrices
(X, Zi, Si, v, W), where

Xl‘ Zl NNqu(G)_'_Zl’YDIm@EgII)-Q)a (6&)
Xo| Zy ~ Nypsy(AO + Zoy,, I, ® 291)2) (6b)

and, for i =1, 2,



Zi ~ Nonx(pi-0)(0, I © £5)), (7a)
SiNW(Eluanz) ni=N; —m —p; +q, (7b)
Fil Wi~ Nipi—gyxa(vis Wi @ E11)2) (7c)
Wi~ Wy oS50+ pi = ), (7d)

where 25’3_2 = Eﬁ’f — 2(12(2(22)*12(2? and ~, = (Egiz))*lz(;l). Here, note that
(X4, Z;), (W;, %,) and S; are independent and that A is an m x m known
nonsingular matrix. Furthermore, the loss function (3) turns into

L((©, %), %), ©) = tr[(© - 0)(21),) ' (© - 0]
+tr[C'C(O - 0)(=F,) (O -0)],  (8)

where © is an estimator of ® and C is an Ny X m known matrix of full rank.
Under this canonical form, the problem of estimating 2 in (1) changes into
that of estimating ® based on (X;, Z;, S;, 4;,, W;|i = 1, 2) under the loss
function (8). Then the risk function is defined by

R((@a 217 22)7 /(-)\) = E[L((Ga 217 22)7 6)]7 (9>

where the expectation is taken with respect to (X;, Z;, S;, 4,, W;|i =1, 2).

2.2 An equivariant estimator of ©

Next, we derive a class of estimators of ®. To this end, let G be a group
of transformations on the sample space. Each element of G consists of triples
(D, Py, Py), where D is m X ¢ matrix and

0(pﬁq) Xq P

Here Py; and P99 are ¢ X ¢ and (p; — ¢) X (p; — q) nonsingular matrices,
respectively, and P15 are ¢ X (p; — ¢) matrices. Here note that the left-upper
blocks of P and P5 are identical so as to capture the structure of estimating
the common regression matrix in two GMANOVA models. The group compo-
sition is given by (D, Py, Pg)(D P, Pg) (D + D, P,P,, PQPQ) where
(D, Py, P,) and (D, Py, P,) are elements of G. The action of (D, Py, P5)
on (X;, Z;, Si, 4;, Wi =1, 2) is define as



[Xh Zl] - [Xla Zl]Pll + [DvOmX(plft])]v
[X27 Z2] - [X27 Z2]P/2 + [AD7OM><(ID2*Q)]7
Si+AWA, AW, Si+AWA, AW, ,
— PZ P’i’

and we denote by g o (X, Z;, S, 4;, Wi = 1, 2) the action of g on this
sample where g is an element of G, i.e., g = (D, P, P3). Furthermore, the
action of g on the parameter is defined as ® — OP), + D, and X7 —
PiE(i)Pg, t =1, 2. Then the model is easily shown to be invariant under the
group of transformations. Furthermore, let

6, =X,-2Z7, i=12 (10)

Note that @1 and @2 are the maximum likelihood estimators of ® and A®
for one-sample problem, respectively. Then the action of g on sample and
parameters is rewritten as

® —-0P,+D

(2, 349, (%) 7' 4))

= (PuZ{15Ply, PiosS5 Ploy, (Plo) (20) ' E5 Py + (Ply) ' Plyy),
(01, Z1, ©s, Z>)

- (/9\1P,11 + D, Z, P, é\2P/11 +AD, Z,P, ),

(Si, Wi, q;)

— (P11Si Py, PigpyW, P}, (P;.22)_1'A)’z’P/11 + (P;-22)_1P;.12)7

(]
. . . . . . —~EQI
for + = 1, 2. It is reasonable to require that an equivariant estimator ©
should satisfy

@EQI(Q © (Xza Ziu Si7 %i? Wz)) - @EQI(Xiu Ziu Si7 Wiu &z)Plll + D7

—EQI

so that ©'° (9o(Xy, Z;, Si, 7,)) estimates the parameter @ P}, + D as does
~EQI

© “ (X, Zi, Si, Wi, 5,) P}, + D. The next theorem characterizes the form

of equivariant estimators.

Theorem 1. Let B be a q x q nonsingular matriz such that B(S;+ Ss)B’ =
I, andlet F = diag(f, ..., f,) be a ¢xq diagonal matriz such that BSsB' =
F and f, > --- > f, > 0. Then under the group of transformations, an
equivariant estimator of ®FR! is given by

/(_)\EQI _ 61B/i(31)71 + A_162B/(Iq — i)(B,)ilj (11)



wher/e\‘i) = ‘iJ((@l — A*I@Q)B’, F, Z1W1_1/2 , ZQWQ_I/Q) is a ¢ X q matriz
and ©;, i =1, 2, are given by (10).

Since the class of the equivariant estimators (11) is too large to evaluate their
risk systematically, we restrict ourselves to an equivariant estimator (11) where
® is a diagonal matrix and depends only on F', i.e.,

0“=-0,B%[B) '+ A'0,B (I, ®)(B)", (12)

where ©;, i = 1, 2, is given by (10) and ® = ®(F') is a g X ¢ diagonal matrix
with diagonal elements ¢;(F), ¢ = 1,2, ..., p. Here we assume that ¢;(F)
depends only on F' = diag(fi, fa, ..., fy) with f1 > fo > --- > f,, the
eigenvalues of So(S; + So)7 L.

2.3  Graybill-Deal type estimator

In this subsection, we look over the connection between our proposed class
of estimators and the Graybill-Deal type estimator given by Sugiura and
Kubokawa (1988). Furthermore, we state our scenario to obtain an alternative
estimator. Using the transformation (5a) — (5e), we can see that the estimator
of Sugiura and Kubokawa is rewritten as

vee(@) = {L, @ (S1/m) ™ + (A4 ® (So/m) '}
X{Im & (Sl/nl)_lvec(Gl) + (A/A) X (Sg/ng)_IVGC(Ailgg)}, (13)

where we denote by vec(U) an mq x 1 vector consisting of (u1, ug, ..., Uy)
for U = (u}, v}, ..., u,,) and G ® H stands for the Kronecker product of

matrices G and H defined by (g;;H) for G = (g;;). On the other hand, we
can rewritten the estimator (12) as

vee (@79 = {I,, ® (B'diag(8;)B) + I, © (B'diag(a;)B)} !
x{I,, ® (B'diag(3;)B) vec (©))
+1,, ® (B'diag(a;)B)vec(A™'©,)}, (14)
if we put ¢; = 3;/(a; +5;), j =1, 2, ..., q, where a; and f3; are real-valued

functions of F'. Here we denote by diag(f;) a ¢ x ¢ diagonal matrix whose
j-th diagonal elements are given by ;. Furthermore, putting a; = no/ f; and
B; =n1/(1 — f;), we can see that the equivariant estimator of the form (12)
reduces to



vee(@ Y =1{I,, (S1/m) 7 + L @ (Sofna) 3
X{Im X (Sl/nl)_lvec(Gl) + Im X (Sg/ng)_lvec(A*IGQ)}, (15)

equivalently

R {©1(S1/n1) ™" + A710,(S2/na) " HD(Si/ni)

=1

The estimator (15) can be regarded as a counterpart of the Graybill-Deal type
estimator (13) inside the class of equivariant estimators of the form (12). It is
well known that the eigenvalues of Sy(S; + S3)~' are more spread than the
eigenvalues of expected value of S5(S1+ S2)~!. Hence we look for alternative
estimators for ©® by correcting the eigenvalues of Sy(S; + S3)~'. Through
these consideration, we use the following scenario to obtain an alternative
estimator to (13). First we look into the class of equivariant estimators of
the form (12) and obtain better estimator which has the form (12). Then we
change the term I, ® (B'diag(a;)B) in (14) into (A’A) @ (B'diag(«a;)B) to
get an alternative estimator so as to (13).

2.4 A subclass of the equivariant estimator and its risk

To obtain alternative estimator of the form (12), we evaluate its risk in
terms of unbiased risk method due to Stein-Haff-Loh. The risk of the above
estimator can be written as

—

R((@)a 217 EQ): ®>

=E|tr {(©; — ©)(Z{},)'(©: - 0)'}
+2tr{(©) — ©)(3{Y,) ' B(I, — ®)B(A7'©, — 1)}
+tr{(Zhe) ' BTN (I, - ®)H (I, - ®)(B) '}
+tr{(CA™)(CA™)(O, — A0)(2,) (0, — 40)'}
+2tr {(CA™Y(CA ™) (O, — 4A0)(=Y,)) 'B'®B(AO, — ©,)'}

+tr{(Z(2) BT @H,®(B) '}, (16)

where
H,=B(©, - A'0,)(0,- A'6,)B, (17a)
H,=B(©, - A'6,)(C'C)(©, - A"'0,)B'. (17b)



Now we use the Haff-Stein identity for Wishart distribution and calculation on
eigenstructure technique due to Stein (1975, 1977), Haff (1991), and Loh (1988)
to evaluate the third and sixth terms in right-hand side of (16) while we use
formula for the second moments of the maximum likelihood estimator of the
GMANOVA model to evaluate the other terms in right-hand side of (16).
Then we obtain an unbiased estimate of risk for the equivariant estimators
(12). The proof of the theorem is given in Section 5.

Theorem 2. The risk of @EQ s given by

R((©, %), ), @EQ)
B - _ =)
=E|q 7“2 1 +Z 7”1 T ¢g (nl q 1) 11—/, {HI}JJ
J
B 6¢] o Ir

+4{H1}JJ( ij fimF o, + Qgé:]{Hl}JJ )(¢J ¢k)f] — £

2

. 00
+(ny —q— 1)%{112}13‘ +H{Hs}j0,;(1 - fj)aijej
+2 Z{H2}N¢J ¢k) __fk }]7 (18>

k5 f] fk

where 11 = m(ny +p1 —qg—1)/(ny — 1), 19 = {(na +p2 —q — 1)/(na —
D}t {(CA™Y(CA™}, and {H,};; and {H};; are j-th diagonal elements
of the matrices given by (17a) and (17b), respectively.

2.5 Choice of ®

From Theorem 2, we obtain the unbiased estimate of the risk of the sub-
class of equivariant estimators given by (12). We denote by R the unbiased
estimate of the risk, i.e., the terms inside large bracket in the right-hand side
of (18). Although we obtain the unbiased estimate of risk for the class of esti-
mators given by (12), it is still difficult to deal with it to derive an alternative
estimator. We adapt the argument given by Loh (1991) for obtaining more
feasible estimate of the risk from the unbiased estimate of the risk. First we
replace H; and H, in (18) by their approximation. To this end, we observe
that



E[(©, - A7'©,)(0, — A7'©,)]
= mi 2, + ftr {(A) AR,
E[(A©, - ©,)(CA™')(CA™")(A®, - ©;)]
=1 tr (C'C)E()y + Ftr {(CA™)(CA™)} 3T,

where 7; = (n; +p; —q—1)/(n; — 1). Replacing »{), in right-hand side of the
above equations with their maximum likelihood estimators S;/n;, i = 1, 2, we
approximate {Hl}]j and {Hg}]j, j = 1, 2, o4, by

{H\};; ~{B(mi1S1/ny + 7y tr {(A) " A7'}Sy/ny) B'} 5,
=miy (1 — f;)/m + Fatr {(A") AT} f /s
Ehlj,
{Hs};; = {B(f1tr (C'C)S/ny + 2 tr {(CA_l)/(CA_l)}SQ/??,Q)B/}]'J'
=71 tr (C'C)(1 — f;)/m + Fotr {(CA™YY(CA™")} fi/na
= ho;.

We extensively use notation {A};;, j =1, 2, ..., ¢, to denote the j-th diag-
onal element of a ¢ X ¢ squared matrix A. Furthermore, using the fact that

a¢j ¢j @: _r 9 1_¢j 1_¢j
oF, ff@ﬁ(ﬁ)*fj S f”au—fj)(l—fj)*l—fj’ (19)

)
we can see that the unbiased estimate for risk of © given by (18) is approx-
imated by

S : IRV N

R~q(ro — i) + ) 12(r1 —r2)d; + (1 — g — 1) 1= f, haj
J=1 J

8 [(1-¢;\ 1-o,

+4hy;(1 = ¢5) f; [(1 - fj)a(l s (1 _?J> T _?]

J J J

i
h
+2]g;] 1] ¢j ¢ ¢k)fj fk:

2

; ¢ ¢'

—he
h .
#23 bt 0 = fk}

Ignoring the derivative terms, we get

10



q
R~ 7’2—7“1 Z{ 7“1—7"2

7j=1
+(n1 —q— 1)%}%]‘ + 4hy;(1 — ¢j)21 fjfj
P23 (1 6,)(6; — 902
k+#j fj fk
—g— _32 , i i — fr
+(TL2 q ]-) h2] + 4h2j¢ + 2 Z h2j¢j ¢k)
J fi k#j fi = fe
ZQ(T’Q — 7“1) + 2{2(7'1 — T2)¢j
j=1
1 .
+(n1 —q— 1)%%] +4hy;(1 ¢j)21 i]fj
Jr
- h ; h
22 Iyl =65 5 fk”k% y(l = o)l =) g

2
+(ng —q — 1)fh2j + 4h2j¢? Lo f 142 > hojoi(¢ Qbk)f J;fk}
J J k#j

Although the estimate of the risk R is no longer unbiased, it is feasible to
obtain alternative estimators of ©. Then we minimize R with respect to
¢; (j=1,...,q), which gives

0 %Z:m _T2_(n1_q—1)1_¢]hu 4hyy(1 ¢J)1if]
+2]§jhu fj fk ;jhlﬂ DT . fi
+(ne —q— 1)%% + dhy f]fj Z

Hence, solving for ¢; with ignoring the sixth and the tenth terms in the last
right-hand side above, we finally get

BT /(1= f;) (20)

¢ST
BT = f;) + 65T/ f

where

11



@}gT: (n2 = q = Dhoj + (11— 12) fi + 4haj(1 — f;) + 2hy; Y fj]E J{k)
k#j I k

B = (= 4= Dy + (2 = )= ) + Ay fy — 2, 30 U I
k#tj S Ik
hij=mii (1 — f;)/n1 + 7o(tr (A) LA™Y f /na,
h :fl(tI'C/C)(]_ —fj)/nl +f2(t1‘ (CAil)/(CAil))fj/ng,
. ni+pi—q—1 N;—m—1
e n; —1 SN, —m—pi+q—1
lemfl,

ry =7y tr (CA Y (CA™).

(1=1,2),

Consequently we propose an estimator of the form (14) with (20). Because
of complex nature of the estimation problem, we can not carry out analytic
comparison between Graybill-Deal type estimator (13) and our proposed es-
timator. However, we justify our proposed estimator via simulation study in
Section 4.

Remark 1. For the special case, the estimator (20) reduces a simple form.
When C'C = A’A, Ny = N, and p; = ps, we have 1, = ry. This case
generalizes the results obtained by Loh (1991). When C'C = I,,, we have
hlj :hgj,j: ]_,...,q

3 Under elliptical errors

Consider the GMANOVA model (1) and suppose that the error (€1, €3)
is distributed as an elliptically contoured distribution and has the density
function (2).

3.1 A canonical form

To construct a canonical form of (1), let I'; be N; x N; orthogonal ma-
trices such that T;A; = [(A}; A1), 0 (i —m))’ and also let Y; be p; x p;
orthogonal matrices such that ApY; = [(AnAj)Y% 0px(pi—g] for i = 1, 2.
Recall that ©, A, A, X, and X, are given by (5b)- (5e) respectlvely Also

recall that 2@2 — = - sUs0 750 and that v, = =% . Then the
transformations with I'; and Y; yield the following lemma:

Lemma 1 The density function of the model (1) with (2) is written as

12



|El|_Nl/2|E2|_N2/29{ tr [(2511)-2)_1()(1 ~Ziv, —9)(X1-Z1v, - 0)
+sis1+ (w1 — (wiwi) ;) (ur — (wﬁwl)l/zﬁ)}
+tr[(28) {2121 + wiw }] + 0 [(Z) (X — Zay, — AO)
X(Xy — Zyyy — AB) + shsy + (ug — (whws) 2,
X (uy — (whwy)2y,)] + tr [(35)) {2} 22 + whw,}] } (21)
where X; are m X q matrices, Z; are m X (p; — q) matrices, s; are (N; —m —

pi+q) X q¢ matrices, w; are (p; —q) X ¢ matrices, and w; are (N; —m) X (p; —q)
matrices fori =1, 2.

Proof. Let
X1 Z1 X2 Z2
I‘lerl = and I‘QYQTQA =
Y, ws Yy Wo

Then the Jacobian of the above transformations is given by

J(Ys; i=1,2) = (X4 Zi,y;, wi; i = 1,2)] = [A]7™2

Note that
e Iq qu(pi—q) (2511)-2)_1 qu(pi—q) Iq _'7;
i (i)\—
et Ipi—q 0(pi—q)xq (222) ! 0(pi—q)xq Ipz'—q

Thus we can write the density (2) as

!21!_N1/2122!_N2/2g{ tr [(2511).2)_1()(1 - Z1v, - 9) (X, - Zv, - 0)
+(y1 - w171),(y1 - ’wﬂ’l)} + tr [(2(212))_1{Z/121 + wiwl}}

+tr [(22) 1 (Xa — Zyv, — AO) (X5 — Zyy, — AO)

+(yy — way,) (yy — w272)} + tr [(Eg))_l{Z’QZ2 + 'w,2'w2}} }

Furthermore, let I be (N; —m) x (N; —m) orthogonal matrices such that
D'w; = [(wjw)"?, 0, —g)x(Ny—m—p+q) and let Ty, = (uf, s;)". Hence, from

this orthogonal transformations y, — I''y,, we complete the proof. O

For 7 = 1, 2, put Sz = SgSi, Wz = ’wg'wi, "/)\’Z = W;l/Q’U,Z', @z = Xz — ZZ’/)\/Z,
and n; = N; — m — p; + q. Now we consider the problem of estimating ©

13



based on (©;, S;), i = 1, 2, under the loss function (8). Its risk function is
R((©, £, %,), ©) = E[L((O, £, ), ©)], where the expectation is taken
with respect to the density function given by (21). We consider a class of
combined estimators of the form

6°-6,B®(B) "' + A"'6,B/(I,— ®)(B)", (22)

where B is a ¢ X ¢ nonsingular matrix such that B(S1+Ss)B' = I,, BS,B’ =
F.F =diag(f,..., f,) with fy > --- > f, and ® is a diagonal matrix whose
i-th elements ¢;(i = 1, 2,... ,q) are functions of F'.

To evaluate the risk of the estimators (22), we need the following notation
which is used for the extended Wishart identity for the elliptically contoured
distribution due to Kubokawa and Srivastava (1999). Let U be an integrable
function of (X, Z;, s;, u;, w;|i = 1,2) and define

Eo /U 20|23, M2 (d HdX AZdsdwidw,;,  (23)
=1
where G(z) = 1 [ g(t)dt and d is given by the terms inside large curly

bracket of (21).

Theorem 3 The risk of the estimator (22) is written as

R((©, %, 5,), @EQ)
_ _ _ N )
= Eq|q(f2 — 1) +Z (1 = P2)dj + (n1 —q — 1) 1—f; {H1};
J

+4{H 1 };;(1 - ¢;) fg 8fj L+ Qgé:]{Hl}n ¢j)(d; — ¢k)fj Jikfk

2

: O
+(ng —q — 1)%{112}3'3‘ + 4{H>};;0;(1 - fj)aijij
+2 Z{HQ}JJ¢] Qbk)f__];f }17 (24>

k#j J K

where {H1};; and {Hy}j; are j-th diagonal elements of the matrices given by
(17a) and (17b), respectively, and

f1=tr (I, + Z,W7i'Z), (25a)
fo = tr{(I,, + Z.W;'Z,)(CA™ Y (CA™)}. (25b)

Proof. The proof of the theorem is put into Section 6. O
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3.2 Choice of ®

Unlike the unbiased estimate of the risk for the multivariate normal error, it
seems difficult to obtain to approximate {H};; and {H,};; in (24) since the
formula (24) involves in integration defined by (23). So we assume that N; =
Ny, pr = ps and C'C = A’A = I,,,, which is the same case where Loh (1991)
treated the problem of estimating the common mean of the multivariate nor-
mal distribution. From this additional assumption and using symmetry of the
distributions, we can see that Eg[tr (Z,W'Z})] = Eg[tr (Z,W;'Z})] and
that Eg[g, tr (Z,W{'Z))] = Eglo; tr (Z.W ' Z,)] for j =1, 2, ..., q. These
imply that Eq[ry — 7] = 0 and Eg[(74 — 72)¢;] =0 for j =1, 2, ..., g. Also
note that H; = H,. Thus the risk can be written as

R(©, 3, %,), 0"

=Eq LZ:{Hl}jj{(no —q- 1)% +4(1 - @)ﬁ%
+2,§j(1_¢j) cbk)fjf A +(n0—q—1)§;j +4¢j(1—f])g%’
+2§j (¢ ;]_ J;f H = E¢[Ry), (26)

where ng = N —m —p+q (N = Ny = Ny, p=p1 = p2).

Now we use the relation (19) and ignore the derivative terms, then we
derivate Ry with respect to ¢; separately, to get

OR s |
fk fi
257(1 — ¢, R

+2¢j,§jf] fk _kzj)’“ fk}

Hence, solving for ¢; with ignoring the fourth and the eighth terms in the
large curly bracket of the last right-hand side above, we get

BT/ - f)
B5T)(1— f;) +asT/ f;

¢ST

(27)
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where

ST . fitl = fi)
&7 =mng—q—1+4(1 fj)+2k§# T
; 3 1= f)f

Finally, we reach to an alternative estimator of the form (22) with (27).

4 Numerical studies

4.1  Numerical study for GMANOVA under normal errors

Since the risk of the Stein type estimator is complicated, we have not been
able to compare risks of the Stein type and the Graybill-Deal type estimators
analytically. Therefore we investigate the risk performance of these estimators
via a Monte-Carlo simulation.

Our simulation is based on 10,000 independent replications and these repli-
cations are generated from the canonical form (6a)—(7d) with special cases for
(N1, N, p1, pa, m, q). These results are given in Table 1.

For example, in case of N; = Ny = 12, we assume that A’A = diag (1, 1)
and A'A = diag (3, 1/3) are chosen in consideration of, respectively,

16 06
All = A21 =
06 16
and
150 140
AH = L and Agl = o
09 ].9 03 ]-3

For (2511),2, 2521),2), we assume that the eigenvalues of 2521),2(2511).2)_1 are close

together and that these eigenvalues are widely spread out. Furthermore, we
put © =0, =) =2 = 1, and =) = =@ = 0.

Recall that, when (37, 3) is known, the maximum likelihood estimator of
© in (6a) and (6b) is given by
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Vec(éML) =L, ® () + AA® (27,7
X[{Zn ® (THs) " Jrec(®1) +{A'A® (B) ' Jrec(A7O)],  (28)

where ©; = X; —~,Z; (i = 1,2). Here the risk of Vec(gML) is evaluated as
follows:

Lemma 2

R(©, %, ), 0"

= tr{[Ln ® (i) +(C'C) @ (Z7,) 7]
x[Ln ® (Z17) 7! + (A'4) ® (247,) 7).

Furthermore, if A'A = C'C, then R((©, X1, 3»), ) ) = mg.

In Table 1, “ML” indicates the maximum likelihood estimator (28) and
its risk value was calculated by Lemma 2. Moreover, “SK” and “ST” denote
the Graybill-Deal type estimator (13) by Sugiura and Kubokawa (1988) and
the Stein type estimator, respectively, and estimated standard errors are in
parentheses. Here, the Stein type estimator is of the form

vec(@”") = [I, ® (B diag (3;,)B) + (A'A) ® (B’ diag (a,)B)]"!
x [{I,, ® (B diag (3;)B)}vec(©;) R
+ {(A'A) ® (B diag (a,)B) jvec(A~18))),

where {a?T}1_, and {377}7_, are made from Stein’s isotonic regressions on

{asT/ i} and on {BJST/( — f)}i=1, respectively, and (457 and BST) are
given by

@fT: (n2_q_1)h2j+4h2j(1—fj)+2h2jzfJ( — fr)
k#j f] fk?
BT = (n1 = q— Dhj + 4y f; — oy S LSl
k#j fj — Jx

Note that we modify &; and Bj in (20) as above by ignoring the second terms
(r1 — r5)f; in &; and (ry — m1)(1 — f;) in B;. For a detailed description of
Stein’s isotonic regression, see Lin and Perlman (1985). Furthermore, “AV”
in Table indicates the average of improvement in risk of ST against SK, i.e.,
AV = 100(1 — R*ST /R*SK) %, where R*% and R*ST are, respectively, values
of estimated risks for the Graybill-Deal type and the Stein type estimators by
our simulations.

These simulation results are summarized as follows:
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Table 1: Estimated risks in GMANOVA models with normal errors
(Estimated standard errors are in parentheses)

| Eigenvalues of 20, (20))"! | ML | sk || sT [ Av |
‘ A'A=C'C = diag(1, 1) ‘
| Ni=Ny=12,pr=py=7,m=2,g=5 |

(1,1, 1,1, 1) 10 [ 1939 || 16.61 | 144 %
(0.106) || (0.090)
(10, 0.1, 0.1, 0.1, 0.1) 10 | 2062 || 1860 | 9.8 %

(0.132) || (0.116)

(101910719, 10719, 10719, 10719) | 10 18.00 | 18.00 | 0.0 %
(0.156) || (0.156)

(10%,10%,1,107%,107%) 10 20.27 20.44 | —0.8 %
(0.128) || (0.129)

| Ni=N;=20,pr=p2=12, m=2,q=10 |

(1,1,1,1,1,1,1,1,1,1) 20 | 33.67 | 26.06 | 22.6%
(0.120) || (0.090)
(10,0.1,0.1,0.1,0.1, 20 | 36.07 | 28.75 | 20.3%
0.1,0.1,0.1,0.1,0.1) (0.157) || (0.108)
(101910719, 10=19,10=19,10=19, | 20 | 27.52 | 2752 | 0.0 %
1071910719, 1071910710, 10719) (0.106) || (0.106)
(10°,10%,10°, 102, 10, 20 33.97 || 34.01 | -01%
1,1071,1072,1073,107%) (0.128) || (0.128)

\ A’A = diag (3, 1/3), C’'C = diag(1, 1) \
| N =Ny=12,p1=ps=T,m=2,9=5 |

(1,1,1,1, 1) 10.00 | 20.39 || 16.87 | 173 %
(0.132) || (0.106)
(10, 0.1, 0.1, 0.1, 0.1) 1348 [ 27.31 || 2450 | 103 %

(0.189) || (0.165)

(101910719, 10719, 10719, 10719) | 1533 | 25.94 | 25.94 | 0.0 %
(0.203) || (0.203)

(10%,10%,1,107%,107%) 12.67 | 26.18 26.31 | —0.5 %
(0.203) || (0.203)

‘ Ny = N3 =20,p1 =p2=12, m =2, q =10 ‘

(1,1,1,1,1,1,1,1,1,1) 20.00 | 35.45 | 26.19 | 26.1 %
(0.150) || (0.103)
(10,0.1,0.1,0.1,0.1, 27.95 | 48.96 | 39.43 | 195 %
0.1,0.1,0.1,0.1,0.1) (0.232) || (0.171)
(101910719, 10719, 10=19, 10719, | 32.00 | 42.11 | 42.11 | 0.0 %
1071910719, 1071910710, 10719) (0.183) || (0.183)
(10°,10%, 103,102, 10, 24.73 | 42.97 || 43.03 | —0.1 %
1,1071,1072,1073,107%) (0.200) || (0.201)
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1. In Table 1, when the eigenvalues of 2(121).2(2(111).2)*1 are close together, the
AVs are large. Specially, in cases when A’A = diag(3,1/3), C'C =
diag (1,1), Ny = Ny = 20, py = po = 12, m = 2, ¢ = 10, and these
eigenvalues are equal to 1, the AV is 26.1%.

2. On the contrary, when the eigenvalues of 2521),2(2511),2)_1 are widely spread
out, the AVs are negative. Furthermore, if one of these eigenvalues is
extremely different from the others, it seems that the AV is equal to zero.

3. The AVs increase with increasing dimension p and fixed sample-size N.

Remark 2. Under another assumptions for 2521).2(2511).2)*1 as examined by
Loh (1991), we simulated the risk values of GD and ST and obtained the
results that ST performs better than GD.

4.2 Numerical study for estimating the common mean under elliptical errors

First we illustrate the model (1) with the density (2) and estimators when
Ni=No=N,m=1,p =p=q = q@ =p A1 = Ay = 1y and
Ay = Ay = I,. From an orthogonal transformation in the similar way as in
Section 3, we obtain a canonical form of density (2) as

352 M2 (Y[ (S - 0)(X - 6) + E'S)]), (29)

i=1

where @ = VNE, Q, =3, X; =Y/1y/VN,and S; = Y/(Iy —151/N)Y;
for i = 1, 2. Therefore, the problem of estimating &€ in (2) turns into that of
estimating the common mean vector @ in (29). Then, if ¢ is decreasing and
(31, ¥5) is known, we can see that the maximum likelihood estimator is of

the form
ML

6 (7P EHTETIX 421 X).

Furthermore, the Graybill-Deal type estimator can be written as

HGD -1 N s | -1
O =(S7 +8,) (57 X1+85;, X») (30)
and also the Stein type estimator as

6 = B'°"BX, + B }(I, — °T)BX,, (31)

where B(S1+S2)B' = I,, BS,B' = F = diag(f1,..., f,) with fy > --- > f,
and
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" = diag (77, , 57,
¢EST: _ B]ST/(l_fj)
BT/ f)+asT S

@fTZ(N—l)—p—1+4(1—fj)+22M7
k#j fj—fk:

BT = (N—1)—p—144f -2y L

] k#j fj—fk

Since the model (29) is not i.i.d. sampling set-up of two sample problems, we
carry out Monte-Carlo simulation to show that our proposed estimator (31)
reduces the risk over the Graybill-Deal estimator (30) under the i.i.d. sampling
from two independent multivariate elliptically contoured distributions instead
of sampling from the model (29). Hence, we carry out Monte-Carlo simulation
when we sample (Y, Y5) which can be represented as

Yl = 1N€/ + €1 and Y2 = 1N€/ + €2, (32)

where Y1, Y, €, and €5 are N X p random matrices and £ is a p x 1 unknown
vector. Here, the rows of €; have densities

‘Ei‘iN/2h<e;j2i_leij)7 =1, 27 J= 17 ‘. 'aNa (33)

where €; = (e;1, €, ..., e;xy) and h is an unknown, positive-valued func-
tion on [0, co). That is, it means that the rows of each error matrix €; are
independently and identically distributed (i.i.d.) as an elliptically contoured
distribution. As it is difficult to derive an improved estimator under the den-
sity function (33), we consider an improvement under density (29). However,
our simulation results justify our derivation of alternative estimator under the
model (29).

For Monte Carlo simulations, we suppose that e;;, ¢ =1, 2, j =1, 2, ... | N,
follow the multivariate ¢-distribution whose density function is given by

K1 |Ei|_1/2(1 + egjzzleij/v)_(U+P)/27

where v > 0 and x; = I'[(v+ p)/2]/{(7v)?/*T[v/2]}, and we also suppose that
ej,t=127=1 2, ..., N, follow the vector-valued Kotz-type distribution
whose density function is given by

k| B el 5 e} exp[—r{e}; 2 ey},
where r > 0, s > 0, 2u+p > 2, and

STlp/2Jrfo/2-1Hs
" P {u + pJ2 — 1}/s]
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For generating a random number of the Kotz-type distribution above, see
Fang, Kotz, and Ng (1990) for example.

In our simulations, we assume that & = 0 and that 3,X " is a diagonal ma-
trix with typical elements. We also take (N, p) = (8, 5) and (13, 10) and put
v = 3 for t-distribution and (u,r,s) = (5,0.5,2) for Kotz-type distributions.
For the Stein type estimator, we modified ®°7 by means of the Stein isotonic
regression. These simulation results are given in Tables 2 and 3, respectively.
In tables, “ML”, “GD”, and “ST” denote éML, éGD, and QST, respectively,
and “AV” is the average of improvement in risk of ST against GD.

Table 2: Estimated risks under ¢-distributions with v = 3
(Estimated standard errors are in parentheses)

| Eigenvalues of 3,37 | ML | GD | ST | AV |
\ N=8, p=5 \
(1,1,1,1,1) 14.186 | 26.927 || 24.271 [ 9.86 %
(0.504) | (1.272) || (1.423)
(10, 0.1, 0.1, 0.1, 0.1) 14.250 | 32.441 || 28.716 | 11.48 %

(0.551) | (2.726) || (2.292)

(101910719, 10719, 10719, 10=19) | 15.651 | 29.349 || 29.349 | 0.00 %
(1.094) | (2.148) || (2.148)

(10%,10%,1,107%,1079%) 14.912 | 29.434 || 29.784 | —1.19 %
(0.542) | (0.992) || (1.017)

\ N=13, p=10 \

(1,1,1,1,1,1,1,1,1,1) 30.478 | 62.767 || 50.855 | 18.98 %
(0.992) | (2.137) || (1.713)

(10,0.1,0.1,0.1,0.1, 27.553 | 84.003 || 60.471 | 28.01 %

0.1,0.1,0.1,0.1,0.1) (0.970) | (2.670) || (1.803)

(10%9,10710,10710,10710, 10710, | 28.401 | 47.988 || 47.988 | 0.00 %
1071910719107, 10710, 10719) | (0.863) | (1.340) || (1.340)
(10°,10%, 103,102, 10, 28.307 | 63.451 || 63.348 | 0.16 %
1,1071,1072,1073,107%) (0.907) | (2.292) || (2.267)

We summarize these results as follows:

1. In almost cases, the AVs are positive. These are large when the eigenval-
ues of 2221_1 are close together, and particularly, when only one of these
eigenvalues is 10 with (N, p) = (13, 10), the AVs are more than 27%.

2. On the contrary, when the eigenvalues of 3,X ;" are spread out, the AVs
are small.

3. Furthermore, the AVs are negative when these eigenvalues are extremely
spread out. However, since the negative AVs are about —1% and 2221_1
are extreme, the use of ST is more effective than that of GD in a sense.

4. From Tables 2-3, so long as the eigenvalues of ¥,X[ ' are the same, it
is expected that the AVs increase with increasing dimension p and small
sample-size N.
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Table 3: Estimated risks under Kotz-type distributions with
(u,r,s) =(5,0.5,2)
(Estimated standard errors are in parentheses)

| Eigenvalues of 3,37 | ML | GD | ST | AV |
\ N=8, p=5 \
(1,1,1,1, 1) 2.465 | 3.755 || 3.143 | 16.32 %
(0.012) | (0.021) || (0.017)
(10, 0.1, 0.1, 0.1, 0.1) 2.420 | 3.970 || 3.572 | 10.01 %
(0.010) | (0.027) || (0.023)
(1019,10710710719.10710 1071Y) | 2.452 | 3.509 || 3.509 | 0.00 %
(0.010) | (0.029) || (0.029)
(108,10%,1,107%,1078) 2.435 | 3.846 || 3.878 | —0.83 %
(0.011) | (0.024) || (0.024)
\ N=13, p=10 \
(1,1,1,1,1,1,1,1,1,1) 2.922 | 5.027 || 3.749 | 2543 %
(0.010) | (0.022) || (0.015)
(10,0.1,0.1,0.1,0.1, 2.927 | 6.151 || 4.484 | 2711 %
0.1,0.1,0.1,0.1,0.1) (0.009) | (0.038) || (0.024)
(1019107191079, 10719 10-10, | 2.928 | 4.460 || 4.460 | 0.00 %
1071910719107, 1071°,1071%) | (0.008) | (0.064) || (0.064)
(10°,10%, 103,102, 10, 2.900 | 5.107 || 5.107 | 0.00 %
1,1071,1072,1073,107%) (0.010) | (0.024) || (0.024)

of errors are i.i.d.

5 Proof of Theorem 2

In this section, we state lemmas which are useful in proving the main theo-
rems. These include some computational lemmas on moments of the maximum
likelihood estimators, integration-by-parts formulae, and calculus lemmas on
eigenstructures. Once we introduce the lemmas, it is straightforward to give
the proof of Theorem 2.

Lemma 3 Let 1 = miy, 1y = fotr {(CA ) (CA™ )}, 7 = (ni +pi — q —

1)/(n; —1),i=1,2. Then we have
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Tables 2 and 3 indicate that the AVs are substantial under independently
and identically sampling set-up from non-normal distribution, although
we cannot derive ST under this situation. Hence, these results suggest
that the improvement under density (29) remains robust even if the rows



Eltr {(©; — ©)(S{},) 1@ — ©)}] = ¢r1, (34a)
Eltr{(©; — AB)(E{5) 7 (0, — A®)(CAT)(CA™)}] = qry, (34b)
Eltr{(©, — ©)(S{),)'B~(I, — ®)B(A™'©, — ©,)'}]

=-E _<q - i¢> m] , (34c¢)
E[tr{(©, — A@)(E(ﬁ)gi)‘lBler)B(A@l —0,)(CAYY(CA™MYY
= —FE (é q§i> TQ] : (34d)

Proof. Note that

/8\1 | Zl; W, NNm><q(®7 (Im + leflzll) ® 2(111)2)7
@2 ’ Z27 W2 NNqu(A(-)v (Im + ZQWQ_IZIQ) ® Eg21)2)7

and that ©, and ©, are independent. Use the fact that E[XQX'] = tr (Q'S) ¥+
MQM'" when X ~ Npun(M, ¥ QX)) to get

E[tr {(6) — ©)(2{}) ' (©1 — ©)}] = Elgtr (I, + Z,W ;' 2})),
E[tr{(6, — AO)(Z{7,) (0, — A®)(CA™'Y(CA™)}]
= Elgtr{(Im + Z,W,'Z})(CA™")(CA™")}],
E[tr{(©, — ©)(Z{),)'B~ (I, - ®)B(A™'©, - ©,)'}]
= —E[tr {(6, - ©)(Zs) 'B(I, - ®)B(6, - ©)'}]
= -E[tr {B'(I,— ®)B} x tr (I, + Z,W{'Z))],
E[tr {(©, — AG)(Z?,) "B '®B(A®, — ©,)(CA™Y(CA™ Y}
= —E[tr {(©, — AB)(Z?,) " 'B"'®B(©, — A®)(CA ') (CA )]
= —E[tr {B'®B} x tr {(I,, + Z,W;'Z,)(CA™")(CA )}

Finally, from (7a) and (7d), we get (34a)-(34d). O

Lemma 4 (Stein-Haff identity) Assume that a q X q positive definite ma-
triz S follows the Wishart distribution W, (X, a). Also let

D= (%(1 4 5ij)%> , (35)

where s;; are the (i, j)-th elements of S and 6;; is the Kronecker delta. For a
suitable ¢ X g matriz V' we have

E[tr (VE ] =E2tr(DV) + (a—q¢—1)tr (S7'V)].
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Lemma 5 (Loh, 1988 and 1991) Fori = 1,2, let D; be q x q differential
operators which are define by (35) with replacing S by S;. Also let © be a g x 1
vector which is independent of S1 and Ss. Then

tr {D,[B~ (I, — ®)Bxx'B'(I, — ®)(B)™'|}

: Ji 201 _ )5, 2%
= Y| (Beli -0 Ty 2{Beli - 00y
2 ) _ fj
- (Bal1- o) -2 7]
tr {Dy[B~'®Bzx' B'®(B')" ']}
=3 [(Ba)ie S 4t b aBaio 0 - )52
= 19 Y
2 1 - fj
- Y Bakion— 7|

where {Bx}; denote the j-th elements of Bex.

Note here that {Bx}? = {Bzx};{z'B'}; = {Bxa'B'};;, where { Bxa'B'};
denote the (7, j)-elements of Bxax’'B'. Hence we have

Lemma 6

tr{D1[B™' (I, — ®)H (I, — ®)(B') "'}

> i o 09
=St - ey g om0 -5
fi
—g{ﬂl}kk(l — ¢;)(1 - ¢k)fj — fk]’

tr {Dy[B~'®H, <I>(B’)*1]}

q 0.
= 3 [0 S 201~ )5
Jj=1 k#] J
1—f
— Z{H2}kk¢j¢k },
Pyt fe =1
where Hy and Ho are given by (17a) and (17b), respectively.
Proof. If we put A0, — O, = (x1,...,x,)", we can see that
H,=B(A'©,-0,)(A'6,-0,)B Z Bxx,B'.

=1

Hence, from this equation and Lemma 5, we get the first expression. The
second expression can be obtained from the similar argument. O
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Proof of Theorem 2. First apply Lemma 4 to the third and sixth terms in
right-hand side of (16) and then use Lemma 3 to the other terms in right-hand

—F

side of (16) to get that the risk R((©, ¥y, 35), © Q) is rewritten as

q(r2 —r1) + E(2(r1 — r2) Zq:%‘ + tr{(m —q¢—-1)S7'B7'(I, - ®)H,
X(Iq B (I))(B/)_l + 2D1[Bil(Iq B (I))HI(IQ B q))(B/)_l]
+(ng—q—1)S;'B'®H,®(B')™' + QDQ[B_1<I>H2<I>(B’)_1]H :

Finally apply Lemma 6 to the third and fourth terms inside the expectation
of the above equation to complete the theorem. O

6 Proof of Theorem 3

In this section, we state lemmas which are useful in proving Theorem 3.
These lemmas are counterparts of the lemmas given in the previous section,
which is extended under the elliptically contoured distributions. Then we give
the proof of Theorem 3. For i = 1,2, let Q, = Q,(X;) be ¢ x m matrix-valued
functions of X; = (x;jx) and let K; = K;(u;) be ¢ X (p; — ¢) matrix-valued
functions of w; = (u;.jx)-

Denote differential operators in terms of X; and u; by

0 0
Vx, = <3$i-jk> and Vu, = (auw.k)

Here, the actions of Vx, on Q, and of V,,, on Q, and K are defined as

1.0Q; . 0K,

a=1 a=1 aui'ja
Lemma 7 Let ¥ and C be, respectively, g X q and m X m matrices. Then
tr(Vx, X.C) = (tr¥)(tr C).

Lemma 8 (Kubokawa and Srivastava, 2001) Fori= 1,2, j=1,...,q,
k=1,...,m, suppose that each element of Q, = Q,(X;) is differentiable with
respect to x;.j, and also, fori = 1,2,5 = 1,...,pi —q, k = 1,...,m, that
elements of K; = K;(u;) are differentiable with respect to u;.ji. Furthermore,
assume that

25



(i) there exists finite expectation of the absolute value of each element of the
following matrices:

(Xl —Z1v, — @)<E§11)-2)71Q1,
(X2 —Zyy, — AG)(E(121)-2)_1Q27
(u; — Wl/z%)(zgll)ﬁflKi;

(i) limg, ,—too Qi(X )G (75 +0a%) =0 fori=1,2,j=1,....q, k=1,...,m;
(iii) limay, , —woo Ki(w)G(uiy, +a*) = 0 fori = 1,2, =1,...,pi —q, k =
1,...,m.

Then, for 1 =1, 2, we have

E[tr {( X1 — Z1v, — ©)(2{1)'Q,}] = Eg[tr (Vx, Q)] (36a)
E[tr {(X2 — Zov, — AO)(E1,)'Q,}] = Eo[tr (Vx, Q)] (36b)
E[tr {(u; — W,*,)(S1)) 'K }] = Egltr (V,,K))]. (36c)

From Lemmas 7 and 8, we immediately have the followings:

Lemma 9

E[tr {(©; — ©)(Z{/,)71(©: — ©)}] = Eglqtr (I, + Z,W71'Z},)], (37a)
E[tr {(©; — A©)(X{};) (0, — A®)(CA™)(CA™)}]

= Eglgtr {(In + Z:W;' Z5)(CA™ ) (CAT)}], (37b)
E[tr {(©: - ©)(Z{),) ' B~ (I, - ®)B(A™'©, — ©,)'}]
= Eq <Z (1—¢)) ) tr (I, + ZLW{'Z' )] (37¢)

E[tr {(©, — A©)( (=) 'B'®@B(AB, — ©,)(CA™Y(CA™)Y]

~ |- (X0 ) w (1, + 22wy Zy(cA7 (A 3ra)

J=

—_

Proof. Note that the density function (21) is symmetric at X;—Z1v,—0 = 0,
X5 —Zyy,— AO =0, and ui—Wl/z'yz—O (1=1,2).

For (37a), we observe that

26



E[tr{(@l - 9)(211 2)” (91 - ©)'}]
=E[tr {(X1 - Z1v; — ©)(Z 112) (X1 —Ziv, - 09)}]
—2E[tr {Z,(7, - ’71)(251)2) X, = Zvy, - ©)}]
HE[tr{Z2(F) ~ 7)(Bii2) (- 7) 2],
Here the second term of the right- hand side in the above equation is zero.

Hence, from the fact that v, = Wl u; and Lemma 8, we get the right-hand
side of (37a).

By the similar way, we have (37b). For (37c), we can see from symmetry of
density function that

E[tr {(©; — ©)(Z\)y)'B~ (I, — ®)B(A™'©, — ©,)'}]
= —E[tr {(6, - ©)(Z{Y,) ' B~(I, - ®)B(©, — ©)'}].
= —E[tr {(X, - Z17, - ©)(Z\},)'B7'(I, - ®)B
xX(X1—Z1v, —09)}]
—E[tr {(uy — W14, (31,) ' B~ (I, — ®)B(u, — W,y,)
xWi 'z Z, Wi,

Thus, from Lemmas 7 and 8, we get the right-hand side of (37c). The derivation
of (37d) is similar to that of (37¢c). O

Fori=1,2,let V; = V,;(8S1, S2) = (vijx) be ¢ x ¢ matrices such that the
(4, k)-elements v, are functions of §1 = (s1.j;) and Ss = (s2.;). Fori =1, 2,
let

p
{DiVi}ji = Z di.jaVi-ak; =12, (38)
a=1
where . 5

diia = =(140;0)=——

J 2( + J )aSZ]a
with d;, = 1 for j = a and J;, = 0 for j # a. Also put S; = (sjy,...,s},,)
and s;; = (Sij1,...,8i4p) for i =1,2and j = 1,2, ..., n;. Hence we have

Si = S;Si = E?;l s;jsij for ¢ = 1, 2.
Lemma 10 (Kubokawa and Srivastava, 1999) Let
ni no
— / ! .
Vz' = VZ(Z Sljlsljw Z 82j282j2>7 1 = 1, 2,
Jji1=1 Jo=1

be p X p matrices whose elements are differentiable with respect to s;.j; (j =
L,2,...,n;, k=1, 2,...,p). Furthermore, assume that
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(a)
(b)

E“tr(Vi{Eﬁ).z 1)” (i=1,2) is finite;

n; -1
lim s,V - <Z Slljislji> G(s?;, +a) = 0 for any real a.

+
Sijk 00 ji=1

Then we have

B[ (=) V)

=Eq lﬁ:{(n —q—1)tr(8;7'V,) +2tr (Divi)}] )

=1

where n; = N; —m — p; + q.

of

Proof of Theorem 3. The proof proceeds much the same way as in that
Theorem 2. Recall that the risk of the estimators of the form (22) can be

written as (16) where the expectation is taken with respect to the density (21).
Now first apply Lemmas 9 and 10 to the risk (16) and next use Lemma 6 to
get the desired result. O
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